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Abstract: One of the fundamental properties of the hypercube Q, is that it is bipancyclic as Q,
has a cycle of length [ for every even integer / with 4 < [/ < 2". We consider the following problem
of generalizing this property: For a given integer k with 3 < k < n, determine all integers [ for
which there exists an [-vertex, k-regular subgraph of Q, that is both k-connected and bipancyclic. The
solution to this problem is known for k = 3 and k = 4. In this paper, we solve the problem for k = 5.
We prove that Q,, contains a 5-regular subgraph on [ vertices that is both 5-connected and bipancyclic
if and only if / € {32,48} or [ is an even integer satisfying 52 < [ < 2". For general k, we establish that
every k-regular subgraph of Q, has 2%, 2F + 2%~! or at least 2 + 2%~! + 253 vertices.
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1. Introduction

A graph G = (V, E) on n vertices is an n-vertex graph. A 2n-vertex graph is bipancyclic if it has
a cycle of length / for all even integers [ satisfying 4 < [ < 2n. The Cartesian product of two graphs
G and H is the graph GOH with vertex set V(G) X V(H) in which two vertices (x,y) and (u,v) are
adjacent if and only if either x = u and y is adjacent to v in H, or y = v and x is adjacent to u in G.
Throughout the paper n denote a positive integer.

The n-dimensional hypercube Q,, is the Cartesian product of n copies of the complete graph K. It is
an n-regular, n-connected, bipartite, and bipancyclic graph on 2" vertices with diameter n. Because of
such rich properties, hypercubes are one of the most widely used interconnection network topologies
[1]. The connectivity of a network is an important parameter to evaluate the reliability and fault
tolerance of a network [2]. Bipancyclicity is a fundamental property of the hypercube networks as
it allows the embedding of cycles of various lengths effectively into hypercubes. Cycle networks
are used to design simple algorithms with low communication cost and it has applications in image
processing and signal processing [1,3].

We consider the following problem of generalizing the property of bipancyclicity of hypercubes
to the existence of [-vertex, k-regular subgraphs for various values of / that are also k-connected and
bipancyclic. This will give subgraphs of Q, with less number of vertices which retain the important
properties of Q,, such as regularity, high connectivity, and bipancyclicity.

Problem 1. For a given integer k with 3 < k < n, determine all integers | for which there exists an
l-vertex, k-regular subgraph of Q, that is both k-connected and bipancyclic.
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This problem is also related to the problem of embedding regular graphs into hypercubes. Cybenko
et al. [4] proved that the problem of deciding whether or not a given graph is embeddable into a
hypercube is NP-complete, in fact, the problem is NP-complete even for trees [5].

Since the hypercube Q, is a bipartite graph, every regular subgraph of it has even number of
vertices. For k = 3, Ramras [6] established that every even integer from 8 to 2" except 10 can be
the number of vertices of a 3-regular subgraph of Q,. Borse and Shaikh [7] improved this result by
showing that such a 3-regular subgraph can be bipancyclic also. They solved the above problem for
k =3 and k = 4 in [7] and [8], receptively. They established that, for k € {3,4}, O, has a k-regular,
k-connected, bipancyclic subgraph on [ vertices if and only if [ = 2* or [ is an even integer with
2k + 21 < 1 < 2". The problem remains open for k > 5.

Besides hypercubes, the special case k = 3 of the above problem is settled for the class of the
Cartesian product of cycles in [9] and for the class of the Cartesian product of paths in [10]. Also,
Borse et al. [11] proved the existence of a factorization of the Cartesian product of r cycles, each
of length a power of 2, into isomorphic k-regular, k-connected and bipancyclic subgraphs with the
number of vertices a power of 2, for 2 < k < 2r. Moreover, the number of vertices of a smallest
k-regular subgraph of an r-regular graph G is related to the conditional k-edge-connectivity of G [12].

In this paper, we settle Problem 1 for the case k = 5. The following is the main result of the paper.

Theorem 1 (Main Theorem). For n > 5, there exists a 5-regular, 5-connected and bipancyclic sub-
graph of the hypercube Q, on [ vertices if and only if | € {32,48} or [ is an even integer such that
52<1<2m

For general k, Borse and Shaikh [8] obtained the following result about the non-existence of k-
regular subgraphs of Q, on a certain number of vertices.

Theorem 2 ( [8]). For a given integer k with 1 < k < n, every subgraph of Q,, with minimum degree
at least k either is isomorphic to Qy. or has at least 2F + 2! vertices.

In this paper, we improve this theorem as follows.

Theorem 3. For a given integer k with 2 < k < n, if H is a subgraph of Q,, with minimum degree at
least k, then one of the following holds:

(i) H is isomorphic to Q.

(ii) H is a spanning subgraph of the subgraph of Q, induced by V(COQy_,) for some cycle C of
length six.

(iii) H has at least 2F + 2571 4+ 2573 vertices.

Thus, if 2 < k <mand 1 <[ < 2k + 251 4 263 with [ ¢ {2%,2% + 2K}, then Q, does not have a
k-regular subgraph on / vertices and hence no k-regular, [-vertex graph is embeddable into Q,,.

We provide preliminary results in Section 2 and prove Theorem 3 in Section 3. The proof of Main
Theorem 1 is divided into the next three sections. A construction of 5-regular subgraphs of Q, is given
in Section 4. The connectivity and bipancyclicity properties of these subgraphs are dealt in Section 5
and Section 6, respectively.

2. Preliminaries

We can write Q, as Q,_0Q; for 0 < k < n, where Q is the complete graph K;. A k-cycle means
a cycle of length k. We need the following lemmas.

Lemma 1 ( [3]). Let G; be an m;-regular and m;-connected graph for i = 1,2. Then the graph G,0G,
is (my + my)-regular and (m, + my)-connected.
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Lemma 2 ( [13]). If P and Q are non-trivial paths and one of them has an even number of vertices,
then the graph POQ is bipancyclic.

Hence COK, is bipancyclic if C is a non-trivial path or a cycle of length at least three.

Lemma 3 ( [8]). For n > 3, the hypercube Q, has a Hamiltonian cycle C with a chord e such that
there is a 4-cycle in Q,, containing e and three edges of C.

Lemma 4 ( [8]). Let [ be an even integer such that 6 < | < 2" — 2. Then there exists an [-cycle C in
Q, containing six vertices x, y, z, u, v, w and there are two vertices g, h in V(Q,) — V(C) such that

(i) g is adjacent to x,y, Z;
(ii) his adjacent to u, v, w;
(iii) xu, uy and yv are edges of C.
We obtain a similar result as follows.

Lemma 5. Let [ be an even integer such that 8 < | < 2" — 2. Then there exists an l-cycle C in Q,, and
a vertex u in V(Q,) — V(C) having four pairwise non-adjacent neighbours in C.

Proof. Suppose n = 4. Clearly, C = < vy,v,,...,vg,v; > 1s arequired 8-cycle in O, as shown by bold
lines in Figure 1. Replacing the edge v|v, of C by a path of length 3 avoiding u gives a 10-cycle C’
and replacing the edge vsv4 of C’ by a path of length 3 or 5 that is edge-disjoint with C” produces
required 12-cycle and 14-cycle. Thus the result holds for n = 4.

v7

Figure 1. 8-Cycle C in Q4

Suppose n > 5. Write 0, as Q,-,00,. Then Q, is obtained from four copies Q! ,, 02 ,, 0? ,, O} ,

of Q,» such that Q' , is joined to Q™*!, for i = 1, 2, 3 by a matching between their corresponding
vertices. Vertices of Q! , are joined to the corresponding vertices of Q7 ,.

I Y
1|

Figure 2. The l-cycle Z
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Since n —2 > 3, by Lemma 3, each Q;_z contains a Hamiltonian cycle C' with a chord e; such that
there is a 4-cycle in Q' _, containing e; and three edges from C'. For simplicity let r = 2"~2. Label the
set of vertices of Q! , by {v}, | p = 1,2,...,r} so that C' = < v{,v},...,vi,¥| >and e = viv._,. We
now construct a cycle Z of length [ in Q,, as required, from the cycles C', C?,C?,C* and the chord
epof C.If8 <1 <2"!'4+4 thenl =2t+6,where ]l <t=10/2-3<2"2—-1=r—1.Inthis
case, take Z as the cycle shown in Figure 2(a). If 2" + 6 < [ < 2" — 4, then [ = 2m + 2" with
3<m=1/2-2"2< 2! —2"m2_2 =y -2 Inthis case, choose Z to be the cycle shown in Figure
2(b). Finally, for / = 2" — 2 take Z as the cycle given in Figure 2(c). In each case, Z is a cycle of
length / in Q,, and further, the vertex v| is not on Z but it has four pairwise non-adjacent neighbours

vy, vy, vi, v} in Z. This completes the proof.

l’
O

3. Proof of Theorem 3

In this section, we prove Theorem 3. For a graph G, let G[S] denote the induced subgraph of G
on a vertex subset S C V(G). The minimum degree of G is denoted by 6(G). If G is isomorphic to
a graph H, then we write G = H. Since Q, = 0, 0K,, we can split O, into two copies Q2_1 and
Q! | of Q,;. If H is a subgraph of QS_I, then there is a subgraph H’ of Q} | isomorphic to H such
that the vertex set of H’ is the set of neighbours of H in Q! . We say that H’ is the subgraph of Q! |
corresponding to H.

We need the following result.

Lemma 6 ( [8]). For a given integer k with 1 < k < n, if H is a subraph of Q, isomorphic to Qy, then
every vertex in V(Q,) — V(H) has at most one neighbour in H.

Proof of Theorem 3. By Theorem 2, (i) holds or |V(H)| > 2% + 2¥=!. Suppose (i) does not hold. Then
|V(H)| > 2% + 2%-!. We prove, by induction on k, that (ii) holds if |V(H)| = 2% + 2¥-!, otherwise (iii)
holds. Suppose k = 2. Then |V(H)| = 6 or |V(H)| > 7. If |V(H)| = 6, then it follows that H is a
chordless 6-cycle or a 6-cycle with a chord and so (ii) holds. If [V(H)| > 7 > 2% + 2*7! + 2273 then
(i11) follows. Thus the result is true for k = 2.

Suppose k > 3. Assume that the result holds for the subgraphs of Q, of minimum degree at least
k — 1. Let e be an edge of H. Without loss of generality, we may assume that the end vertices of e
differ in the first coordinate only. Write Q, = Q2_1 U erl_l U D, where D is the set of all edges in Q,
whose end vertices differ in the first coordinate only. Then e € D. Hence H intersects both QS_ , and

! .LetH;=HnNQ _, fori=0,1.Then §(H;) > k — 1. We may assume that |V(H,)| < |V(H))|.

By induction hypothesis, Hy = Q;_; or Hy is a spanning subgraph of Q,[V(COQ,_3)] for some
6-cycle C or |[V(Hy)| > 25! + 252 4 2k4 Hence |V(Hy)| = 2! or |[V(Hy)| = 3(22) or |V(H,)| >
2k=1 4 2k=2 4 2k=4 'We consider these three cases separately.

Case (i). Suppose |V(Hy)| > 2k1 + 2k=2 4 254,
Consider |V(H)| = |V(H))| + [V(Hp)| > 2IV(Hp)| = 2% + 21 + 2¥3 as |V(H,)| > |V(H,)|. Therefore
(iii) holds.

Case (ii). Suppose |V(Hy)| = 2+-1.

In this case, Hy is isomorphic to Q. As 6(H) > k, each vertex of Hj has a neighbour in H,. Let
W, be the subgraph of Q,11—1 corresponding to Hy. Then W; = Q,_; and V(W;) C V(H,). Let W, be the
subgraph of H; induced by V(H;) — V(W)). Observe that no vertex of W, has a neighbour in H, and
by Lemma 6, it has at most one neighbour in W;. Therefore 6(W,) > k— 1. By Theorem 2, W, = Q;_;
or [V(W,)| > 25! + 2572 In the later case, (iii) holds as |V(H))| = |[V(Hp)| + |[V(W)| + |[V(W>,)| >
k=1 4 k=l k=1 4 Dk=2 5 Dk 4 2k=1 4 2k=3 Suppose W, = Qy_;. Then the subgraph of Q, induced by
the vertices of Hy, Wy, W, is isomorphic to P3;0Q;_; = (P;0K;)00Q;_», where P; is a path on three
vertices. Since P;0K, is a 6-cycle with a chord, (ii) holds.
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Case (iii). H, is a spanning subgraph of Q,[V(COQ;_3)] for some 6-cycle C.
We consider two subcases depending on whether the cycle C has a chord or not.

Subcase (i). Suppose C is chordless.

Then Hj is (k—1)-regular and in fact, Hy = COQ,_3. Let W, be the subgraph of erl_l corresponding
to Hy. Then V(W) C V(H,). If V(W;) = V(H,), then W, = H,. As H = H,0K, = (COQ;3)0K, =
COQy-», (ii) follows. Suppose V(H;)— V(W;) # 0. Let W, be the subgraph of H; induced by V(H;) —
V(W)). As Q, is triangle-free, it follows from Lemma 6 that every vertex of W, has at most three
neighbours in W;. This shows that 6(W,) > k — 3. By Theorem 2, |[V(W,)| > 2¥3. Thus |V(H)| =
[V(HY)| + VW) + [V(W,)| > 3(2572) + 3(2K2) 4 2873 = 2k 4 2k=1 4 2k=3 Therefore (iii) holds in this
case.

Subcase (ii). Suppose C has a chord.

Then C is a spanning subgraph of P;0K, and hence Hj is a spanning subgraph of P;0Q; ,. Let
1,2,3 be the vertices of the path P; in order and let L; the copy of Qy_, in H corresponding to the
vertex i for i € {1,2,3}. Let R; be the subgraph of Q}l_l corresponding to L; for i € {1,2,3}. Then
R; = Qi_,. Since the degree of every member of V(L) U V(L3) is k— 1 in Hy, we have V(R;) C V(H;)
and V(R3) € V(H)). If V(H,) = V(R)) U V(R;) U V(R3), then (i1) holds (see Figure 3(a)). Suppose
V(H,) — V(R)) U V(R;) U V(R3) is non-empty and let W5 be the subgraph of H; induced by this set.
Then, by Lemma 6, 5(W53) > k — 2. Therefore, by Theorem 2, W3 = Qy_, or [V(W3)| > 282 4+ 2%=3 In
the later case, (iii) holds.

Suppose W3 = Q. It follows from Lemma 6 that every vertex of W3 has a neighbour in R; for
i = 1,3 but no neighbour in R,. Suppose V(R,) N V(H;) = 0. Then V(H;) = V(R;) U V(R;3) U V(Wj3)
(see Figure 3(b)). It follows that H = ZOQ,_,, where Z is a 6-cycle whose six vertices correspond
to Ly, Ly, L3, R3, W3, R, in order, and so, (ii) holds. Suppose V(R;) N V(H;) # 0. Then the graph
R, N H, has minimum degree at least k — 3 and hence, it has at least 2¥=3 vertices by Theorem 2. Thus
V(H)| = |V(Hp)| + [V(R)| + [V(R3)| + [V(W3)| + [V(R, N Hy)| > 6(2¥2) + 2¥=3. Therefore (iii) holds.

This completes the proof. O
L1 R, L1 R,
if
L2 Ry L2 0k W3
| :1 |
L3 R; L3 R;
0 1 0 1
n—1 n—1 n—1 n—1
a) V(Hy) = V(R)) U V(Ry) U V(R3) b) V(R) N V(H) =0

Figure 3. The Subgraph H of Q,

Corollary 1. Every 5-regular subgraph of Q, has 32,48 or at least 52 vertices.
4. Construction of 5-regular Subgraphs of Q,

In this section, we give a construction of an [-vertex, 5-regular subgraph of the hypercube Q,.
Suppose Q, has a 5-regular subgraph on [ vertices. Then [ is an even integer and by Corollary 1, we
have [ € {32,48} or 52 < [ < 2". We prove that for every such [ there exists a 5-regular subgraph of
0O, with n > 6 that is both 5-connected and bipancyclic. The case when / is a multiple of 4 follows
trivially from the following result.
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Theorem 4 ( [8]). Ifn > 4 and L is an even integer such that | = 16 or 24 < | < 2", then there exists a
l-vertex, 4-regular subgraph of Q, that is both 4-connected and bipancyclic.

Lemma 7. If n > 6 and [ is a multiple of 4 such that | € {32,48} or 52 < | < 2", then there exists a
S-regular, 5-connected and bipancyclic subgraph of Q, on [ vertices.

Proof. We can write [ = 4m, where m = 8 or m is an integer such that 12 < m < 2"72. Express
0O, as 0,10K,;. Since n — 1 > 4, O, has a 4-regular, 4-connected and bipancyclic subgraph H on
2m vertices by Theorem 4. Therefore, by Lemma 1, the graph HOK, is a S5-regular and 5-connected
subgraph of Q, on 4m = [ vertices. As H is bipancyclic, it has a Hamiltonian cycle and so has a
Hamiltonian path. Hence, by Lemma 2, HOK, is bipancyclic. O

Suppose [ is an even integer such that 52 < /[ < 2" but not a multiple of 4. Then n > 6 and
54 <1< 2" - 2. We have the following four cases.

(i)l =16k+2withd <k <2"* -1
(i)l =16k + 6 with3 <k < 2" —1.
(iii) [ = 16k + 10 with 3 < k <24 - 1.
(iv) [ = 16k + 14 with 3 < k <2"* — 1.

Case (i). [ = 16k +2 with4 <k <27 -1,

In this case, n > 7 and 66 < [ < 2" —14. Write Q,, = Q,,_30Q;3. By Lemma 5, 0,3 contains a cycle
C of length 2k and there is a vertex g € V(Q,_3) — V(C) with four pairwise non-adjacent neighbours
x,y,z,win C. Let V(Q3) = {ap, ay, . .., a7} so that ay, ay, a», as, ay and ay, as, as, a7, a4 are 4-cycles and
apas, aae, aras and asay are edges of Q3. Then COQ; is a S-regular subgraph of O, with 16k vertices
containing a copy C' of C corresponding to the vertex a; of Q3. Let g;, x;, vi, zi, w; be the vertices of
Q' _, corresponding to the vertices g, x, y, z, w, respectively.

Let L; be the subgraph of Q, with V(L) = {x,y,z,wi,g:i = 0,7} and E(L;) =
{gixi, Vi, 8iZi» gwi: 1 = 0,7} U {gog7}. We define a graph H; from COQ; and L, as follows.

H, = (COQ3) U Ly — {xox7,Y0y7, 2027, Wwow7}  (see Figure 4).

Clearly, H, is a 5-regular subgraph of Q, on 16k + 2 = [ vertices.

Now, to construct 5-regular subgraphs in Cases (ii), (iii) and (iv), we choose a cycle C in Q,_3
of length 2k by Lemma 4. Then there are six vertices x, y, z, #, v, w on C and two vertices g,/ in
V(Q,-3) — V(C) such that g is adjacent to x, y, z, and 4 is adjacent to u, v, w, and xu, uy, yv are edges
of C. Let

H=CO00Q;.

Then H is a 5-regular subgraph of Q, on 16k vertices. As in Case (i), let C' be a copy of C corre-
sponding to the vertex a; of Qs and let g;, h;, x;, v, 2, u;, vi, w; be the vertices of Qil_3 corresponding to
g, h,x,y,z,u,v,w, respectively.

Ars Combinatoria Volume 159, 165-178



5-Regular Subgraphs in Hypercubes 171

Figure 4. The Subgraph H; on 16k + 2 Vertices

Case (ii). Suppose [ = 16k + 6 with3 < k < 2"* — 1.
Clearly, 54 < | < 2" — 10. Let L, be the subgraph of Q, with vertex set {g;, x;,y;,z;: i =
0,1,2,5,6,7} and edge set

{8ixi, &yi» &izit 1=10,1,2,5,6,7 U {8081, 8182, 8285, 8586 8687- §780}-
Define a subgraph H, of Q, from the graphs H and L, as follows.
Hy = (H U Ly) — {x0X1, YoY1, 2021, X2X5, Y2Y's, 22255 X6X7, Y675 2627} -

The graph H, is depicted in Figure 5. It is easy to see that H, is a 5-regular subgraph of Q, on /
vertices.

;i T ; ; ;
“ / 21 i
7 { \ |
S e ki |
o S - -
)0.{ 777777 Eg \ f \hlk_./:i
T I {
I '
i r
I I
| I :
17~~~ 77 -T3 |
4 Y6 ETIAN
sF---- - A——
7’5 co 6 p— Csl " U — o
T as
\ %6 S ¢
PAN T

85
86

Figure 5. The Subgraph H; on 16k + 6 Vertices
Case (iii). [ = 16k + 10 with 3 < k < 2"* — 1.
Consider the three edge sets: F; = {g0g1, 2182, 8285, 8586, £687> 8780}, 2 = {hahs, h3hy, hyhs, hsh,},
and

F3 = {x0x7, Y07, 2027, X1 X2, Y1Y2, 21225 X5X6, Y5Y65 Z5%6» U2U3, V2V3, WaW3, U4Uhs, V4V5, W4Ws5 ).

Let L3 be the subgraph of Q,, with vertex set
{gi»Xi,yi,2i:1=0,1,2,5,6,7} U {hj,uj,vj,w;: j=2,3,4,5} and edge set

{gixi’giyiagizi: l: Oa 1’295a 6’7} U {hjuj,hjvj,hjwj j: 2, 3,4, 5} @) Fl U Fz.
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We now define a subgraph H; of O, which is shown in Figure 6 as

H; = (HU L3) - F3

Clearly, Hj is a 5-regular subgraph of O, on 16k + 10 vertices.

?OT f ) ;’ 2
| |
| Y
’ : X0, 4(6‘1 X1 c l c
» 1 ettt 17~ pllly i 0 ey 7Y
: Uw, s PAY 4 i ANZgl *3"(* i 1
LT 1 ___ _ o=
: : : hzk// w h3 //\
| 1
: : ! h5l\ hal v
S L I B el .o b e N e g 4 i i N 4
VTN ] 3 A,,,,W&Z,\,,,
: | ) G e | I P T
! [
\

ct
26

\.
(ALI\LA
>§f
g
A
I
| =
4
I
I
I
I
I
‘ I
! a1
/e 9
I
I
|
a
1

85

Figure 6. The subgraph H; on 16k + 10 vertices

Case (iv). [ = 16k + 14 with3 < k <2"* - 1.
We define the four edge sets M, M,, M3, M, as follows.

M = {g0g1,8182, 8283, 8384> 485> 8586 8687, 8180}
M, = {hohy, hihy, hyhs, hshe, hehy, hiho};
M5 = {upuy, vovy, wows, Uy Ug, Vive, WiWe, Uplls, VaVs, WoWs}

and
My = {Xox1, YY1, 2021, X2X3, Y23, 2223, X4 X5, Y4Y5, 2425, X6X7, Y67 2627}

Let Ly be the subgraph of Q, having vertex set {g;, x;,yi,zi: i = 0,1,..., 7} U {hjuj,vj,w;: j =
O, 1,2,5,6,7} and edge set {g,-x,-,g,-yi,giz,-: i = O, 1,. ,7} U {hjlxtj,hj\/j, ]’lJWj _] = 0, 1,2,5,6,7} U
M, U M,. We define a subgraph H, of Q, as follows.

Hy=(HU Ly) — (M3 U M,).

The graph H, is shown in Figure 7. Clearly, it is a 5-regular subgraph of Q, on 16k + 14 vertices.

Figure 7. The subgraph H4 on 16k + 14 vertices
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Thus we have constructed 5-regular subgraphs H,, H,, H3, and H, of the hypercube Q, on [ vertices
in each of the four cases. In the next two sections, we prove that these subgraphs are 5-connected and
bipancyclic.

5. Connectivity

In this section, we prove that all the four subgraphs H,, H,, H3, and H, of Q, that are constructed
in Section 4 and shown in Figures 4, 5, 6, and 7, respectively are 5-connected.

If F is the matching in H; consisting of edges having one end vertex in the lower side (L) and the
other end vertex in the upper side (R) in the figure of H;, then F is an edge-cut of H;. The graph H,— F
has two components and further, the components are 4-connected and isomorphic to each other. We
prove that these components together with the matching F give a 5-connected graph. We first prove
the following observations for general graphs.

Lemma 8. Let G be a simple k-connected graph and let vy, v, ..., v, be distinct vertices of G. Let G
be a new graph obtained from G by adding a new vertex u and k edges uv; fori = 1,2,... k. Then G
is k-connected.

Proof. The graph G is shown in Figure 8(a). Suppose S C V(G) with |S| < k. Ifu ¢ S, then S C V(G)
and so G — S is connected. Therefore G — S is connected as the vertex u has a neighbour in G — S.
Suppose u € S. Then S — {u} contains at most k — 2 vertices of G and hence G — (S — {u}) = G — S is
connected. Thus G is k-connected. m|

Lemma 9. Let G be a simple k-connected graph with at least 2k vertices and an independent set
{uy,us,...,u,}, where 1 < r < k. Suppose G’ is a simple graph obtained from G by adding a new
vertex u and k new edges each having one end vertex u including the r edges uuy,uu,, . ..,uu,. Let H
be the graph obtained from the graph G' 0K, by deleting the matching consisting of r edges between
the two copies of G’ corresponding to the vertices uy, u,, . . .,u,. Then the graph H is (k+1)-connected.

Proof. The graph H is shown in Figure 8(b). The graph G’0K,; is obtained from G’ and a copy
G"” of G’ by adding edges between their corresponding vertices. Let v and v; be the vertices of
G"” corresponding to u and u; for 1 < i < r, respectively and let M = {uyvy,upvs, ..., u,v,}. Then
H = (G'0K,) — M. Since G’ has at least 2k + 1 vertices, there are at least k + 1 edges in H between G’
and G”.

Suppose S C V(H) with |S| < k. It is sufficient to prove that H — S is connected. Since G is
k-connected, by Lemma 8, the graph G’ is k-connected. Suppose S intersects both V(G’) and V(G”).
Then both G’ — § and G” — S are connected and they are joined to each other by an edge. Hence

H — S is connected. Suppose S € V(G’). The degree of u; in G is at least k and so it is at least k + 1

in G’ forany i € {1,2,...,r}. If G’ — § has a component with vertex set a subset of the independent
set {uy,uy,...,u,} — S, then that component has just one vertex and so |S| = k + 1, a contradiction.
Thus every component of G' — S has a neighbour in the connected graph G” in H — S. This shows
that H — S is connected. O
ve y | (W )y |
L
V2
[ N =l [ M- S S
u <\ : % v
e V)
SO I B N
Vi
(a): G (b): H

Figure 8. The Graphs of Lemma 8 and Lemma 9
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Let H,, H,, H;, and H, be the 5-regular subgraphs of Q, constructed in Section 4. We now prove
that these graphs are 5-connected.

Lemma 10. The graph H, is 5-connected.

Proof. The subgraphs of H, induced by V(C°) U V(C') U V(C?) U V(C?) and by V(C* U V(C3) U
V(C® U V(C7) are isomorphic to C°0Z for some 4-cycle Z. Hence, by Lemma 1, these two subgraphs
are 4-connected. Now, by Lemma 9, H; is 5-connected. O

Lemma 11. The graph H, is 5-connected.

Proof. The subgraphs of H, induced by V(C?)UV(C?) and by V(C')UV(C?) are isomorphic to C°0OK,
and so, by Lemma 1, they are 3-connected. Hence, by Lemma 9, the upper half subgraph R of H, that
is induced by V(C®) U V(C") U V(C?) U V(C?) U {go, g1} is 4-connected. If L = H,[V(C* U V(C) U
V(C% U V(C") U {gs, g7}1, then L is isomorphic to R. Thus, by Lemma 9, H, is 5-connected. O

Lemma 12. The graph H; is 5-connected.

Proof. By Lemmas 1 and 9, the subgraphs H3[V(C?) U V(C?)] and H3[V(C") U V(C?) U {g1, g}] of
Hj; are 3-connected. By similar arguments of the proof of Lemma 11, we see that the upper half
subgraph R of H; induced by V(C°) U V(C") U V(C?) U V(C?) U {g1, g2, hs, h3} is 4-connected. If
L = H3[V(CH U V(C3 U V(C® U V(C") U {gs, g, 1, his}], then L is isomorphic to R. Now, the result
follows from Lemma 9. ]

Lemma 13. The graph H, is 5-connected.

Proof. Let V; = V(C®) U V(C") U {go, g} and let V, = V(C?) U V(C?) U {g>, g3}. By Lemma 9, the
subgraphs H,[V;] and H4[V,] of H, are 3-connected. Therefore the graph H,[V; U V5] is 4-connected.
Hence the graph R = Hy4[V, U V, U {hg, hy, h,}] is also 4-connected. The subgraph L of H4 induced by
V(H4) — V(R) is isomorphic to R and so, it is 4-connected.

We now prove that Hy is 5-connected. Suppose S C V(H,) with |§| < 4. It is sufficient to prove
that H, — S is connected. If S intersects both V(R) and V(L), then R— S and L — S are connected and
they are joined to each other by an edge leaving H, — S connected. Suppose S C V(R). The set of
vertices of R that do not have any neighbour in V(L) is A = {hy, g1, &2, Uo, Vo, Wo, U1, V1, W1, Ua, Vo, Wa}.
Assume that R — S has a component D such that V(D) C A. No member of A is isolated in R — § as
each has degree five in R. Hence (D) > 1. Observe that the subgraph of H, induced by A is the forest
as shown in Figure 9. Therefore D is a tree containing at least two pendant vertices. So |S| = 4 and
every pendant vertex of D is adjacent to all the four members of S. This gives K, 3 as a subgraph of
H, and so of Q,, a contradiction. Hence every component of R — S has a neighbour in the connected
graph L. Therefore H, — S is connected. Similarly, H; — S is connected if S C V(L). O

81

82
Up Uz Vo v2 wo Wz
Figure 9. Subgraph of H4 Induced by A
6. Bipancyclicity

In this section, we prove that the 5-regular graphs H,, H,, H3, and H, constructed in Section 4 are
all bipancyclic.

Ars Combinatoria Volume 159, 165-178



5-Regular Subgraphs in Hypercubes 175

A ladder on n > 4 vertices has two edges at its two ends. If we identify one of these two edges
with an edge of a k-cycle, then it follows that the resulting graph has cycles of every even length from
k to k + n — 2. The following lemma is based on this fact.

Lemma 14. Let [, m, n be even integers and C be an m-cycle conatining an edge xy and L be a ladder
on n vertices containing an end edge x'y’'. Then the graph C U L U {xx',yy’} has cycles of all even
lengths from m + 2 to m + n (see Figure 10).

X X
A\ T

. Cc | L [
y y

Figure 10. The Graph C U L U {xx’, yy'}

Lemma 15. The graph H, is bipancyclic.

Proof. Recall that H, contains the eight copies c’.cl,...,C" ofa 2k-cycle C. Let E;; be the set of
edges of H, with one end vertex in the cycle C' and the other in the cycle C/. Consider the subgraph
W=C'UC'UC?UCPUC*UCUCUCTUEp UE3 UEys UEsyUE4; UEUEg UE,of H,.
Then W is isomorphic to COZ, where Z is an 8-cycle. By Lemma 2, W is bipancyclic. Therefore W
and so H; contains a cycle of every even length from 4 to 16k = |[V(W)|. Let C' =< vi, v}, ...v5,,v| >
fori=0,1,...7 such that v is the label to the neighbor of g;. Then the cycle shown in Figure 11 is a
Hamiltonian cycle of H;. Thus the graph H, is bipancyclic. O

7
V1 Vl V1 1 V? VZ
C? ct C® c’

I I I I I I I I
I I I I I I I I
| | | | | | | |
| | | | | | | |
Vzk I I Vzk I I I I Vzk I I Vzk

Figure 11. Hamiltonian Cycle in H,

Recall that we have written Q, as Q, 3003 where the vertices of Q5 are labeled by ay, ay, . ..,a;, so
that ay, ay, ay, as, a4, as, ag, az, ay is a Hamiltonian cycle of Q3 with chords aas, aiag, axas and aya;.
Furthermore, C is a 2k-cycle in Q,_3 and C' is its copy in Q, corresponding to vertex a; of Qs in
the construction of the graphs H,, H3 and Hy. Let E;; be the matching between cycles C'and C’ in
0, correspondlng to the edge a;a; of Q; For each i, label the vertices of C' by v/|,v5,..., v}, so that
Cl =< vl,vz,v3,v4, ... vp, ... vq, .. v2k, v1 > and vl,v3,v are the neighbours of the vertex g;, and
Vi, VL, v, are the neighbours of the vertex #; for some p.q with 4 < p,q < 2k and p # g. Hence the
nelghbours Xis Yis Zi of gi on C' are relabeled as vl, v3, V', respectively. Similarly, the vertices u;, v;, w;
are relabeled as vz, Vi 4 v , respectively.

Lemma 16. The graph H, is bipancyclic.

Proof. The graph H, has 16k + 6 vertices. Consider the subgraph W of H,, where W = C° U C' U
C2 U C3 U C4 U CS U C6 U C7 U E03 U E32 U E21 U E16 U E65 U E54 U E47 U E7(). Then W2 is isomorphic to
C°0Z, where Z is an 8-cycle. By Lemma 2, it contains cycles of every even length from 4 to 16k. A
cycle Z of length 16k + 6 in H, is shown in Figure 12. Furthermore, Z’' = (Z — {g1, g¢}) U {! vl, 8087}
is a cycle of length 16k + 4 while Z" = (Z" — {go, g7}) U { } is a cycle of length 16k + 2 in H,. Thus
H, is bipancyclic. O
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80 82 85 86 87
R A T T N AN I T
ng V%k
I
3

Figure 12. (16k + 6)-cycle in H,

a)l=16k+6 b) [ =16k + 10
Figure 13. /-cycles in H; for [ € {16k + 6, 16k + 10}

Lemma 17. The graph H; is bipancyclic.

Proof. The graph Hj is on 16k + 10 vertices. Consider the subgraph W of H; on 12k vertices defined

as
W:COUC1UC3UC4UC6UC7UE03UE34UE47UE67UE16UE01.

Then W is isomorphic to C°0Z, where Z is a 6-cycle. Hence W contain cycles of all even lengths
from 4 to 12k. Therefore these cycles are also contained in H;. Let L be the ladder on 4k vertices
defined as

= (C*=viv)U(C*—=viv) U v i=1,2,...,2k).

Note that W has a Hamiltonian cycle Z; =< vy, vi, ..., vy, vi, W, v, V5, .. vg,v;, VLV,
4 7 77 6 6 6 1
s Vo Vhs ooy Vo VI VI, Vo,V vy > . Then the subgraph Z; U L U {vzvz,v2v2} of H; has 16k

vertices. By Lemma 14, it has cycles of every even length from 12k + 2 to 16k. Let Z, and Z; be
the cycles of length 16k + 6 and 16k + 10 as shown in Figure 13(a) and 13(b), respectively. Then

= (Zy — {go, &1} U {V1V1} is a cycle of length (16k + 4) whereas (Z] — {g¢. g7}) U {v vl} is a
(16k + 2)-cycle in H;. Finally, (Z; — {h3, hy}) U {vzvz, h,hs} is a cycle of length 16k + 8 in H3. Thus Hj

is bipancyclic. O
Lemma 18. The graph H, is bipancyclic.

Proof. Recall that Hy has 16k + 14 vertices. We prove that H, contain cycles of every even length
from 4 to 16k + 14. The subgraph of H,,

W:COUC3UC4UC7UE03UE34UE47
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is bipancyclic as it is isomorphic to C°0P,, where P, is a path on four vertices. This implies that H,

contain cycles of every even length from 4 to 8k. Consider the Hamiltonian cycle Z; of W, where
0,0 0 0313 13 3 4 4 4 4 7 7 7 7 4 4
Zi =<V V3 Vo VEVE Vo Vi s 5 Vi Vi Vieas " 9 Vae Vs Vs Vo Va7 5 Vs Vs V3o s

Vi Vi Vis e, va, V9 >, We get two paths P and Q each of length 4k from C' U C® and C* U C°,

respectively as follows.

1.1 1 1.6 .6 .6 6
P =< vy, V3, s Vo VI, Vs Vops Vapogs -+ -0 Vo s
__ 2.2 2 2.5 .5 5 5
O =< V5, V35 e s Vo VI Vs Vago Vago g o - -5 Vo > &

Then
L, =PUQU({v}V? vv.i—12 ., 2k})

Vi

is a ladder on 8k vertices. Hence, by Lemma 14, Z; U L; U {vzvz, v2v2} is a subgraph of H, on 16k
vertices contains cycle of length p for every even integer p with 8k +2 < p < 16k.

Let Z, and Z; be the cycles in H, of length 16k + 8 and 16k + 14 as shown in Figures 14(a)
and 14(b), respectively. If Z) = (Z, — {g5.86}) U (v)VS}; Z) = (Z) — {g3,84}) U {v},v}} and Z" =
(Z7) —{g1, 8} U {v}, v%}, then ZJ, Z7 and Zé” are cycles of lengths 16k + 6, 16k + 4 and 16k + 2,
respectively. Finally, Z} = (Z; - {h5, h6}) U {vzvz} and Z§ = (Z; —{hi,h,}) U {v2v2} are cycles of lengths
16k + 12 and 16k + 10, respectively. Hence H, is blpancyclic. O

(a)l = 16k + 8 (b) [ = 16k + 14

Figure 14. [-cycles in Hy for [ € {16k + 8, 16k + 14}

Remark 1. The problem of the existence of a k-regular subgraph of the hypercube Q, of a given
order is completely solved for k = 3, 4, 5. To solve the problem for the general value of k one needs
to identify the even integers in between 2* and 2" that cannot be the order of any k-regular subgraph
of Q. By Theorem 3, we have two intervals (2F, 2% + 2571 and (2F + 2=, 2k + 21 4 2K=3Y ywith the
property that no even integer belonging to any of these intervals is the order of a k-regular subgraph
of Q.. There is no further gap for k € {3,4,5}. However, there seems a further gap for k > 6. The next
interval of the gaps can be found by characterizing the k-regular subgraph of Q, on 2F + 2k-1 4 23
vertices. Thus, Problem 1 remains open for k > 6.
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