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Abstract: Let G be a (p, g) graph. Let f : V(G) — {1,2,...,k} be a map where k € N is a variable
and k > 1. For each edge uv, assign the label gcd(f(u), f(v)). f is called k-Total prime cordial labeling
of G if |tf(i) —14( j)| <1,i,j€({l,2,---,k} where t¢(x) denotes the total number of vertices and the
edges labelled with x. A graph with a k-total prime cordial labeling is called k-total prime cordial
graph. In this paper we investigate the 4-total prime cordial labeling of some graphs like dragon,
mobius ladder and corona of some graphs.
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1. Introduction

Graphs considered here are finite, simple and undirected. A weaker version of graceful and har-
monious labeling called cordial labeling was introduced by cahit [1]. Subsequently cordial related
labeling have been studied by several author [2—4]. Ponraj et al. [5], have been introduced the notion
of k-total prime cordial labeling and the k-total prime cordial labeling of certain graphs have been
investigated. In [5-9], the 4-total prime cordial labeling behaviour of path, cycle, star, bistar, some
complete graphs, comb, double comb, triangular snake, double triangular snake, ladder, friendship
graph, flower graph, gear graph, Jelly fish, book, irregular triangular snake, prism, helm, dumbbell
graph, sunflower graph, corona of irregular triangular snake, corona of some graphs and subdivision
of some graphs. 3-total prime cordial labeling behaviour of some graphs have been investigated [9].
In this paper we investigate the 4-total prime cordial labeling of few graphs like dragon, mobius ladder
and corona of some graphs.

2. Preliminary Results

Definition 1. Let G|, G, respectively be (p1,q1), (p2,q2) graphs. The corona of G| with G, is the
graph G, © G, obtained by taking one copy of G, , p1 copies of G, and joining the i"" vertex of G, by
an edge to every vertex in the i™ copy of G, where 1 <i < p;.

Definition 2. The cartesian product of two graphs G and G, is the graph G, X G, with vertex set
Vi X V, and two vertices u = (uy,uy) and v = (vy,v,) are adjacent whenever [uy = vy and u, adj v,)
or [uy = v, and uy adj vy ).
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Vertices | up, ..., Uy | Upsls.ooyUop | Udpplse oy U3y | Usppiy .oy Udpey | Usy
Labels 4 2 3 1 3
Table 1

Definition 3. An n-sided prism Pr, is a planar graph having 2 faces viz., an inner face and outer face
with n sides and every other face is a 4-cycle. In other words, it is C,, X K.

Definition 4. The mobius ladder M, is the graph obtained from the ladder P, X P, by joining the
opposite end points of the two copies of P,.

Theorem 1. [5] All paths are 4-total prime cordial.

For the purpose of the main section we once again recall the 4-total prime cordial labeling of the
path:

Forn = 4r, r > 1 and r € N. The labeling pattern is given in Table 1.

Forn =4r+1,r > 1 and r € N. Label the vertices u; (1 < i < 4r) as above pattern in Table 1.
Assign the label 4 to the vertex uy, 1.

Forn =4r+2,r > 1 and r € N. The labeling pattern is given in Table 2 and Table 3

Vertices | up, ..., Upp1 | Upsds ooy Udppl | Udppds ooy Usppl
Labels 4 2 3
Table 2
Vertices | Uzry, ..., Usy | Uspsl | Udrsd
Labels 1 3 2
Table 3

Forn =4r+3,r > 1 and r € N. Label the vertices u; (1 <i < 4r + 2) as above pattern in Table 1.
Assign the label 3 to the vertex uy, 3.
A 4-total prime cordial labeling of P,, n = 3,4, 5, 6, 7 is given in Table 4.

N | Uy | Uy | Uz | Ug | U5 | Us | U7

314123

41412 |3|4

51413121413

6| 4|3 |4]2|4]|3

7141142 4]3]|3
Table 4

Theorem 2. [5] The cycle C,, is 4-total prime cordial iff n ¢ {4, 6, 8}.

When n = 4r, r > 1 and r € N. Assign the same labeling pattern of P4 u; (1 < i < n) given in
Theorem 1. Next we relabel the vertex us,_; by 4.

Whenn =4r+ 1, r > 1 and r € N. The same labeling pattern of P4, given in Theorem 1 is also
a 4-total prime cordial labeling of cycle Cy;41.

Whenn =4r + 2, r > 1 and r € N. Assign the same labeling pattern of P4, u; (1 <i < n) given
in Theorem 1. Next we relabel the vertices us,.o, Usri1, Usrs2 Tespectively by 3, 2 and 1.

When n = 4r + 3, r > 1 and r € N. The same labeling pattern of P4,z (1 < i < 4r) is given in
Theorem 1. Finally we assign the labels to the vertices Ug,1, Usri2, Usri3 Tespectively by 1, 3 and 2.
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A 4-total prime cordial labeling of C,, n = 3, 5, 7 is given in Table 5.

n|up | U | U3 | Ug | Us | Ue | U7

3141213

514124 |3]|3

714141212331
Table 5

Remark 1. 2- rotal prime cordial graph is 2-total product cordial graph.
3. k-total prime cordial labeling

Definition 5. Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a function where k € N is
a variable and k > 1. For each edge uv, assign the label gcd(f(u), f(v)). f is called k-Total prime
cordial labeling of G if|tf(i) - tf(j)| <1,i,j€e{l,2,---,k} where t;(x) denotes the total number of
vertices and the edges labelled with x. A graph with a k-total prime cordial labeling is called k-total
prime cordial graph.

First we investigate the 4-total prime cordial labeling behavior of the mobius ladder.
Theorem 3. The mobius ladder M, is 4-total prime cordial iff n # 2, 3.

Proof. Let V(L,) = {u;,v; : 1 <i <n}and E(L,) = {uujs1,vivis1 : 1 <i<n—-1}U{uy; 1 1 <i <
n} U {uv,, viu,}. It is easy to verify that |V(M,)| + |[E(M,,)| = 5n.

Case 1. n =0 (mod 4).

Letn =4r, r > 1 and r € N. Assign the label 4 to the vertices uy, u,, ..., u,.; and assign the label
2 to the vertices U2, Ur43, - - ., Upr+1. Next we assign the label 3 to the vertices uy, 12, Uppi3, - -« - s Uspi-
Finally we assign the label 1 to the vertices uz,,, U343, ..., us,. Next we consider the vertices v;
(1 < i < n). Assign the label 4 to the vertices vy, v,,..., v, and assign the label 2 to the vertices
Vit Vrs2s - - - » V2 and next we assign the label 3 to the vertices v,,.1, V2,42, . - ., V3,41 Finally we assign
the label 1 to the vertices vs;.2,V3p43, ..., Var. Clearly 1,(1) = 14(2) = 14(3) = 1,(4) = 5r.

Case2.n =1 (mod 4).

Letn =4r+1,r > 1 and r € N. As in case 1, assign the label to the vertices u; (1 <i < n - 1),
v; (1 <i < n-2). Finally we assign the labels 4, 2, 3 respectively to the vertices uy, 1, v4, and vy, 1.
Here 17(1) = t4(2) = t;(3) = Sr + 1 and t4(4) = 5r + 2.

Case 3. n =2 (mod 4).

Letn =4r+2,r > 1and r € N. As in case 1, assign the label to the vertices u; (1 <i < n - 2),
v; (I <i < n-—2). Finally we assign the labels 3, 4, 3, 2 to the vertices ug,+1, Usr+2, Var+1 a0d Vgrio
respectively. It is easy to verify that 7,(1) = 4(4) = Sr+ 2 and 1,(2) = 1,(3) = 5r + 3.

Case 4. n =3 (mod 4).

Letn =4r+3,r > 1and r € N. Assign the label to the vertices u; (1 <i<n—-4),v;(1 <i<n-4)
by case 1. Finally we assign the labels 3, 4, 3, 3, 2, 4, 2, 1 respectively to the vertices u4,, Ugr+1, Usri2,
Udrs3s Vars Varels Varsr and Va3 . ObViOllSly lf(l) = tf(2) = Zf(3) =5r+4and lf(4) =5r+3.

Case 5. n = 2.

Suppose f is a 4-total prime cordial labeling of M, then any one of the following labeling pattern
occurs:

o 17(1) =1;(2) =3 and t;(3) = t;(4) = 2.
o 17(1) =1;(3) = 3and t;(2) = t;(4) = 2.
o 1;(1) =tp(4) = 3 and 1,(2) = 1;(3) = 2.
o 1;(2) = 14(3) = 3and 1,(1) = 14(4) = 2.
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o 1;(2) = 15(4) = 3 and 1,(1) = £,(3) = 2.
o 1;(3) = t;(4) = 3and 1,(1) = 1,(2) = 2.

To get the label 4, it should be a label of exactly two vertices this gives #,(4) = 3. To get the label 3,
it should be a label of exactly two vertices this gives 74(3) = 3. Note that the case 7,(4) = 2 does not
exists then 74(2) = 0, a contradiction.

Case 6. n = 3.

Suppose f is a 4-total prime cordial labeling of M3 then any one of the following labeling pattern
occurs:

o t;(1) = 1/(2) = 14(3) = 4 and 1,(4) = 3.
o 1;(1) = 1,(2) = 14(4) = 4 and 1,(3) = 3.
o 1;(1) = 1,(3) = 1,(4) = 4 and 1,(2) = 3.
o 14(2) = 1,(3) = 17(4) = 4 and ,(1) = 3.

Clearly 14(4) # 4 and 14(3) # 4, a contradiction. Hence M3 does not admits a 4-total prime cordial
labeling.

Case3.n=4,5,6,7.

A 4-total prime cordial labeling follows from Table 6.

n

Uy

12%)

us

WA

Uq

NN || W

Us

DWW~ D

Ue

Uz

V1

V2

V3

BN W W

V4

W W W W &

Vs

—| W W

Ve

W WRWRIN ARV R

V7

Table 6

Next we investigate the 4-total prime cordial labeling behavior of the dragon C,,@P,,.
Theorem 4. The dragon C,,@ P, is 4-total prime cordial if m,n > 8.

Proof. Let C,, be the cycle uju, .. .u,u; and P, be the path viv,...v,. Let the dragon C,,@P, be
obtained from C,, and P, by identifying u; and v,. Clearly |V(C,,@P,))|+|E(C,,@P,)| = 2m+2n—2.
The proof is divided into following sixteen cases depends on the nature of m and n.

Casel. m =0 (mod 4) and n =0 (mod 4).

As in case 1 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to the
vertices v; (1 < i < n—2)asin case 1 of Theorem 1. Finally we assign the label 3, 4 to the vertices
v4r—1 and vy, respectively.

Case2.m =0 (mod 4)and n =1 (mod 4).
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As in case 1 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 2 of Theorem 1. Next we relabel the vertex v4,_, by 4.

Case 3. m =0 (mod 4) and n =2 (mod 4).

As in case 1 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 3 of Theorem 1.

Cased. m =0 (mod 4) and n =3 (mod 4).

As in case 1 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 4 of Theorem 1. Then we relabel the vertex v4,_3 by 4.

Case5.m =1 (mod 4) and n =0 (mod 4).

As in case 2 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 <i < n) as in case 1 of Theorem 1. Finally we relabel the vertex v4,_; by 4.

Case6.m =1 (mod 4)and n =1 (mod 4).

As in case 2 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to the
vertices v; (1 < i < n —3) as in case 2 of Theorem 1. Next we assign the label 3, 4, 3 to the vertices
V4r-2, V4r—1 and vy, respectively.

Case7.m =1 (mod 4) and n =2 (mod 4).

As in case 2 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to the
vertices v; (1 < i < n—3)asin case 3 of Theorem 1. Then we assign the label 3, 2, 3 to the vertices
Var—2, V4r—1 and vy, respectively.

Case8.m =1 (mod 4) and n =3 (mod 4).

As in case 2 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to the
vertices v; (1 <7 < n—3)asincase 4 of Theorem 1. Finally we assign the label 2, 3, 3 to the vertices
Var_1, Var—1 and vy, respectively.

Case 9. m =2 (mod 4) and n =0 (mod 4).

As in case 3 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 <i < n) as in case 1 of Theorem 1. Next we relabel the vertex v,, by 4.

Case 10. m =2 (mod 4) and n =1 (mod 4).

As in case 3 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 2 of Theorem 1. Then we relabel the vertex v4,_, by 4.

Case 11. m =2 (mod 4) and n = 2 (mod 4).

As in case 3 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 3 of Theorem 1.

Case 12. m =2 (mod 4) and n = 3 (mod 4).

As in case 3 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 4 of Theorem 1. Finally we relabel the vertex v4,_3 by 4.

Case 13. m =3 (mod 4) and n = 30 (mod 4).

As in case 4 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 <i < n) as in case 1 of Theorem 1. Then we relabel the vertices v,,1, v4,—3 by 4 and
2 respectively.

Case14. m =3 (mod 4) and n =1 (mod 4).

As in case 4 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 2 of Theorem 1. Next we relabel the vertex v4,_; by 4.

Case 15. m =3 (mod 4) and n = 2 (mod 4).

As in case 4 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 3 of Theorem 1. Finally we relabel the vertex vy, by 4.

Case 16. m =3 (mod 4) and n =1 (mod 4).

As in case 4 of Theorem 2, assign the label to the vertices u; (1 < i < m) and assign the label to
the vertices v; (1 < i < n) as in case 4 of Theorem 1. Then we relabel the vertex v4,_3 by 4.

O
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Example 1. A 4-total prime cordial labeling of C,@ P15 is given in Figure 1.

Figure 1

Now we investigate the 4-total prime cordial labeling behavior of the graph (C,, X P,) © K5.

Theorem 5. The corona of C, X P, (C,, X Py) © K; is 4-total prime cordial for all n > 3.

Proof. Let V((C, X P;) © Ky) = {u;,vi,w; : 1 <i < n}and E((C, X P,) © Ky) = {uju,,viv,} U
{uvi,viw; : 1 < i <n}U{uuig,vivier : 1 <i < n—1}. Itis easy to verify that [V((C,, X P,) © K;)| +
|E((Cy X P2) © Ky)| = Tn.

Case 1. n =0 (mod 4).

Letn = 4r, r > 1 and r € N. Assign the label 4 to the vertices u;, u, ..., u, and assign the label
2 to the vertices u,,1, U412, ..., Up,. Next we assign the label 3 to the vertices uy i1, Unri2, - - - 5 Uzpi
then we assign 1 to the vertices u3,12, U343, - .., Usr—1. Finally we assign the label 4 to the vertex
uy,. Next we consider the vertices v; (1 < i < n). Assign the label 4 to the vertices vi,v,...,V,
and assign the label 2 to the vertices v,,1, V42, ..., V2, and next we assign the label 3 to the vertices
Varsl> Vars2s - - - » Var. Finally we assign the label 1 to the vertices v3,41, V3r42, - - . , V4. NOW We move to
the vertices w; (1 < i < n). Assign the label 4 to the vertices wy, wy, ..., w, and assign the label 2 to the
vertices w,,1, W12, . . . , Wo, and next we assign the label 3 to the vertices wy,, 1, Wa,42, . .., W3, Finally
we assign the label 1 to the vertices ws,.1, W3,42, ..., Wy, Clearly 14(1) = 1£(2) = 1,(3) = t4(4) = Tr.

Case2.n=1 (mod 4).

Letn =4r+1,r>1and r € N. Asin case 1, assign the label to the vertices u; (1 <i < n—2), v,
(1<i<n-2)andw; (1 <i<n-2). Finally we assign the labels 4, 4, 2, 1, 3, 1 respectively to the
vertices Ua,, Uari1, Var, Varsel, War and wy,,1. Here [f(l) = lf(2) = lf(4) =7r+2 and lf(3) =T7r+1.

Case 3. n =2 (mod 4).

Letn =4r+2,r > 1and r € N. As in case 2, assign the label to the vertices u; (1 <i < n - 2),
vi(l <i<n-2)and w; (1 <i < n-2). Finally we assign the labels 4, 4, 1, 3, 2, 3 to the vertices
Udri1> Udrs2s Varsls Vars2, Warer and wy,.,o respectively. It is easy to verify that 14(1) = t4(2) = 7r + 3 and
t7(3) = ty(4) =Tr + 4.

Case 4. n =4 (mod 4).

Letn =4r+3,r > 1and r € N. Assign the label to the vertices u; (1 <i<n-2),v;(1 <i<n-2)
and w; (1 < i < n-2)by case 3. Finally we assign the labels 4, 4, 2, 3, 3, 3 respectively to the vertices
Udrs2s Udri3s Vars2s Vare3s Warpo and wy,,3. Here 1,(1) = 14(2) = 1,(3) = 7Tr + 5and 1,(4) = 7r + 6.

Case5.n=3,4,5,6,7.

A 4-total prime cordial labeling follows from Table 7.
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n |3 5

73] 4
17%) 2
us 3
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W WA
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Vi 4
V2
V3 3
V4

)
W W~

AW W N
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Ve

V7
Wi 4

W
%] 3

W
—_ W N

Wy

B WIN
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— W W N

We

=W W~
=W W WA= W WA R=W WP

w7

Table 7

Next we investigate the graph P, © K.
Theorem 6. The graph P, © K, is 4-total prime cordial for all n.

Proof. Let V(P,0K3) = {u;,vi,w; : 1 <i<n}and E(P,0K;) = {uvi,uw;,viw; : 1 <i <nyU{uu;y :
1 <i<n-1}. Obviously |V(P, © Ky)| + |[E(P, © K>)| = Tn — 1.

Case1l.n =0 (mod 4).

Letn = 4r, r > 1 and r € N. Assign the label 4 to the vertices uy, u,,...,u, and assign the
label 2 to the vertices u,,1, U2, . . . , Uz,. Next we assign the label 3 to the vertices uy,1, Us,42, - - - » U3,
Then we assign the label 1 to the vertices u3, 11, U342, - .., Usr—p. Finally we assign the labels 4, 3
to the vertices uy4,—; and uy, respectively. Next we consider the vertices v; (1 < i < n). Assign the
label 4 to the vertices vy, v,,..., v, and assign the label 2 to the vertices v,,1, V,42, ..., Vs, and next
we assign the label 3 to the vertices vy,.1, V2142, - - ., v3,. Finally we assign the label 1 to the vertices
Viril> V3r42s - - - » Var. NOW We move to the vertices w; (1 < i < n). Assign the label 4 to the vertices
wi, Wy, ..., w, and assign the label 2 to the vertices w,,1, W,42, ..., Wy, and next we assign the label 3
to the vertices wy,1, War42, - . . , W3,. Finally we assign the label 1 to the vertices w3,.1, W3,42, . . . , Wy,
Clearly /(1) = 7r — 1 and 14(2) = t4(3) = t4(4) = Tr.

Case2.n=1 (mod 4).

Letn =4r+1,r>1and r € N. As in case 1, assign the label to the vertices u; (1 <i <n-—1),v;
(1<i<n-1)andw; (1 <i<n-1). Finally we assign the labels 3, 4, 2 respectively to the vertices
Udri1, Vare1 and wy,;. Here lf(l) = tf(4) =7r+1and ff(2) = l‘f(?)) =Tr+ 2.

Case 3. n =2 (mod 4).

Letn=4r+2,r > 1and r € N. Assign the label to the vertices u; (1 <i<n-2),v;(1 <i<n-2)
and w; (1 < i < n—-2)asin case 1. Finally we assign the labels 4, 3, 4, 3, 2, 1 to the vertices
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Udrs1s Udrs2s Varels Vare2, Ware1 and wy,.o tespectively. It is easy to verify that 74(1) = 7r + 4 and
t7(2) = t(3) = ty(4) = Tr + 3.

Cased4.n =4 (mod 4).

Letn =4r+3,r>1and r € N. As in case 2, assign the label to the vertices u; (1 <i < n-—2),v;
(1<i<n-2)andw; (1 <i<n-2). Finally we assign the labels 4, 3, 4, 4, 2, 3 respectively to the
vertices Ua, .o, Uar3, Varid, Varss, Wares and wa,3. Here lf(l) = lf(2) = l’f(3) = lf(4) =7r+5.

Case5.n=2,3,4,5,6,7.

A 4-total prime cordial labeling follows from Table 8.

n |2
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w1 214
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|1%] 2

W
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Wy

—_— W W N
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—_— =W NN
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— W W I
== W WA W AR W WPV R RN
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Table 8

Next we investigate the graph C, © K.
Corollary 1. The graph C,, © K, is 4-total prime cordial for all n.

Proof. Let V(P, © K») = {u;,vi,w; : 1 <i < n}and E(P, © K>) = {ujuy, viv,} U {uv;, uw;, viw; : 1 <
i <n}U{uui 1 <i<n-1}. Clearly |V(C, © K>)| + |[E(C, © K3)| = Tn.

Casel.n=0,1,3 (mod 4).

Letn = 4r,n = 4r + 1,n = 4r + 3, r € N. The vertex labelled in Theorem 6 is also a 4-total prime
cordial of C,, © K5.

Case 2. n =2 (mod 4).

Letn = 4r + 2, r € N. Assign the label to u;, v;,w; (1 < i < n) as in Theorem 6. Finally the vertex
Wwy,42 18 relabelled by 4. Obviously this vertex labels is a 4-total prime cordial of C,, © K;.

Case3.n=2,3,4,5,6,7.

A 4-total prime cordial labeling follows from Table 9.
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Table 9. Your caption here

Example 2. A 4-total prime cordial labeling of Cs © K, is given in Figure 2.

Figure 2
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