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Abstract: Let E(H) and V(H) denote the edge set and the vertex set of the simple connected graph
H, respectively. The mixed metric dimension of the graph H is the graph invariant, which is the
mixture of two important graph parameters, the edge metric dimension and the metric dimension. In
this article, we compute the mixed metric dimension for the two families of the plane graphs viz.,
the Web graph W, and the Prism allied graph D’. We show that the mixed metric dimension is non-
constant unbounded for these two families of the plane graph. Moreover, for the Web graph W, and
the Prism allied graph D}, we unveil that the mixed metric basis set M, is independent.
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1. Introduction

The graph invariant metric dimension is among the important and highly active research topic
in Graph Theory. This fundamental concept of metric dimension was founded by two groups of
researchers independently viz., Slater in [1] and Harary and Melter in [2], in the late seventies. The
set Mg of points in the taken metric space with the property (or characteristic) that any point of the
space is determined uniquely by its distances from the points of Mg, is referred to as the generator
(or metric generator) of the given metric space. These metric generating sets are called the locating
sets by Slater in [1] and the resolving sets by Melter and Harary in [2], respectively.

After these two important initial papers [1,2], several works regarding theoretical properties, as
well as applications, of this graph invariant were published. Initially, Slater considered special ac-
knowledgment of a thief in the network, while others noticed problems in picture preparing (or image
processing) and design acknowledgment (or pattern recognition) [3], applications to science are given
in [4], to the route of exploring specialist (navigating agent or robots) in systems (or networks) are
examined in [5], to issues of check and system revelation (or network discovery) in [6], application
to combinatorial enhancement (or optimization) is yielded in [7], and for more work see [8—10].

Suppose E(H) and V(H) denote the edge set and the vertex set of the simple connected graph H,
respectively. The distance between two vertices o, € V(H), is denoted and defined as dy(a,f) =
length of the shortest possible @ — § path in H and the dy(a, €) = min{dy(a,B1), dy(a, B,)} represents
the distance between an edge € = 813, and the vertex « in H. If the distance between the vertex a
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and an element S is not equaled to the distance between the same vertex a and an element y in H
(where 8,y € V(H) U E(H)), then one can say that the vertex a distinguish (determines or resolves)
two elements § and y in H.

A set Mg consisting of the vertices of the graph H, is termed as the metric generator for H, if the
vertices of M distinguish (determines or resolves) every pair of different vertices of the connected
graph H. These metric generators are called metric basis for H if it has the minimum cardinality and
this cardinal number of the metric basis is referred to as the metric dimension of the graph H, denoted
by B(H) or dim(H).

On the other hand, concerning the hypothetical examinations of this important topic, various per-
spectives of metric generators M have been depicted in the recent literature, which has profoundly
added to acquire more understanding into numerical properties of this graph invariant related with
distances in networks. Several authors working on this topic have presented different varieties of
metric generators like for example, independent resolving sets, resolving dominating sets, strong re-
solving sets, local metric sets, edge resolving sets, strong resolving partitions, mixed metric sets, etc.
For these see references in [8, 11-14]. A set L consisting of vertices of the graph H is said to be an
independent resolving set for H, if L is both resolving (metric generator) and independent.

One can see that the metric dimension deals with the vertices of the graph by its definition, a similar
concept dealing with the edges of the graph introduced by Kelenc et al. in [11], called the edge metric
dimension of the graph H, which uniquely identifies the edges related to a graph H. For an edge
e = 313, and a vertex x the distance between them is defined as dy(x, €) = min{dy(x, B1), duy(x, 52)}.
A subset M(, is called an edge metric generator for H, if any two different edges of H are distinguish
by some vertex of M. The edge metric generator with minimum cardinality is termed as edge metric
basis and that cardinality is known as the edge metric dimension of the graph H, and which is denoted
by edim(H) or Sg(H). A set Lg consisting of vertices of the graph H is said to be an independent edge
metric generator for H, if L is both edge metric generator and independent.

2. Mixed metric dimension:

Recently, a new kind of graph parameter was introduced by Kelenc et al. in [12], which is the
composition of both, the edge metric dimension and the metric dimension and called the mixed
metric dimension for a graph H. A subset M is called a mixed metric generator for H, if any
two different elements of V(H) U E(H) are distinguished by some vertex of M{;. For an ordered
subset &y = {{1,{2,(3, ..., {,} of vertices of the graph H, and an element y € V(H) U E(H), the
mixed metric code\mixed metric representation of y regarding M{; is the ordered p-tuple {y (yYIM) =
du(y,41),du(y, $2), du(y, £3), ... du(y, £p))-

If for any two distinct elements y; and y, of VIH)UE(H), {y(yi1IME) # {u(y2lME), then M7 is said
to be a mixed metric generator (or shortly, MMG) for H. The mixed metric generator with minimum
cardinality is termed as the mixed metric basis, and that cardinality is known as the mixed metric
dimension of the graph H, and which is denoted by mdim(H) or 5, (H). For our gentle purpose, by
MMG and MMD we denote mixed metric generator and mixed metric dimension, respectively. Now,
like edge metric dimension and the metric dimension, for this graph invariant one can define that, set
Ly, consisting of vertices of the graph, H is said to be an independent mixed metric generator for H,
if Ly, is both a MMG and independent.

In this study, we consider two important families of the plane graphs viz., the prism allied graph D,
( [15], see Figure 1) and the Web graph W,, ( [16], see Figure 2) and we obtain their MMD. Recently,
the metric dimension and the edge metric dimension of these two families of the plane graphs were
computed. For the metric dimension of these families of plane graphs we have the following results:

Theorem 1. [15] Let D!, be the Prism allied graph on 6n edges and 4n vertices. Then, for n > 6, we
have B(D!) = 3.
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Theorem 2. [16] Let W, be the Web graph on 4n edges and 3n vertices. Then, for n > 3, we have

2, ifnisodd,

3, otherwise

B(W,) = {

and regarding the edge metric dimension, we have

Theorem 3. [15] Let D!, be the Prism allied graph on 6n edges and 4n vertices. Then, for n > 3, we
have

ifn=3,4,;

-| + 1, otherwise.

4,
Br(D) = {[ﬂ

2

Theorem 4. [16] Let W, be the Web graph on 4n edges and 3n vertices. Then, for n > 3, we have
ﬁE(Wn) =3.

Throughout this article, all vertex indices are taken to be modulo n. The present paper is organized
as follows:

In section 2, we study the MMD of the Prism allied graph D;,, when the MMG M; is independent
(see Figure 1). In section 3, we study the MMD of the Web graph W,, when the MMG M{; is
independent (see Figure 2), and in our last section, we conclude our results and findings regarding
these two important families of the plane graphs.

3. Mixed Resolvability of the Prism Allied Graph D,

The Prism allied graph D!, [15] has vertex set of cardinality 4n and an edge set of cardinality 6n,
indicated by V(Dj,) and E(D}) respectively, where V(D!) = {p,,qy,, 1y, syll < 1 < n}and E(D)) =
{DuGns PaPys1s @nQuets TnQys Fndy+1> ISyll < < n}. It comprises of n 3-sided faces, n pendant edges, n
4-sided faces, and an n-sided face (see Figure 1). The graph D’ is allied to the Prism graph D, in the
sense that, it can be acquired from the Prism graph by including new vertices {r,, s,|1 < 1 < n} and
edges {r,qn, ryqn+1, ysyl1 < < n}in D, as follows:

e Placing new vertices r,,, between the edges g,g,.1 (1 <1 < n).
e Again join the vertices g, and g,.;.
e Join the vertices r, and s,, in order to obtain the n pendant edges.

For our smooth purpose, we refer to the cycle brought forth by the arrangement of vertices {g, :
1 <p<n}and{p, : 1 <n<n}inthe graph, D) as the g and p-cycle respectively, the arrangement of
vertices {r, : 1 <7 <n}and (s, : 1 <n < n},in the graph, D} as the set of outer and pendant vertices
respectively. For our convenience, we consider s = S,11, 1 = 1> @1 = Gu+1, and p; = pp4q. In the
present working section, we obtain that the least possible cardinality for the MMG M} of the Prism
allied graph D/, is n + 1. We also find that the MMG M{; for the Prism allied graph DD, is independent.
Now, in order to get the exact MMD of graph D', we need the following three Lemmas:

Lemma 1. The set of outer vertices {s,|1 < n < n} C M, where M[; is a MMG for the Prism allied
graph D!,
Proof. For the inconsistency, we suppose that the MMG M7, does not contain at least one vertex from
the set {s,|1 < n < n}. Without loss of generality, we suppose that s, ¢ M, for any 1. At that point, we
have 3(ry M) = By (ry,l M), S31(qyl M) = S pi(rygy|M2), and Sys(gyet M) = S (ryga| M2,
contradiction.

O
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Figure 1. The Prism Allied Graph D!, for n > 4.

Lemma 2. Let P = {p,|1 < n < n} and M be any mixed resolving generator for the Prism allied
graph D). Then, P N M} # 0.

Proof. Suppose on the contrary that PN M7 = Di.e., for any n, p, ¢ M(;. Then, we have 3 (q,|M}}) =
I u(pngy|M7), a contradiction. O

In the accompanying Lemma, we show that the cardinality of any mixed resolving generator for
the Prism allied graph I}, is greater than or equals ton + 1 i.e., [IMZ| > n + 1.

Lemma 3. For the Prism allied graph D', and n > 4, we have mdim(D})) > n + 1.

Proof. On contrary, we suppose that the cardinality of the mixed resolving generator M of the Prism
allied graph D’ is equals to n i.e., By(D),) = n. Then, on combining Lemma 1 and 2, we get contra-
diction as the cardinality of the set {s,|1 <7 < n}is n. So, we must have 8y(D}) > n + 1. O

Now, we are ready to obtain the exact mixed metric dimension for the Prism allied graph D/,. For
this, we have the following important result:

Theorem 5. For the Prism allied graph D!, we have mdim(D!) =n+1,VY n > 4.

Proof. By Lemma 3, we have mdim(D!)) > n+ 1. Now, in order to complete the proof of the theorem,
we have to show that mdim(D})) < n + 1. For this, suppose M7 = {p, 51, 52, ..., Sp—1, 5,} C V(D)) (for
the location of these vertices, see Figure 1 (vertices in green color)). We will show that M is the
MMG for the Prism allied graph D). By total enumeration, it can be easily checked that the set M
is the MMG for the Prism allied graph D!, when n = 4,5. Now, for n > 6, we consider the following
two cases regarding the positive integer n (i.e., when n = O(modn) and n = 1(mod2)).

Case-1n = 0(mod?2).
In this case, n can be written as n = 2a, where @ € N and a > 3. Let M{, = {py, 51, 52, Sa+1» Sa+2}
C V(D). Now, to figure out that M, is the MMG for the Prism allied graph D/, we consign the mixed

metric codes for each vertex and each edge of the graph D), regarding M7, (b = a in Figures 1 and 2).
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Now, the mixed metric codes for the vertices {v = p,, gy, 1y, s5In = 1,2,3, ..., n} regarding the set
M, are shown below in the following four tables respectively.

In(IM)

Ol—
MG ={P1, S1, 52, Sa+1» Sa+2}

Iu(pyIME):(n = 1)

n-134,a+2,a+1)

Iu(pyIME):(n = 2)

m-1Ln+1,3,a—n+4,a+2)

Iu(pylM;):3<n<a+l)

m-1Ln+1,na—n+4,a—n+95)

Iu(pylMg):(n = a+2)

Ra-n+1,2a—n+4,nn—a+1l,a—n+5)

Tu(pyIM2):(a +3 <7 < 2a)

Ra-n+1,2a—n+4,2a—n+5n—a+1,n—-a)

InWIM)

*
MG ={P1, S1, 52, Sa+1» Sas2}

Im(qyIMz):(m=1)

n,2,3,a+ 1,a)

I gyl M):(n = 2)

m,n,2,a—-n+3,a+1)

Iu(qyM;):3<n<a+1)

mn,n-lL,a-n+3,a—n+4)

Iu(qyIMy):(n = a +2)

Qa-n+22a0a-n+3,n-1,n-a,a—n+4)

T (g M5):(a + 3 < 7 < 20)

Qa-n+2,2a-n+3,2aa-n+4,n-a,n—-—a-1)

SM(Ule;)

w _
MG - {pla S1, 52, Sa+l’saf+2}

Iu(rylM%): (n=1)

m+1,1,3,a—n+3,a+1)

Iu(rylMp): (n =2)

m+1Ln+1,l,a—-n+3,a—-n+4)

Tu(rIM2): 3 <n < a)

m+Ln+1Lna-n+3,a-n+4)

Iu(ryIME): (n=a+1)

Qa-n+2,n+1,n,1,a—n+4)

Iu(ryIME): (n = +2)

Qa-n+22a-n+3,n,n-—a+1,1)

Iu(ryIMy): (@ +3 <n<2a)

Ra-n+22a—n+3,2a-n+4,n-a+1,n—-a)

In(WIMy)

Ol—
MG ={P1, S1, 52, Sa+1» Sa+2}

In(sylMg): (n=1)

n+2,0,4,a-n+4,a+2)

In(syMg): (n =2)

n+2,n+2,0,a—n+4,aa-n+5)

Iu(syIMy): B<n<a)

m+2,n+2,n+l,a—n+4,a—-n+)5)

InlsyIMg): (n=a+1)

Ra-n+3,2a—n+4,n+1,0,a—n+5)

InlsyIMg): (n=a+2)

Ra-n+3,2a—n+4,2a0a—-n+5n-a+2,0)

Iu(syIMy): (@ +3 <n<2a)

Qa-n+32a—n+4,2a-n+5n—a+2,n—-a+1)

and the mixed metric codes for the edges {€ = p,py+1, Pndy> @ny+1> Qnlys o1, Syl = 1,2,3, ..., n}
regarding the set M(; are shown in the tables below, respectively.

SM(€|ME)

w _
MG - {pla 81, 52, Sa+l’saf+2}

Iu(pypyilME): (n=1)

n-133,a-n+3,a+1)

Iu(pypyilME): (n =2)

nm-1Ln+1,3,a—-n+3,a—-n+4)

Iu(pypyilME): B <n < a)

m-1Ln+1,na-n+3,a-n+4)

Iu(pypyailMy): (n =a+1)

Qa—-n2a-n+3,n3,a—n+4)

Iu(pppyailM): (n = a +2)

Qa-n2a-n+32aa-n+4,n—-a+1,3)

Iu(pypyeilME): (@ +3 <1 < 2a)

QRa-n2a-n+32a-n+4,n—-a+1,n-a)

I u(elMp)

* o __
M. = {p1, S1, 52, Sa+1» Sa+2}

Iu(pngyIMy): (n=1)

n-1,23,a+1,a)

Iu(pngyIM7): (1 =2)

nm-1,n2,a-n+3,a+1)

In(ppqyIME): B<n<a+1)

nm-1Lnpn-lLa-n+3,a-n+4)

Iu(prgylMy): (n = a+2)

Qa-n+1L2a-n+3,n-L,n—a,a-n+4)

Iu(pngyIM7): (@ +3 <n <2

Qa-n+1,2a-n+32a-n+4,n-a,n-a-1)

Ars Combinatoria
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I u(elMp)

MZ ={D1, 51, 2, Sas15 Sas2}

Iu(qngnalME): (n=1)

(nazazaa_n+2’a)

I n(qngnaIME): (n =2)

mn.2,a-n+2,a-n+3)

In(GngnalM%): B<n<a)

mn,n-lL,a-n+2,a—-n+3)

In(Gn@nalMZ): m=a+1)

QRa-n+1,2a—n+2,n-1,2,a—n+3)

In(GngnalME): n=a+2)

Qa-n+1L2a0-n+2,2a-n+3,n-a,2)

In(@yqn1IMp): (@ +3 <15 < 2a)

QRa-n+1,2a—n+2,2a-—n+3,n-—a,n—a-1)

SM(ElMg)

* _
M. = {p1, S1, 52, Sas1> Sa+2}

Imu(gyrylMg): (n=1)

(n,1,3,a+ 1,a)

SM(QnrnlME): (77 = 2)

mn,3,a-n+2,a-n+4)

IulgyrylMp): 3 <n<a)

(mn,n—-lL,a-n+3,a—-n+4)

In(gyrylM): (n=a +1)

(rlanan_1717a_rl+4)

Z;M(qi]rrllMEk;): (77 =a+ 2)

RQa-n+2,2a—-n+3,n-1,n-a,1)

IulgyrylM): (@ +3 <n<2a)

QRa-n+22a—n+3,2a-n+4,n-a,n—a-1)

SM(Ele;)

*
My, = {p1, S1, 52, Sa+1> Sa+2}

Iu(ryqualMy): (n = 1)

nm+1,1,2,a—n+2,a+1)

I (ryGne1lME): (n = 2)

m+Ln+1,l,a—-n+2,0a—-n+3)

SurygyalME): G <n<a)

m+Ln+1Lna-n+2,a-—n+3)

In(rygnalML): m=a+1)

QRa-n+1,2a—n+2,n,1,a —n+3)

In(ryqualMy): (n = a+2)

Qa-n+1,2a-n+22a0a-n+3,n—a+1,1)

In(rygualMy): (@ +3 <n<2a)

Qa-n+1,2a-n+22a-n+3,n-a+1,n-a)

Iu(elMp)

®
Mg, = {p1, S1, 52, Sat1> Sa+2}

Iu(rysylMg): (n=1)

n+1,0,3,a—n+3,a+1)

8M(7}]S,7|Mé)1 (77 = 2)

nm+1,n+1,0,a—n+3,a—n+4)

Iu(rysyIM5): B<n<a)

m+1L,n+1,na—n+3,a—n+4)

Iu(rysyIMy): n=a+1)

Qa-n+2,2a-n+3,7,0,a—-n+4)

Iu(rysylME): n=a +2)

Ra-n+2,2a—n+3,2a-n+4,n—-a+1,0)

Iu(rysylME): (o +3 <1 <2a)

Ra-n+22a—n+3,2a-n+4,n-a+1,n—a)

Now, from these mixed metric codes of the edges and the vertices of the Prism allied

graph D! concerning the set Mg, we ascertain that for 1 < 7 < nmandn # 1,2, + lL,a + 2,
SM(QU|ME) = SM(”MHMZ), SM(CIU+1|M§;) = SM(ranHle;)a and i;M(’ﬁnlMg) = 8M(’”r]*s‘nuwz(;)-
For the remaining mixed metric edges and vertices codes in D!, we find no two vertices or
edges with the same mixed metric codes. For n = 3,4,...,a — l,a,a + 2, + 3,...,n, we see
that 8M(QT]UWE U {sn}) ¥ SM(ann|MZ U {Sn})’ SM(Qr]HlME U {S,]}) ¥ S;M(’/‘r]qrﬁll]‘d*c U {Sn})’ and
Iu(ryMg U {sy}) # By(rys,IMg U {s,}). From this, we obtain Jy(q,IM%) # Ju(ryg,|MP),
In(gnalME) # By(rygyalME), and Iy (M) # By(rys)IMy), for any 1 < n < n and so
IM{| < n + 1, suggesting that mdim(ID;) = n + 1 in this case.

Case-2 n = 1(mod2).

In this case, n can be written as n = 2« + 1, where @ € N and a > 3. Let M, = {py, 51, 52, Sa+1,

Sa+2} C V(D). Now, to figure out that M, is the MMG for the Prism allied graph D}, we consign the
mixed metric codes for each vertex and each edge of the graph D), regarding M.

Now, the mixed metric codes for the vertices {v = p,, g, 1y, s5in = 1,2,3, ..., n} regarding the set
M¢, are shown below in the following four tables respectively.
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InuIM) Mg, = {p1, 51, 52, Sat1> Sas2}

Iu(pylMi): (n=1) m-134a-n+4,a+2)

Iu(pylME): (n =2) m-1,np+1,3,a—n+4,a-n+5)

IulpyIMy): B<n<a+1) m-1L,np+1,n,a—n+4,a-n+5)

SM(pnlMg): n=a+?2) QRa-n+2,2a—-n+5nn—a+1l,a—n+5)
Iu(pylMi)(@+3 <n<2a+1) Ra-n+22a-n+52a-n+6,1—a+1,n—a)
InIM) Mg = {p1, S1, 52, Sat1> Sas2}

SM(q,,IMg): n=1) n,2,3,a-n+3,a+1)

Iu(qyIMg): (n =2) m.1m,2,a—n+3,0a-n+4)

In(gyM;): B<n<a+1) (mn,n—1l,a—n+3,a—n+4)

InlgyIMp): (n = a +2) Qa-n+32a-n+4,n-1,n-a,a—n+4)
Iu(gyIMy): (@ +3<n<2a+1) Qa-n+32a-n+4,2a-n+5n-a,n-a-1)
InuWIM) Mg, = {p1, S1, 52, Sat1 Sa+2}

Iu(ryIMg): (n=1) m+1L,1,3,a—n+3,a+2)

Iu(ryIME): (n =2) m+Ln+1,l,a—-n+3,a-n+4)

Iu(ryIM;): B<n<a m+Lnp+1,n,a—n+3,a—-n+4)

Iu(ryME): (n=a+1) m+1Ln+1,n1l,a—n+4)

Iu(rylME): (n = a+2) QRa-n+3,2a—n+4,n,n—a+1,1)

Iu(ryME): (@+3<n<2a+1) Ra-n+3,2a—n+4,2aa-n+5n—-a+1,n—-a)
In(IM) Mg = 1{p1, S1, 52, Sat1 Sas2}

Iu(syIM5): (n=1) n+2,0,4,0a—-n+4,a+3)

Iu(syIM): (n =2) m+2,n+2,0,a—-n+4,a—-n+5)

Iu(syM5): 3 <n<a) m+2,n+2,np+l,a-n+4,a—n+5)
In(syIMy): m=a+1) m+2,n+2,n+1,0,a—n+5)

Iu(syIMy): (n=a+2) QRa-n+4,2a-n+5n+1,p—a+2,0)
Iu(syIMy): (@+3<n<2a+1) QRa-—n+4,2a-n+52a0-n+6,n—a+2,n—a+1)

and the mixed metric codes for the edges {€ = p,py+1, Pydys Gndn+15 Gnlns Tndy+1s Tysyln = 1,2,3, ..., n}
regarding the set M7, are shown in the tables below, respectively.

Iu(elMp)

*
MG ={P1, S1, 52, Sa+1» Sa+2}

i)t‘M(pnPnH|]‘4*6)3 (n=1)

n-133,a-n+3,a+2)

Iu(pppyeilM): (n =2)

nm-1,n+1,3,a—n+3,a—-n+4)

Iu(pppyeilMg): B < < a)

nm-1Ln+l,na—n+3,a—n+4)

Iu(PypplME): (n=a+1)

Qa-n+1,np+1,n3,a—n+4)

Iu(pypylME): (n = a +2)

Qa-n+1,2a-n+4,n,n—-—a+1,3)

Iu(PypplME):(a@ +3 < <2a+ 1)

Qa-n+1L,2a-n+42a-n+5n—-a+1,n-a)

SM(ElMg)

* _
Mg, = {p1, S1, 52, Sat1> Sa+2}

Iu(pygyIMy): (n=1)

n-1,23,a-n+3,a+1)

I m(Pyan| Mg

): (7 =2)

nm-1,n2,a-n+3,a—n+4)

I m(Pyan| Mg

:B3<n<a+l)

nm-1npn-lLa-n+3,a-n+4)

Iu(pngylMy): (n = a+2)

Qa-n+22a-—n+4,n-1,n-a,a—n+4)

In(pyqIML): (@+3 <n<2a+1)

Ra-n+22a—n+4,2a-n+5n—-a,n—a-1)
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SM(flMZ;) MZ ={D1, 51, 2, St 15 Sas2}

Iu(gngynlMg): (n=1) (1,2,2,a-—n+2,a+1)

Iu(gngnnIMg): (n =2) (mn2,a-n+2,a-n+3)

Iu(gngnnIMg): B<n < @) mnn—l,a—n+2,a-—n+3)

In(Gnqne1lMG): (1 =a+1) Ca-n+2,n,n-1,2,a —n+3)

SM(qnq,]HIME): m=a+?2) Ra-n+2,2a—n+3,n-1,n-a,2)
SM(q,,q,]+1|Mg):(a+3§n§20+1) Ra-n+2,2a—n+32aa-n+4,n-a,n—a-1)
Iu(elMy) M, = {p1, S1, 52, Sa+1» Sa+2}

IulgyrylMg): (n=1) m,1,3,a-n+3,a+1)

Im(qyrylM7): (n =2) (mn,l,a-—n+3,a-n+4)

IulgprylM): 3 <n < a) mnn-lLa-n+3,a-—n+4)

IulgprylM): (n=a+1) mnn-1L1La-n+4)

Iu(gyrylMg): (n = a+2) Ra-n+3,2a-—n+4,n-1,n-a,1)
Iu(qyrylME): (@ +3<n<2a+1) Qa-n+3,2a-n+42a-n+5n-a,n-a-1)
Iu(elMy) Mg = {p1, 51, 52, Sat1> Sa+2}

Iu(rygnlM5): (n=1) m+1L,1,2,a—-n+2,a—n+3)

Iu(ry@nlML): (n =2) m+Ln+1,l,a—-n+2,a-n+3)
In(rygyalMy): B <n<a) m+1Lnp+1,n,a—n+2,a—n+3)
SM(r,]q,]HlMZ‘;): m=a+1) Ra-n+2,2a—n+3,n,1,a —n+3)
SM(r,]q,,HlMg): nm=a+2) Ra-n+2,2a—-n+32a-n+4,n-a+1,1)
SM(rnq,,+1|M(*‘;):(a+3 <n<Ll2a+1) Ra-n+22a—n+3,2a-—n+4,n—-a+1,n—a)
I u(elMy) Mg = {p1, S1, 52, Sat1> Sas2}

Iu(rysylME): (n=1) n+1,0,3,a—n+3,a+2)

Iu(rysylME): (n =2) m+Ln+1,0,a-n+3,a-n+4)

Iu(rysyM5): B3<n< m+Ln+1,na-n+3,a-n+4)

Iu(rysylME): m=a+1) m+1,n+1,n,0,0a—n+4)

Iu(rysyM5): n=a +2) QRa-n+3,2a—n+4,n,n—a+1,0)
Iu(rysylME): (@+3 <n<2a+1) Ra-n+3,2a—n+4,2aa-n+5n—-a+1,n—a)

Now, from these mixed metric codes of the edges and the vertices of the Prism allied graph D,
concerning the set M7., we ascertain that for | < n < mnandn # 1,2, + l,a + 2, SM(qnlMg) =
Iu(rygy M), Su(quailMy) = Iyu(rygyalMy), and 3y (r,) M) = 3y (r,s,|Mg). For the remaining
mixed metric edges and vertices codes in D/, we find no two vertices or edges with the same mixed
metric codes. Forn =3,4,...,a—1,a,a+2,a+3, ..., n, we see that I y(q,|M; U{s,}) # Tuy(r,q,IM;U
{Sn}), SM(q7]+1|]\42<; U {Sn}) * SjM("'IIQ77+1|M*G U {Sn})a and 5M(r17|]\42 U {Sn}) * SM(’”nSn|MZ U {Sn})~
From this, we obtain 3 y(q,IM%) # 3y(ryqyIM2), Sm(queilME) # 3y(rygnalME), and 3y (ry|M7) #
B u(rysylM%), for any 1 <5 < nand so [Mg| < n+ 1, suggesting that mdim(D},) = n + 1 in this case
also, which concludes the theorem. O

Theorem 6. The independent mixed metric number for the Prism allied graph D!, forn > 4 isn + 1.

Proof. For proof, refer to Theorem 5. O
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4. Mixed Resolvability of the Web Graph W,

The Web graph W, [16] has a vertex set of cardinality 3n and an edge set of cardinality 4n, in-
dicated by V(W,) and E(W,) respectively, where V(W,) = {p,,q,. |1 < n < n} and E(W,) =
{Pn@y> PuDy+1> @nn+1> Tyqyll < 1 < n}. It comprises of n 4-sided faces, n pendant edges, and an n-
sided face (see Figure 2). The Web graph W, can also be obtained from the Prism graph D, by simply
including n new pendant edges g,r, (1 < n < n).

Figure 2. The Web Graph W, for n > 4.

For our smooth purpose, we refer to the cycle brought forth by the arrangement of vertices {g,, :
I <n<nyand{p,: 1< n <n}inthe graph, W, as the g and p-cycle respectively, the arrangement
of vertices {r, : 1 < 5 < n}, in the graph, W, as the set of pendant vertices respectively. For our
convenience, we consider ry = 7,41, 41 = ¢u+1, and p; = p,.1. In this working section, we obtain that
the least possible cardinality for the MMG M; of the Web graph W, is n+ 1. For this, we also see that
the MMG M(; for the Web graph W, is independent. Now, in order to get the exact MMD of graph
W,, we need the following Lemmas:

Lemma 4. The set of outer vertices {r,|1 < n < n} C M, where M is a MMG for the Web graph
W,

Proof. For the inconsistency, we suppose that the MMG M{;, does not contain at least one vertex from
the set {r,|1 < n < n}. Without loss of generality, we suppose that r,, ¢ M, for any n. At that point,
we have 3y (r,|M7) = 3y (r,q,IM), a contradiction.

O

Lemma 5. Let P = {p,|1 < n < n} and M(; be any MMG for the Web graph W,,. Then, P 0\ M[; # 0.

Proof. Suppose on the contrary that PNM7; = Di.e., for any n, p, ¢ M(;. Then, we have 3 (q,IM{}) =
I u(pyqyIM}), a contradiction. O
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In the accompanying Lemma, we show that the cardinality of any MMG for the Web graph W, is
greater than or equals ton + 1 i.e., M7 > n+ 1.

Lemma 6. For the Web graph W,, and n > 4, we have mdim(W,) > n + 1.

Proof. On contrary, we suppose that the cardinality of the MMG M{; of the Web graph W, is equals
nie., By(W,) = n. Then, on combining Lemma 4 and 5, we get contradiction as the cardinality of
the set {r,|1 <n < n}isn. So, we must have 8),(W,) > n + 1. O

Now, for the Web graph W,,, we have the following important result regarding its MMD:

Theorem 7. For the Web graph W,, we have mdim(W,) =n+ 1,V n > 4.

Proof. By Lemma 6, we have mdim(W,) > n+ 1. Now, in order to complete the proof of the theorem,
we have to show that mdim(W,) < n + 1. For this, suppose M} = {pi,ri,r2, ..., 151, 1} € V(W,)
(for the location of these vertices, see Figure 2 (vertices in purple color)). We will show that M{; is
the mixed metric basis set for the Web graph W,. By total enumeration, it can be easily checked
that the set M(; is the mixed metric basis set for the Web graph W, when n = 4,5. Now, for n > 6,
we consider the following two cases regarding the positive integer n (i.e., when n = O(modn) and
n = 1(mod2)).

Case-1 n = 0(mod?2).

In this case, n can be written as n = 2a, where @ € N and a > 3. Let M, = {p, 1,12, Tos1, Tas2}

C V(W,). Now, to figure out that M, is the MMG for the Web graph W,, we consign the mixed
metric codes for each vertex and each edge of the graph W, regarding M.

Now, the mixed metric codes for the vertices {v = p,, g, r,ln = 1,2, 3, ..., n} regarding the set M,
are shown below in the following three tables respectively.

InWIM)

*
MG ={P1, 71,12, Fas1s Tas2}

Iu(pylMg): (p=1)

nm-1n+1,3,a—n+3,a+1)

IulpyIMy): 2 <n<a+1)

m-lLn+1,na—-n+3,a—-n+4)

Iu(pylMg): (n=a +2)

Qa-n+1L2a-n+3,n,n-a+1l,a-n+4)

Iu(pylMg): (@ +3 <5 <2a)

Ra-n+1,2a—n+3,2a-—n+4,n—-a+1,n—-a)

InWIM)

* _
MG - {pla ry, r29ra/+l’r(l+2}

InlgyMg): (n=1)

n,n,2,a—-n+2,a)

In(gyM;): 2<n<a+1)

mnn-lL,a-n+2,a-—n+3)

IulgyIMy): (n = a +2)

Qa-n+22a0-n+2,n-1,n-a,a—n+3)

IulgyIMy): (@ +3 <5 < 2a)

Qa-n+22a-n+2,2a0a-n+3,n—-a,n—-a-1)

InWIM)

*
MG ={P1, 71,12, Fat1s Tas2}

In(rylMg): 1=1)

n+1,0,3,a—n+3,a+1)

In(rylMg): (7 =2)

nm+1,n+1,0,a—n+3,a-—n+4)

Iu(ryM;): B <n<a

m+Ln+1,na—n+3,a-—n+4)

In(rylMg): m=a+1)

n+1,n+1,7,0,a—n+4)

In(rylMg): (n = a+2)

QRa-n+3,2a—n+3,n,n—a+1,0)

Iu(rylMy): (@ +3 <n<2a)

Qa-n+3,2a-n+3,2aa-n+4,n-a+1,n-a

and the mixed metric codes for the edges {€ = p,py1, Pndn» @1, Gntnln = 1,2,3, ..., n} regarding
the set M, are shown in the tables below, respectively.
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I u(elMp)

OR—
MG ={p1, 11,725 Tat1s Tas2)

Iu(pypyilME): (n=1)

nm-1Ln+1,2,a—-n+2,a+1)

Iu(pypyilME): 2 < < @)

m-Ln+1,na-n+2,a-n+3)

Iu(PyppIME): (n=a+ 1)

Qa-n2a-n+2,n,n—a+1l,a—n+3)

Iu(PyppIME): (@ +2 <5 < 2a)

QRa—-n2a-—n+22a-n+3,n—a+1,n—-a)

SM(€|ME)

*
Mg, = {p1, 71,72, Fas1s Tas2}

Iu(pygnIMg): (n=1)

m-1,n2,a-n+2,a)

In(pygyIMy): B<n<a+1)

m-Lnn-l,a-n+2,a—n+3)

Iu(pyqylMy): (n = a+2)

Qa-n+1L,2a-n+2,n-1,n-a,a—n+3)

In(pyqyIMy): (@ +3 <5< 2a)

Qa-n+1,2a-n+2,2a0a-n+3,n-a,n—-a-1)

I u(elMp)

*
MG ={p1, 11,725 Tat1s Tas2)

In(qngnalME): (n=1)

(rlan717a_n+ 17“)

In(GnqyailMp): 2 <n<a)

mnn-lLa-n+l,a-—n+2)

In(GngnalME): m=a+1)

RQa-n+1,2a—n+1,n-1,n-—a,a—n+2)

In(qy@nIMy): (@ +2 <1 <2a)

Qa-n+1,2a—n+1,2a-—n+2,n-—a,n—a-1)

Iu(elMp)

* —
MG ={P1, 11,72, Y15 Tas2}

S;M(ann”ué): (77 =1

1,0,2,a—-n+2,a)

In(gyrylMg): (n =2)

n,n7,0,a—n+2,a—n+3)

Iu(gyrylMg): 3 <n<a)

mn,n-lL,a-n+2,a-n+3)

Iu(gyrylM): (n = a +1)

(n,m,n— 1,0, —n+3)

IulgyrylM): (= a +2)

Ra-n+2,2a—n+2,n-1,n—-0a,0)

IulgyrylM): (@ +3 < <2a)

Qa-n+22a-n+22aa-n+3,n—-a,n—-a-1)

Now, from these mixed metric codes of the edges and the vertices of the Web graph W, concerning
the set M7, we ascertain that for | <np <mnandn # 1,2, + 1, + 2, T y(q,IM;) = Bu(r,q,|M;).
For the remaining mixed metric edges and vertices codes in W,, we find no two vertices or edges
with the same mixed metric codes. For n = 3,4,...,a — l,a,a + 2, + 3,...,n, we see that
Iu(qyIME U {ry}) # B y(rygyIMg U {r,}). From this, we obtain 3 y(q,|M%) # 3 uy(r,q,IM7), for any
Il <mp<nandso|M{| <n+1,suggesting that mdim(W,) = n + 1 in this case.

Case-2 n = 1(mod?2).

In this case, n can be written as n = 2a + 1, where @ € N and a > 3. Let M, = {p1, 71,12, To+1,

To+2} € V(W,). Now, to figure out that M, is the MMG for the Web graph W,,, we consign the mixed
metric codes for each vertex and each edge of the graph W), regarding M.

Now, the mixed metric codes for the vertices {v = p,, g,, r,ln = 1,2, 3, ..., n} regarding the set M,
are shown below in the following three tables respectively.

InIM)

Iu(pyIM): (p=1)

IupyIMy): 2<n<a+1)
Iu(pylMp): = a +2)
IupyIMy): (@ +3<n<2a+1)

ME = {plarl’r29ra+l’r(l+2}
nm-1n+1,3,a—n+3,a+2)
m-1n+1,na—-n+3,a—n+4)
Qa-—n+22a-—n+4,nn-a+l,a—n+4)
Ra-n+2,2a—n+42a-n+5n—-a+1,n-a)
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SM(U|M2)

OR—
MG ={p1, 11,725 Tat1s Tas2)

Iu(gyIME): (p=1)

(77’77,2,(1_77"‘2’0/"‘1)

In(qIME): 2<n<a+1)

(mnn-lLa—-n+2,a-n+3)

In(qyIM%): n=a+2)

RQa-n+3,2a—-n+3,n-1,n-—a,a—n+3)

In(qyIME): (@+3<n<2a+1)

Qa-n+3,2a—n+3,2a-n+4,n-a,n—a-1)

SM(UUWE;)

* o __
MG - {plarlarz’r(l+lara+2}

Iu(rylMg): (n =1)

n+1,0,3,a—n+3,a+2)

Iu(rylMp): (n =2)

nm+1,n+1,0,a—-n+3,a—-n+4)

Tu(rM2): B <n < a)

m+Ln+1Lna-n+3,a-n+4)

Iu(ryIMg): (n=a+1)

m+1,n+1,7,0,a-n+4)

Iu(ryME): (n = a+2)

Qa-n+4,2a—n+4,n,n—a+1,0)

Iu(rIM5): (@+3<n<2a+1)

Qa-n+420-n+420-n+5n-a+1,7-a)

and the mixed metric codes for the edges {€ = p,pyi1. Pyqns GyGn+1- @ty = 1,2, 3, ..., n} regarding

the set M(; are shown in the tables below, respectively.

SM(Ele;)

* o __
MG - {plarl’rZ’ra/+lara/+2}

Iu(pypy+1lM5): (= 1)

nm-1n+1,2,a—-n+2,0a-n+3)

Iv(pypynlME): 2 <n<a)

m-1Ln+1,na—-n+2,a—n+3)

Iu(pypyailMy): (n=a+1)

m-Ln+lnn-a+l,a-n+3)

Iu(pypyailMy): (n = a +2)

Ra-n+1,2a—-n+3,n,n—a+1,n—a)

In(PyppIME):(@+3 <n<2a+1)

Qa-n+1,2a-n+3,2a-n+4n-a+1,n-a)

SM(€|ME)

*
My, = {p1, 71,72, Fas1s Tas2}

Iu(pygyMg): (n=1)

m-1,n2,a-n+2,a+1)

In(pyqyIMy): Q<np<a+1)

m-Lnn-l,a-n+2,a—n+3)

Iu(pyqylMy): (n = a+2)

Ra-n+22a—-n+3,n-1,n—-—a,a—n+3)

In(pyqyIMy): (@+3 <n<2a+1)

Ra-n+2,2a—n+3,2a-n+4,n-a,n—a-1)

Iu(elMp)

fOR—
MG ={P1, 71,72, Fat1s Tas2}

SM(C[anH'ME): (n=1)

n,n,l,a—n+1l,a—n+2)

In(GngnalM7): 2 <n <)

mnn-lLa-n+l,a—n+2)

In(qy@nelME): (n=a+ 1)

m,mn—Ln—a,a-—n+2)

SM(QnQn+1|ME): n=a+2)

QRa—-—n+22a—n+2,n-1,n-—a,n—a-1)

In(gnqnalMy): (@ +3 <n<2a+1)

Qa-n+22a-n+2,2a0a-n+3,n—-a,n—-a-1)

I u(elMp)

*
MG ={P1, 71,72, Fas1> Tas2}

Z;M(qi]rrllMEk;): (77 = 1)

1,0,2,a-n+2,a+1)

SM(annlMg): (77 =2)

n,n7,0,a—-n+2,a—n+3)

Iu(gyryIMg): B <n<a)

mn,n-lL,a-n+2,a-—n+3)

Iu(gyrylMg): (n = a +1)

(m,m,n—1,0,a—n+3)

Iu(gyrylMg): (n = a +2)

Ra-n+3,2a—n+3,n-1,n—-0a,0)

In(gyrylME): (@+3 <np<2a+1)

Ra-n+3,2a—n+3,2a-—n+4,n-a,n—a-1)

Now, from these mixed metric codes of the edges and the vertices of the Web graph W, concerning
the set M, we ascertain that for 1 <y <mandn # 1,2,a+ 1,a+2, Iy(g, M) = Su(r,q,IM}). For
the remaining mixed metric edges and vertices codes in W,,, we find no two vertices or edges with the
same mixed metric codes. Forn =3,4,...,a—- 1,0, + 2, + 3, ..., n, we see that 5M(6]n|MZ U{r,}) #
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Iu(ryqy Mg, U {r,}). From this, we obtain Jy/(q,IM}) # 3uy(r,q,|M}), for any 1 < 5 < n and so
IMZ| < n + 1, suggesting that mdim(W,) = n + 1 in this case also, which concludes the theorem. O

Theorem 8. The independent mixed metric number for the Web graph W,, forn > 4 isn + 1.

Proof. For proof, refer to Theorem 7. m|
5. Conclusion

In this examination, we determined the MMD for the two important families of the plane graphs
viz., the Web graph W,, ( [16], see Figure 2) and the Prism allied graph D!, ( [15], see Figure 1), and
which was found to be non-constant unbounded for these two families of the plane graph. Moreover,
for the Web graph W, and the Prism allied graph D/, we unveil that the mixed metric basis set M
is independent. From preliminaries and these results, for these two families of plane graphs H = D,
and H = W,, we determined that S(H) < Bg(H) < By (H), for every n > 5.
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