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Abstract: A vertex-colouring of a graph I is rainbow vertex connected if every pair of vertices (u, v)
in I there is a u —v path whose internal vertices have different colours. The rainbow vertex connection
number of a graph I', is the minimum number of colours needed to make I" rainbow vertex connected,
denoted by rvc(I'). Here, we study the rainbow vertex connection numbers of middle and total graphs.
A total-colouring of a graph I is total rainbow connected if every pair of vertices (u,v) in I there is
a u — v path whose edges and internal vertices have different colours. The total rainbow connection
number of I, is the minimum number of colours required to colour the edges and vertices of I' in
order to make I" total rainbow connected, denoted by trc(I'). In this paper, we also research the total
rainbow connection numbers of middle and total graphs.
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1. Introduction

We consider finite and simple graphs only. That is, we do not allow the existence of loops and
multiple edges. We follow the terminology and notation of [1] for those not described here. A
graph I' is an ordered pair (V(I'), E(I')) consisting of a set V(I') of vertices and a set E(I') of edges.
Let P,,C,, K and K;,_;, denote the path, cycle, complete graph, and star graph with s vertices,
respectively.

An edge-colouring of a connected graph I'=(V(I'), E(I')) is a mapping ¢ : E — S, where S is a
set of colours. Usually, the set S of colours is taken to be {1,2,...,¢},t € N. A u— v path P in an
edge-coloured graph is defined as a rainbow path if it does not exist two edges on this path coloured
the same. An edge-coloured graph I' is rainbow connected if any two vertices of I' are connected
by a rainbow path. The rainbow connection number of a connected graph, denoted by rc(I'), is the
minimum ¢ for which are needed to make the graph rainbow connected. The concept of rainbow
connection number was first introduced and researched by Chartrand et al. in [2].

Likewise the concept of rainbow connection number, Krivelevich and Yuster [3] put forward
the concept of rainbow vertex connection number. A vertex-colouring of a connected graph I' =
(V(I),ET)) is a mapping ¢ : V — S, where S is a set of colours. Usually, the set S of colours
is taken to be {1,2,...,¢},t € N. A path in a vertex-coloured graph is defined as a vertex rainbow
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path if its internal vertices are assigned distinct colours. A vertex-coloured graph I is rainbow vertex
connected if any two vertices of I" are connected by a vertex rainbow path, while the colouring is
defined as rainbow vertex-colouring. The rainbow vertex connection number of I', is the minimum ¢
for which are needed to make I' rainbow vertex connected, denoted by rve(I'). Let I' be a connected
graph. The graph I' is complete, we have rvc(I') = 0, and rve(I') > diam(I') — 1 with equality if and
only if the diameter of a graph is 1 or 2. Moreover, if X is a connected spanning subgraph of I'(that is
V(I) = V(X)), then rve(I’) < rve(X).

The research of rainbow connection has attracted tremendous attention in the literature, and many
conclusions have been published, see [3—11] for example. For more results, The reader can refer to
the survey [12] and a new monograph [13].

As a natural generalization, Uchizawa et al. [14] and Liu et al. [15] introdeced the concept of total
rainbow connection number, respectively. A fotal-colouring of a graph I' is a mappingc : VUE — S,
where S is a set of colours. Usually, the set S of colours is taken to be {1,2,...,¢},t € N. Au—v path
P in a graph is defined as a fotal rainbow path if its internal vertices and edges are assigned distinct
colours. A total-coloured graph I is fotal rainbow connected if any two vertices in I are connected
by a total rainbow path, while the colouring is defined as total rainbow colouring. The total rainbow
connection number of I, is the minimum ¢ for which are needed to make I' total rainbow connected,
denoted by trc(I'). A simple observation is that the graph I' is complete if and only if tre(I') = 1,
otherwise trc(I') > 3. Moreover, trc(I') = 3 if diam(I") = 2 and rc(I') = 2. We also noticed some trivial
fact that trc(I') < trc(Z), where X is a connected spanning subgraph of I'. For more results about the
function trc(I'), the reader can see [16—22] for details.

Definition 1 ( [23]). The middle graph M(I') of a connected graph T is defined as follows,

1) ViM@)) = vI) U ED).

(i1) Joining edges with those pairs of these vertices (x € E(I'),y € EI') ; x € E(I'),y € V(I')) which
is adjacent (incident) in I.

In [24], Li investigated the rainbow connection numbers of middle graphs of I', where I' =
P,,C, K, or K;. Here, we research the total rainbow connection numbers (rainbow vertex con-
nection numbers) for the above middle graphs. Our first main result is stated as follows.

Theorem 1. (i) Let M(Py) be the middle graph of Ps. Then rve(M(Py)) = s—1 and trc(M(Py)) = 2s—1.
(i1) Let M(Cy) be the middle graph of C,. Then

_ % if s is even,
rve(M(Cy)) { % if s is odd.
and

s+1 if s is even;

tre(M(Cy)) = {

sors+1 ifsisodd.

(iii) Let M(K, ;) be the middle graph of K, 5. Then rve(M(K, 5)) = s and trc(M(K, 5)) = 2s.
(iv) Let M(K) be the middle graph of K. Then rve(M(K;)) = 1 and 3 < trc((M(Ky)) < s + 1.

Definition 2 ( [25]). The total graph T (') of a graph I is defined as follows.

1) v(r@)) =vI) uE®D).

(i1) Joining edges with those pairs of these vertices (x € E(I'),y € E') ; x € E(),y € V(I) ;
x € V(I'),y € V(I')) which is adjacent (incident) in I

Li [24] considered the rainbow connection numbers of total graphs of I', where I' = P, Cy, K,
or K,. Here, we also consider the total rainbow connection numbers (rainbow vertex connection
numbers) for the above total graphs. Our second main result is stated as follows.
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Figure 1. The middle graph of P;.

Theorem 2. (i) Let T(Py) be the total graph of P,. Then rve(T(Py)) = s — 2 and tre(T (Py)) = 25 — 3.
(i1) Let T(Cy) be the total graph of C,. Then

=2,

rve(T(Cy)) = { o2

% if s is even,
S i s is odd.

2

r
5 r

and

s—1,s0ors+1 ifsiseven,
sors+1 if s is odd.

re(T(Cy)) = {

(1i1) Let T(K, ;) be the total graph of K, 5. Then rve(T (K, ) = 1,tre(T(K,3)) = 3, tre(T(K,3)) = 4
and tre(T(K ) = Swith s > 4.
(iv) Let T(Ky) be the total graph of K. Then rve(T(Ky)) = 1 and 3 < tre(T(Ky)) < s + 1.

2. Proof of Theorem 1

Proposition 1. Let M(P;) be the middle graph of P;. Then rve(M(P;)) = s—1 and trc(M(Py)) = 2s—1.

Proof. The graph M(P;) is depicted in Figure 1. First we prove that rve(M(P)) = s — 1. Let ¢
be a vertex-colouring of M(P;) defined as follows: c(uy) = 1,¢(v;) = c(u;y1) =iforl <i < s5-2,
c(vs_1) = c(uy) = s—1. We will see that M(P,) is rainbow vertex connected, and so rve(M(P;)) < s—1.
On the other hand, since diam(M(P;)) = s, this implies rvce(M(Py)) > s—1, and so rve(M(Py)) = s—1.

Now we prove that trc(M(P;)) = 2s — 1. Let ¢ be a total-colouring of M(P) defined as follows:
c(uvy) = 1, cittiyr) = c(Vivig1) = cUipviq) =i+ 1forl1 <i <s—-2, clvs_1uy) = s,c(uy) = s+ 1,
c(v) = clui) = s+iforl <i<s—2,clvsmy) = cluy) =25 — 1. We will see that M(P,) is total
rainbow connected. Thus trc(M(Py)) < 25— 1. On the other hand, since diam(M(Py)) = s, this implies
trc(M(Py)) > 2s — 1, which follows that trc(M(Py)) = 2s — 1. O

Proposition 2. Let M(C,) be the middle graph of C,. Then

_ % if s is even,
rve(M(Cy)) = { s;_l if s is odd.
and

s+ 1 if s is even;
sors+1 ifsisodd.

tre(M(Cy)) = {
Proof. The graph M(Cj) is depicted in Figure 2. First we prove that

_ ) 5 ifsiseven;

ve(M(C) ‘{ S if sis odd.
Suppose s is even with s = 2¢. Since diam(M(Cy)) = ¢ + 1, we have rve(M(C,)) > t. Let ¢ be a
vertex-colouring of M(Cy) defined as follows: c(u;) = c(v;) = ifor1 <i <t,c(u;)) =c(v;)) =i—t
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Figure 2. The middle graph of C;.

rve(M(Cy)) = t.

Suppose s is odd with s = 2¢ + 1. Since diam(M(Cy)) = ¢t + 1, it follows that rve(M(Cy)) > t. Now
we show that rve(M(Cy)) # t. To the contrary, assume that M(C;) exists a rainbow vertex-colouring ¢
with ¢ colours. Considering u; and u.1, u1vyv, - - - v,_1V,ls; Mmust be a vertex rainbow u; — u,,; path.
Without loss of generality, let c¢(v;) = i for 1 < i < ¢. Considering u, and 5, UpVaV3 * =+ ViV Uso
must be a vertex rainbow u; — u,,, path. Thus c¢(v,,1) = 1. By the same steps, we know that c¢(v,y;) = i
for 2 < i < t. Considering u;,» and uy, Up2Vi2Vi43 -+ - V-1 Vgitp must be a vertex rainbow u,,, — u
path, and so c(vy) = 1. But then, there does not exist a vertex rainbow path connecting u,,3 and
u,, a contradiction. Thus rve(M(C;)) # t. Let ¢ be a vertex-colouring of M(C,) defined as follows:
cv)=clu)=iforl <i<t,e(v)=clu)=i—tfort+1<i<2tclvy) =cluy) =t+ 1. We will see
that M(C;) is rainbow vertex connected, and so rve(M(Cy)) =t + 1.

Now we prove that

forr+1 < i < 5. We know that M(C) is rainbow vertex connected, and so rvc(M(Cy)) < t. Thus

s+ 1 if s 1s even;
sors+1 if sisodd.

tre(M(Cy)) = {

Suppose s is even with s = 2¢. Since diam(M(Cy)) = t+ 1, we have trc(M(Cy)) > 2t+ 1. Let c be a
total-colouring of M(Cj) defined as follows: c(uyvy) = c(vyvy) = 1, c(u;v;) = c(visyv;) = ifor2 <i <t,
c(uv)) = c(viiyv;)) =i—tfort+1 <i< s, assign all other edges with t + 1, c¢(v;) = c(u;) =t +i+ 1 for
1<i<t,c(v;))=clu)) =i+ 1fort+1<i<s. Wewill see that M(C,) is total rainbow connected,
and so trc(M(Cy)) < s+ 1. Thus trc(M(Cy)) = s + 1.

Suppose s is odd with s = 27+ 1. Let ¢ be a total-colouring of M(Cy) defined as follows: c(u;v;) =
cvevy) = 1, c(uvy) = t+ 1, cviu;)) = c(viyv;)) = iand c(visquy) = t+1for2 < i <t, c(yvy) =
cVittry1) = CUp1vier) = 1+ 1, cOpittrgiv)) = CViiVigiv1) = CVppipillpip) = ifor 1 < i < ¢, c(vy) =
cu)=t+i+1forl <i<t,c(v;))=c(u))=1i+1forr+1 <i<s. Weobtained that M(C,) is total
rainbow connected. Since diam(M(C,)) =t + 1, we have trc(M(C,)) > 2t + 1 = s, which follows that
s <tre(M(Cy)) < s+ 1. O

Proposition 3. Let M(K, ;) be the middle graph of K, 5. Then rve(M(K ;))
= s and trc((M(K, 5)) = 2s.
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Figure 3. The middle graph of K| ;.

Proof. The graph M(K ;) 1s depicted in Figure 3. First we prove that rvce(M (K, )) = s. Since the
cut vertices must be coloured by different colours, we have rve(M(K,)) > s. Assign u; with i for
1 <i < s, and assign all other vertices with 1. We will see that M(K, ;) is rainbow vertex connected,
and so rvc(M(P;)) < s. This implies rve(M(K, ;)) = s. Now we prove that trc(M(K; ;) = 2s. Since
the cut edges and cut vertices must be coloured by different colours, we obtain trc(M (K ;)) > 2s. Let
¢ be a total-colouring of M(K, ;) defined as follows: c(u;v;) = ifor1 <i <'s, c(uu;) = s,c(uu;) =i—1
for2 <i<s, c(uui) =i+2forl <i <s-2, clusuy) = 1,c(uu;) = j—1forl <i,j < sand
J—i>2,c(u;) =s+iforl <i<s,assign all other vertices with s + 1. Note that for any two different
vertices v; and v; for 1 < i, j < s, we know that vu;u;v; is a total rainbow v; — v; path. Thus M(K ;)
is total rainbow connected, and hence trc(M(K, 5)) < 2s. Therefore, trc(M(K ;) = 2s. O

Proposition 4. Let M(K) be the middle graph of K. Then rve(M(Kj))
=1land3 <trec(M(Ky)) < s+ 1.

Proof. Note that diam(M(K,)) = 2, we have rve(M(K;)) = 1. Now we prove that 3 < trc(M(K,)) <
s + 1. Obviously, trc(M(K,)) > 3 since diam(M(K;)) = 2. The structure of M(Kj) is depicted as
follows: M(Ky) = HHUH,U---UH, where H; = K ;for 1 <i<s,andforanyi,je{l,2,---,s}, H;
and H; only intersect a different vertex. Let ¢ be a total-colouring of M(Kj) defined as follows: For

any e € H;,c(e) = i, assign s + 1 to all vertices. We will see that M(Kj) is total rainbow connected,
and so trc(M(K;)) < s+ 1. Hence 3 < trc(M(K;)) < s+ 1. ]

Combining Propositions 1, 2, 3, 4, Theorem 1 is immediate.
3. Proof of Theorem 2

Proposition 5. Let T(P;) be the total graph of Ps. Then rve(T(Py)) = s — 2 and tre(T(Py)) = 2s — 3.

Proof. The graph T(P;) is depicted in Figure 4. First we prove that rve(T'(P;)) = s — 2. Since
diam(7'(Py)) = s — 1, we have rvc(T(P,)) > s — 2. Let ¢ be a vertex-colouring of 7T'(P,) defined as
follows: c(v;) = c(u;y1) = ifor 1 <i < s— 2, assign all other vertices with 1. We will see that T'(Py)
is rainbow vertex connected, and so rvc(T'(Py)) < s — 2. Thus rve(T(Py)) = s — 1.

Now we prove that trc(7T'(P,)) = 2s — 3. Let ¢ be a total-colouring of T'(P;) defined as follows:
c(uv;) = c(uiuiy) = c(viuip) = ifor 1 < i < s — 1, assign all other edges with 1, c(v;) = c(uiy1) =
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Figure 4. The total graph of P;.

s+i—1for1 < i < s -2, all other vertices coloured with 5. We will see that T(P,) is total

rainbow connected with the above total-colouring. Thus trc(7T'(P;)) < 2s — 3. On the other hand, since
diam(7T'(P,)) = s — 1, this implies trc(T(Py)) > 2s — 3. This follows that trc(T'(Py)) = 2s — 3. O

Proposition 6. Let T(Cy) be the total graph of C,. Then

if s is even,
if s is odd.

or
+

S
Lors
or

rve(T(Cy)) = { 2 lors
2
and

s—1,s0ors+1 ifsiseven;
sors+1 if s is odd.

tre(T(Cy)) = {

Proof. By [24], we know that

22 if s 1s odd.

) £ if sis even;
diam(7'(Cy)) ={ 541
2

On the other hand, note that M(Cy) is a connected spanning subgraph of 7(Cj), this proposition
follows from Proposition 2. O

Proposition 7. Let T(K, ;) be the total graph of K, ;. Then rve(T (K ))
= 1,trc(T(K)) = 3,tre(T (K, 3)) = 4 and tre(T (K, 5)) = 5 with s > 4.

Proof. Since diam(7T' (K ,)) = 2, we have rve(T (K, ;) = 1 and tre(T (K 5))
> 3 for s > 2.

Suppose s = 2. We can easily verify that the total-colouring shown in Figure 5(a) is total rainbow.
Thus tre(T'(K 7)) =3

Suppose s = 3. Let ¢ be a total-colouring of 7T(K;3) defined as follows: c(uvy) = c(uu;) =
1, c(uvy) = c(uuy) = 2,c(uvs) = c(uus) = 3, assign all other edges with 1, and assign all vertices
with 4. We can easily verify that T(K] 3) is total rainbow connected with the above total-colouring,
and so trc(T(K;3)) < 4. Now we only need to prove that trc(7(K;3)) # 3. To the contrary, assume
that T'(K 3) exists a total rainbow colouring with 3 colours. Considering v, and v,, the total rainbow
v — v, path must be v,uv,. Without loss of generality, assume that c(viu) = 1,c(u) = 2, c(uv,) = 3.
Considering v; and vs, the total rainbow v; — v; path must be v;uv;. Thus c(uv;) = 3. But then, there
is no total rainbow v, — v3 path, a contradiction. Hence trc(7'(K, 3)) # 3, and so trc(7(K,3)) = 4

Suppose s > 4. Let ¢ be a total-colouring of 7'(K, ;) defined as follows: assign 1 to the edges uv;
for 1 <i < s, assign 2 to the edges u;v; for 1 < i < s, assign 3 to all other edges, assign 4 to u, and
assign 5 to all other vertices. We will see that 7'(K ;) is total rainbow connected with the above total-
colouring. Thus tre(7T'(K;;)) < 5. Now we only need to prove that trc(7(K, ;)) # 4. To the contrary,
assume that 7(K| ;) exists a total rainbow colouring with 4 colours. Considering v; and v,, viuv, must
be a total rainbow v; —v, path. Without loss of generality, assume that c(u) = 1, c(viu) = 2, c(uv,) = 3.
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Figure 5. The total graph of K ;.

Considering v; and vs, v;uv; must be a total rainbow v; — v3 path. Thus c(uv;) = 4, otherwise there is
no total rainbow v, —v3 path. Considering v, and v4, viuv, must be a total rainbow v, — v, path. Hence
c(uv4) = 3 or 4. But then there is no total rainbow v, — v4 path or vs —v4 path. Hence trc(7T'(K ;) # 4,
and so tre(T'(K, 5)) = 5. O

Proposition 8. Let T(Kj) be the total graph of K. Then rve(T(Ky)) = 1 and 3 < tre(T(Ky)) < s + 1.

Proof. Note that diam(7'(Ky)) = 2. Then rvc(T(K;)) = 1. Obviously, M(Kj) is a connected spanning
subgraph of T(Kj). By Proposition 4, we have 3 < trc(T(Ky)) < s + 1. O

Combining Propositions 5, 6, 7, 8, Theorem 2 is immediate.
4. Conclusion

The concept of total rainbow connection number was proposed in recent years. Moreover, Chen et
al. [16] proved that the calculating of trc(I') is NP-hard. Subsequently, there is a great interest towards
determining the total rainbow connection numbers of some graph classes. In this paper, we mainly
consider the total rainbow connection numbers of middle and total graphs.
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