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Abstract: A sum divisor cordial labeling of a graph G with vertex set V(G) is a bijection f from
V(G) to {1,2,---,|V(G)|} such that an edge uv is assigned the label 1 if 2 divides f(u) + f(v) and O
otherwise; and the number of edges labeled with 1 and the number of edges labeled with O differ by
at most 1. A graph with a sum divisor cordial labeling is called a sum divisor cordial graph. In this
paper, we discuss the sum divisor cordial labeling of transformed tree related graphs.
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1. Introduction

All graphs considered here are simple, finite, connected and undirected. The vertex set and the
edge set of a graph are denoted by V(G) and E(G) respectively. We follow the basic notations and
terminology of graph theory as in [1]. A labeling of a graph is a map that carries the graph elements
to the set of numbers, usually to the set of non-negative or positive integers. If the domain is the
set of vertices then the labeling is called vertex labeling. If the domain is the set of edges then the
labeling is called edge labeling. If the labels are assigned to both vertices and edges then the labeling
is called total labeling. A detailed survey of graph labeling is available in [2]. The concept of cordial
labeling was introduced by Cahit in [3].

Lourdusamy et al. introduced the concept of sum divisor cordial labeling in [4]. They prove that
paths, combs, stars, complete bipartite, K, + mKj, bistars, jewels, crowns, flowers, gears, subdivisions
of stars, the graph obtained from K 3 by attaching the root of K, at each pendent vertex of K; 3, and
the square B, , are sum divisor cordial graphs. Also they discussed the sum divisor labeling of star
related graphs, path related graphs and cycle related graphs in [5-7].

In [8—11], Sugumaran et al. investigated the behaviour of sum divisor cordial labeling of swastiks,
path unions of finite number of copies of swastiks, cycles of k copies of swastiks, when k is odd, jelly
fish, Petersen graphs, theta graphs, the fusion of any two vertices in the cycle of swastiks, duplication
of any vertex in the cycle of swastiks, the switchings of a central vertex in swastiks, the path unions
of two copies of a swastik, the star graph of the theta graphs, the Herschel graph, the fusion of any
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Figure 1. A Tp-tree and a sequence of two ept’s reducing it to a path

two adjacent vertices of degree 3 in Herschel graphs, the duplication of any vertex of degree 3 in the
Herschel graph, the switching of central vertex in Herschel graph, the path union of two copies of the
Herschel graph, H-graph H,, when n is odd, C; @K, ,, < F)AF? > and open star of swastik graphs
S(t.Sw,), when t is odd.

In [12-15] Sugumaran et al. proved that the following graphs are sum divisor cordial graphs:
H-graph H,, when n is even, duplication of all edges of the H-graph H,, when n is even, H, © K|,
P(r.H,), C(r.H,), plus graphs, umbrella graphs, path unions of odd cycles, kites, complete binary
trees, drums graph, twigs, fire crackers of the form P, © §,, where n is even, and the double arrow
graph DA, where |m — n| < 1 and n is even. Further results on sum divisor cordial labeling are given
in [16,17].

_In this paper, we discuss the sum divisor cordial labeling of transformed tree related graphs like
TOP,, TOC, (n = 1,3,0 (mod 4)), TOK,,, TOK,, TOQ,, TOC, (n = 1,3,0 (mod 4)) and TOQ,.
We use the following definitions in the subsequent sections.

Definition 1. Let G = (V(G), E(G)) be a simple graph and f : V(G) — {1,2,---,|V(G)|} be a
bijection. For each edge uv, assign the label 1 if 2|(f(u) + f(v)) and the label 0 otherwise. The
function f is called a sum divisor cordial labeling if le;(1) — e;(0)| < 1. A graph which admits a sum
divisor cordial labeling is called a sum divisor cordial graph.

Definition 2. [/8] Let T be a tree and uy and vy be two adjacent vertices in T. Let there be two
pendant vertices u and v in T such that the length of uy — u path is equal to the length of vo — v path.
If the edge ugvy is deleted from T and u,v are joined by an edge uv, then such a transformation of T
is called an elementary parallel transformation (or an ept) and the edge ugyvy is called transformable
edge.

If by the sequence of ept’s, T can be reduced to a path, then T is called a T,-tree (transformed tree)
and such a sequence regarded as a composition of mappings (ept’s) denoted by P, is called a parallel
transformation of 7. The path, the image of 7" under P is denoted as P(T').

Definition 3. The corona G| © G, of two graphs G (p1,q:1) and Ga(p2, q2) is defined as the graph
obtained by taking one copy of G| and p, copies of G, and joining the i"" vertex of G| with an edge to
every vertex in the i copy of G,.

Definition 4. [19] Let G, be a graph with p vertices and G, be any graph. A graph G,0G, is

ith

obtained from G, and p copies of G, by identifying one vertex of i'"* copy of G, with i"" vertex of G,.
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Definition 5. [/9] Let G| be a graph with p vertices and G, be any graph. A graph G,0G, is
obtained from G| and p copies of G, by joining one vertex of i’" copy of G, with i"" vertex of G| by an
edge.

Theorem 1. [7] Every T ,-tree is sum divisor cordial graph.
2. T,-Tree related graphs

Theorem 2. If T be a T,-tree on m vertices, then the graph TaPn is sum divisor cordial graph.

Proof. Let T be a T),-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of 7 such that for the path P(T), we have (i) V(P(T)) = V(T)
and (ii) E(P(T)) = (E(T) - E;)UUE,, where E; is the set of edges deleted from 7 and E,
is the set of edges newly added through the sequence P = (Py,P,,---,P;) of the epts P
used to arrive at the path P(T). Clearly, E; and E, have the same number of edges. De-
note the vertices of P(T) successively as vi,vp,---,Vv, starting from one pendant vertex of
P(T) right up to the other. Let u{,ué,--- a1l < j < m) be the vertices of j”* copy of
P, with &/ = v, Then V(TOP,) = {vj,ul : 1 < i '
E(TOP,) = EN) Ululu!,, : 1 <i<n—1,1<j<m).
Define f : V(T5Pn) —{1,2,...,mn} as follows:
Case 1. n is even.
Forl < j<mand1<i<n,

n(j—D+i+1 if i=1(mod4)

fw)=3n(j-D+i-1 if i=2(mod4)
n(j—1)+1i if i=3,0(mod4).

< nl < j < mwithu = v} and

Let v;v; be a transformed edge in T', 1 < i < j < m and let P; be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;_, where ¢ is the distance of v; from v;,, and the distance of v; from
vj—. Let P be a parallel transformation of T that contains P; as one of the constituent epts.

Since v;,,v;_, is an edge in the path P(T), it follows thati+¢+1 = j—¢ which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

) = fFviviea)
=2|(f(vi) + f(visars1))
=1.

The induced edge label of v;,,v;_, is given by

f*(Vi+th—t) = [ VistViers1)
=2|(f(Vird) + f(Virrs1))
= 1.

Therefore, f*(viv;) = f*(Viev ).
The induced edge labels are as follows:
f*(VjVjH) = 1, 1< _] <m-— 1;
forl <i<n-1land1 < j<m,
;o 0 if iisodd
Fwil.) = {1
Case 2. n is odd.

if iiseven.
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Forl < j<m,

choose ‘if j = 1,2 (mod 4)’,

n(j—1)+1i if i=1,0(mod4)and 1 <i<n
f(u{): nj—-1D+i+1 ifi=2@mod4)and1 <i<n
n(j—-1)+i—-1 if i=3(mod4)and1 <i<n;
choose ‘if j = 3,0 (mod 4)’ and n = 3 (mod 4),

nj—-1D+i+1 ifi=1l(mod4)and1 <i<n
f(u{): nj—-1)+i-1 ifi=2@mod4)and1 <i<n
n(j—1)+1i if i=3,0mod4)and1 <i<n;
choose ‘if j = 3,0 (mod 4)’ and n = 1 (mod 4),

n(j—-1)+i+1 ifi=l@mod4)and1 <i<n-2
n(j—-1)+i-1 if i=2@mod4)and1 <i<n-2
f)=3n(j-1)+i if i=3,0(mod4)and1<i<n-2
nj-+i+1 ifi=n-1

nG-D+i-1 ifi=n.

Let v;v; be a transformed edge in T', 1 < i < j < m and let P; be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where t is the distance of v; from v;,, and the distance of v; from
vj—. Let P be a parallel transformation of 7 that contains P; as one of the constituent epfs.

Since v;,,v;_, is an edge in the path P(T), it follows thati+¢+1 = j—¢ which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.
The induced edge label of v;v; is given by

) = fFvivieas)
{0 if iis odd

1 if iiseven.

The induced edge label of v;,,v;_; is given by

f* (Vi+th—t) = f*(Vi+zVi+t+1)
{o if iis odd

1 if iiseven.

Therefore, f*(viv;) = f*(VieVjr).
The induced edge labels are as follows:
. 0 ifjiisoddandl <j<m-—-1
f (VjVj+1) = 1

forl < j<m,
choose ‘if j = 1,2 (mod 4)’,

f*(ujuj )= 1 ifiisoddand1l <i<n-1
210 if jisevenand 1 <i<n—1:
choose ‘if j = 3,0 (mod 4)’ and n = 3 (mod 4),
N, 0 ifiisoddandl <i<n-1
[ uiug, ) =

if iisevenand1 <i<n-1;
choose ‘if j = 3,0 (mod 4)’ and n = 1 (mod 4),

if iisevenand 1 < j<m-1;
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A Tp-tree T An ept P1(T) Second ept P2(T)

' u p V ™ u p V
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Figure 2. Sum divisor cordial labeling of TOPs where T is a T ,-tree with 11 vertices

0 ifiisoddandl1 <i<n-3
i 1 ifiisevenandl <i<n-3
[, ) = .
1 ifi=n-2
1 ifi=n-1.

In the above two cases,
when m is odd and # is odd,
es(0) = ep(1) = 224,
when m is odd and 7 is even,
es(0) =[] and e/ (1) = | 22~ |;
when m is even and 7 is odd or even,
e/(0) =[] and ep(1) = | 22~ |.
Clearly |es(0) — ef(1)| < 1. Hence TOP, is sum divisor cordial graph. |

Example 1. Sum divisor cordial labeling of T5P5 where T is a T,-tree with 11 vertices is shown in
Figure 2.

Theorem 3. If T be a T-tree on m vertices, then the graph TOC, is sum divisor cordial graph if
n=0,3,1 (mod 4).

Proof. Let T be a T),-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of T such that for the path P(T"), we have (i) V(P(T)) = V(T) and
(i) E(P(T)) = (E(T) - E5)UE,, where E,; is the set of edges deleted from T and E, is the
set of edges newly added through the sequence P = (Py, P,,---,P;) of the epts P used to ar-
rive at the path P(T). Clearly, E; and E, have the same number of edges. Denote the vertices
of P(T) successively as vy, v,,---,V, starting from one pendant vertex of P(T) right up to the
other. Let u{,ué, ol (1< j < m) be the vertices of j” copy of C, with u{ = v;. Then
V(TaCn) = {u{ :1<i<n,1<j<m}and E(TaCn) = E(T)|J E(C,). Define
f: V(T5Cn) —{1,2,3,...,mn} as follows:
Case 1. n = 0 (mod 4).
Choose ‘if j = 1,2 (mod 4)’ and 1 < j < m,

n(j—1)+1i if i=1,0(mod4)and1 <i<n

f)=3nGi-D+i+1 if i=2(mod4)and1<i<n

n(j—-1)+i-1 if i=3(mod4)and 1 <i<nm

choose ‘if j = 3,0 (mod4) and 1 < j <m,
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n(j—1)+i+1 ifi=1l(mod4)and1 <i<n
f(u{): nj—-D+i-1 ifi=2@mod4)and1 <i<n
n(j—1)+1i if i=3,0(mod4)and 1 <i<n.

Let v;v; be a transformed edge in 7, 1 <i < j < m and let P, be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where  is the distance of v; from v;,, and the distance of v; from
vj—. Let P be a parallel transformation of 7' that contains P, as one of the constituent epts.

Since v;,v;_, is an edge in the path P(T), it follows thati+7+1 = j—¢ which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

Ffow) = ffvivieas)
~ {1 if iis odd

0 if iiseven.

The induced edge label of v;,,v;_, is given by

f*(Vi+th—t) = [ WistVizr+1)
~ {1 if iis odd

0 if iiseven.

Therefore, f*(viv;) = f*(Viev ).
The induced edge labels are as follows:
§ 1 if jisoddand1<j<m-1
Frwi) = e .
0 if jisevenand 1 < j<m—1;
forl<j<mandl1<i<n-1,
f*(uf; {): 0 %f]:51,2(m0d4)
if j=3,0(nod4);
1 if iisoddand j= 1,2 (mod 4)
Iy 0 if iisevenand j = 1,2 (mod 4)
f*(uiuiﬂ = . )
0 if iisoddand j= 3,0 (mod 4)
1 if iisevenand j = 3,0 (mod 4).

Case 2. n = 3 (mod 4).

Choose ‘if j=1,3 (mod4) and1 < j<m,

n(j—1)+i if i=1,0mod4)and1 <i<n
fw)=3n(j-1+i+1 if i=2(mod4)and1<i<n
n(j—-1)+i—-1 if i=3(mod4)and 1 <i<nm
choose ‘if j =2,0 (mod4) and 1 < j <m,

n(j—1)+i+1 ifi=1(mod4)and1 <i<n
fw)=3n(j-1)+i-1 if i=2(mod4)and1<i<n
n(j—1)+i if i=3,0(mod4)and1 <i<n.

Let v;v; be a transformed edge in T', 1 < i < j < m and let P; be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;_, where ¢ is the distance of v; from v;,, and the distance of v; from
vj—. Let P be a parallel transformation of T that contains P; as one of the constituent epfs.

Since v;,,v;_, is an edge in the path P(T), it follows thati+7+1 = j—¢ which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.
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The induced edge label of v;v; is given by
L) = fFivisast)
=2|(f (i) + f(Vir2rs1))
=1.

The induced edge label of v;,,v;_, is given by

f*(VHth—t) = WistVizr+1)
=2|(f(isd) + f(Vizrs1))
= 1.
Therefore, f*(viv;) = f*(Vieev ).
The induced edge labels are as follows:
ffovun=11<j<m-1;
forlsjgmandlsiSn—l,
f*(upuy) = 0;
if iisodd and j = 1,3 (mod 4)
if iisevenand j = 1,3 (mod 4)
if iisodd and j = 2,0 (mod 4)
if iisevenand j = 2,0 (mod 4).

f*(u{u{+l =

—_— 0 O =

Case 3. n = 1 (mod 4).
Forl < j<m,
n(j—1)+1i if i=1,0(mod4)and1 <i<n
f@)=3n(-1)+i+1 if i=2(mod4)and1<i<n
n(j—1)+i—-1 ifi=3(mod4)and1 <i<n.

Let v;v; be a transformed edge in 7, 1 < i < j < m and let P, be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where 7 is the distance of v; from v;,, and the distance of v; from
v Let P be a parallel transformation of 7" that contains P; as one of the constituent epts.

Since v;,v;_, is an edge in the path P(T), it follows that i +7+1 = j—¢ which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

Ffow) = fFovisa)
=0.
The induced edge label of v;,,v;_; is given by

f*(Vi+th—t) = [ VistViers1)
=0.

Therefore, f*(viv;) = f*(Vievjr).
The induced edge labels are as follows:

ffopup)=0,1<jj<m-1;
forl<j<mandl <i<n-1,

[ upuy) = 1;
if iisodd and j = 1,3 (mod 4)
if iisevenand j = 1,3 (mod 4)
if iisodd and j = 2,0 (mod 4)
if iisevenand j = 2,0 (mod 4).

JoJ oy —
fruug,,) =

S = O =
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Figure 3. Sum divisor cordial labeling of TOC; where T is a T ,-tree with 8 vertices

In the above three cases, it can be verified that |e(0) — e/(1)| < 1. Hence T5C,, is sum divisor cordial
graph. O

Example 2. Sum divisor cordial labeling of T5C7 where T is a T ,-tree with 8 vertices is shown in
Figure 3.

Theorem 4. If T be a T,-tree on m vertices, then the graph TOK 1.0 IS sum divisor cordial graph.

Proof. LetT be a T,-tree with m vertices. By the definition of a transformed tree there exists a parallel
transformation P of T such that for the path P(T), we have (i) V(P(T)) = V(T) and (ii) E(P(T)) =
(E(T)-E;)\J E,, where E; is the set of edges deleted from T and E), is the set of edges newly added
through the sequence P = (P, P,, - - - , P;) of the epts P used to arrive at the path P(T). Clearly, E,and
E, have the same number of edges. Denote the vertices of P(T) successwely as vy, v, -, vy, starting
from one pendant vertex of P(T) right up to the other. Let uo, ul, - ,u(1 < j < m) be the vertices of
i copy of K, with un = v;. Then V(T0K1 w) = {vJ,uO, i1 <i<nl<j<mwithy; = u,,} and
E(TOKln)—E(T)U f f. 1<j<m, 1<i<n}
Define f : V(TOKL,,) —{1,2,--- ,mn + m} as follows:
Forl <j<m,

fv) =12j;

fag)=2j-1

f(u{):2m+(n—1)(j—1)+i, I1<i<n-1

Let v;v; be a transformed edge in 7, 1 < i < j < m and let P, be the ept obtained by deleting

the edge v;v; and adding the edge v;,,v;_, where t is the distance of v; from v;,, and the distance of
vj from v;_,. Let P be a parallel transformation of 7T that contains P; as one of the constituent epts.
Since v;y,v;—, is an edge in the path P(T), it follows thati + ¢ + 1 = j— ¢ which implies j =i + 2¢ + 1.
Therefore, i and j are of opposite parity.
The induced edge label of v;v; is given by

ffow) = ffvivieas)
= 2|(f(Vi) + f(Vi+21+l))
=1.
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The induced edge label of v;,,v;_, is given by

f*(Vi+th—t) = [ VistVicr+1)
= 2|(f(vis) + fWVisir1))
= 1.

Therefore, f*(viv;) = f*(Viev ).
The induced edge labels are as follows:
ffopp)=1,1<jj<m-1;
forl < j<m,
Fr ) =
whennlsoddandl <i<n-1,
o v |1 if iisodd
S i) = {0 if iiseven;
whennisevenand 1 <i<n-1,
1 if iisoddand jis odd
0 if iisevenand jis odd

f(l/t]j —

0 if iisodd and jis even

1 if iisevenand jis even.

In view of above labeling we get,
when m is odd and » is even,

ef(0) = ef(1) = 2=l
when m is odd and » is odd,

ef(o) [mn+m 1-| and €f(1) _ [1nn+2m lJ’
when m is even and » is odd or even,

es(0) = [m=L] and e(1) = | 2=t |

2
Clearly |ef(0) — ef(1)| < 1. Hence TOK, , is sum divisor cordial graph. O

Example 3. Sum divisor cordial labeling of T5K1,3 where T is a T ,-tree with 12 vertices is shown in
Figure 4.

Theorem S. If T be a T,-tree on m vertices, then the graph T © K, is sum divisor cordial graph.

Proof. Let T be a T),-tree with m vertices. By the definition of T,-tree there exists a parallel trans-
formation P of T such that for the path P(T), we have (i) V(P(T)) = V(T) and (ii) E(P(T)) =
(E(T)-E;)\J E,, where E; is the set of edges deleted from T and E), is the set of edges newly added
through the sequence P = (Py, P», - - - , P;) of the epts P used to arrive at the path P(T). Clearly, E,and
E, have the same number of edges. Denote the vertices of P(T) successively as vy, v, -+, vy, starting
from one pendant vertex of P(T') right up to the other. Let ul , u2', u,l(l < j < m) be the pendant
vertices Jomed with v](l <j< m) by an edge. Then V(T © K, = {v], :1<i<n1<j<m}and
E(T@K)—E(T)U v;u; /o 1<j<m, 1<i<n}.
Define f : V(T@K ) — {1 2,--- ,mn + m} as follows:
Forl <j<m,

frp=2j-1

faul) =2j;

f)=2m+mn-DG-D+i, 1<i<n-1

Let v;v; be a transformed edge in 7', 1 < i < j < m and let P, be the ept obtained by deleting

the edge v;v; and adding the edge v;,,v;_, where  is the distance of v; from v;,, and the distance of
v; from v;_,. Let P be a parallel transformation of 7" that contains P; as one of the constituent epts.
Since v;y,v;, is an edge in the path P(T), it follows thati + ¢ + 1 = j—t which implies j =i + 2z + 1.

Ars Combinatoria Volume 157, 3-22
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Figure 4. Sum divisor cordial labeling of TOK 1,3 where T is a T,-tree with 12 vertices

Therefore, i and j are of opposite parity.
The induced edge label of v;v; is given by

fow) = ffvivieas)
=2|(f(vi) + fWix2s1))
=1.

The induced edge label of v;,,v;_, is given by

f*(Vi+th—t) = [ VistViers1)
=2[(fire) + f(Visrr1)
=1.

Therefore, f*(viv;) = f*(Vieevjs)-
The induced edge labels are as follows:
ffoviun=11<j<m-1;
forl1 < j<m,
[ = 0;
whennisoddand 1 <i<n-1,
. v J1 if iisodd
S ) = 0 if iiseven;
whennisevenand 1 <i<n-1,
1 if iisoddand jis odd

j 0 if iisevenand jis odd
frvu) = e .

0 if iis odd and j is even
1 if iisevenand jis even.

It can be verified that |e(0) — e;(1)| < 1. Hence T © K, is sum divisor cordial graph.

O

Ars Combinatoria Volume 157, 3-22
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Figure 5. Sum divisor cordial labeling of T ® K4 where T is a T ,-tree with 10 vertices

Example 4. Sum divisor cordial labeling of T © K, where T is a T ,-tree with 10 vertices is shown in
Figure 5.

Theorem 6. If T be a T,-tree on m vertices, then the graph T5Q,, is sum divisor cordial graph.

Proof. Let T be a T),-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of T such that for the path P(T), we have (i) V(P(T)) = V(T) and
(i) E(P(T)) = (E(T) - E;)\UE,, where E, is the set of edges deleted from T and E, is the
set of edges newly added through the sequence P = (Py, P,,---,P;) of the epts P used to ar-
rive at the path P(T). Clearly, E; and E, have the same number of edges. Denote the vertices
of P(T) successively as vi,v,,---,Vv, starting from one pendant vertex of P(T) right up to the
other. LetAu{,ué,-~- ,.uﬁ;,u',’;ﬂ(l < j < m) be the vertices_ of j™ copy of Q, with uﬁﬂ = V.
Then V(TOQ,) = {u] : 1 <i<n+1,1<j<mUfx,y :1<i<nl<j<mand
E(T0Q,) = E(T)UJ E(Q,). We note that |V(T5Q,,)‘ = 3nm + m and 'E(T5Qn)

Define f : V(TaQ,,) — {1,2,---,3mn + m} as follows:
Case 1. m is odd.
Forl<j<mand1<i<n,
fl) =m+3n(j—1)+3i-2;
fO=m+3n(j-1)+3i-1;
fOD) =m+3n(j- 1)+ 3i;
j if j=1,0 (mod 4)
fop=fal, )=3j+1 if j=2(mod4)
j—1 if j=3(mod4).

=4mn+m— 1.

Let v;v; be a transformed edge in T, 1 < i < j < m and let P; be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where  is the distance of v; from v;,, and the distance of v; from
vj—. Let P be a parallel transformation of T that contains P; as one of the constituent epfs.

Since v;,,v;_, is an edge in the path P(T), it follows thati+¢+1 = j—¢ which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.

Ars Combinatoria Volume 157, 3-22
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The induced edge label of v;v; is given by

W) = ffvivieas)
_ {1 if iis odd

0 if iiseven.

The induced edge label of v;,,v;_; is given by

f* (Vi+th—t) = f*(Vi+tVi+t+1)

_{1 if iis odd

0 if iiseven.

Therefore, f*(viv;) = f*(Viev ).
The induced edge labels are as follows:
§ _J1 ifiisoddand 1 <j<m-—1
POy = 0 ifiisevenand1 < j<m-—1;
forl <j<m,

frulx)=0,1<i<n;
f*(uf_y{_) =1,1<i<nm
f*(x{uirl) =1,1<i<n-1;
ffou, )=0,1<i<n-1,

1 if nisoddand j = 1,0 (mod 4)
e 0 if nisoddand j = 2,3 (mod 4)
SOV =00 it s evenand j = 1.2 (mod 4)
1 if nisevenand j = 3,0 (mod 4);
0 if nisoddand j = 1,0 (mod 4)
1 if nisoddand j = 2,3 (mod 4)
1
0

if nisevenand j = 1,2 (mod 4)

f*()’f;vj) =

if nisevenand j = 3,0 (mod 4).
Case 2. m is even.
Forl < j<mand1<i<n,
ful) =m+3n(j—1)+3i-2;
fG) =m+3n(—-1)+3i-1;
fOD) =m+3n( - 1)+ 3i;
j if j=1,2(mod4)
fop=fal,)=3j+1 if j=3(mod4)
j—1 if j=0(mod4).

Let v;v; be a transformed edge in 7, 1 <i < j < m and let P, be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where 7 is the distance of v; from v;,, and the distance of v; from
v Let P be a parallel transformation of 7" that contains P; as one of the constituent epts.

Since v;,v;_, is an edge in the path P(T), it follows thati+¢+1 = j—r which implies j = i+ 27+ 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

i) = i)
~ {0 if i is odd

1 if iiseven.
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The induced edge label of v;,,v;_, is given by

f*(Vi+th—t) = [ VisrViers1)
{o if iis odd

1 if iiseven.

Therefore, f*(viv;) = f*(Viervjr).
The induced edge labels are as follows:
§ 0 if iisoddand1 < j<m-1
S = ]

for 1 <j<m,
f*(u{x{) =0,1<i<n;
fruly)=1,1<i<mn
Pl =1, 1<i<n—1;
FOul =0, 1<i<n—1;

if iisevenand 1 < j<m-—1;

0 if nisoddand j=1,2 (mod 4)
. 1 if nisoddand j = 3,0 (mod 4)
f (Xan) = . . .
1 if nisevenand j = 1,0 (mod 4)
0 if nisevenand j = 2,3 (mod 4);
1 if nisoddand j = 1,2 (mod 4)
o 0 if nisoddand j = 3,0 (mod 4)
INCADE e .
1 if nisevenand j = 2,3 (mod 4)
0 if nisevenand j = 1,0 (mod 4).

In the above two cases,
when m is odd,
ef(1) = e,(0) = gl
when m is even,
ef(l) [4mn+m lJ and €f(0) _ [4mn-;m 1-|.

It can be verified that |e(0) — e/(1)| < 1. Hence TaQ,, is sum divisor cordial graph. O

Example 5. Sum divisor cordial labeling of Tan where T is a T -tree with 8 vertices is shown in
Figure 6.

Theorem 7. If T be a T ,-tree on m vertices, then the graph TOC, is sum divisor cordial graph if
n=0,3,1 (mod 4).

Proof. Let T be a T),-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of 7 such that for the path P(T), we have (i) V(P(T)) = V(T)
and (ii) E(P(T)) = (E(T) - E;)UUE,, where E; is the set of edges deleted from 7 and E,
is the set of edges newly added through the sequence P = (Py,P,,---,P;) of the epts P
used to arrive at the path P(T). Clearly, Ed and E, have the same number of edges. Denote
the vertices of P(T) successwely as Vi,Va, Vi starting from one pendant vertex of P(T)
rlght up to the other Let uj,uj, - ol < j < m) be the vertices of j™ copy of C,. Then
V(TOC)—{VJ, 11 <i<n, 1<]<m}andE(T0C,,)—E(T)UE(C)UVJ 1 <j<m
Define f : V(TOC,,) —{1,2,...,mn + m} as follows:
Case 1. n = 0 (mod 4).

fp)=m+1)jl1<j<m
forl < j<mand1<i<n,

Ars Combinatoria Volume 157, 3-22
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Figure 6. Sum divisor cordial labeling of T5Q2 where T is a T,-tree with 8 vertices

(n+ DG —1)+i if i=1,0(mod4)
fa) =3+ DG -D+i+1 if i=2(mod4)
m+ DG -D+i—1 if i=3(mod4).

Let v;v; be a transformed edge in T', 1 < i < j < m and let P; be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where 1 is the distance of v; from v;,, and also the distance of
v; from v;_,. Let P be a parallel transformation of 7" that contains P; as one of the constituent epts.
Since v;y,v;, is an edge in the path P(T), it follows thati + ¢ + 1 = j — ¢ which implies j =i + 2 + 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

ffow) = ffvivieas)
=0.

The induced edge label of v;,,v;_, is given by

f*(vi+,vj_;) = f*(Vi+tVi+t+1)

=0.

Therefore, f*(viv;) = f*(Viervj-r).

The induced edge labels are as follows:
f*(Vj.VJq_]) =0,1<j<m-1;
f*(u{vj_) =1, 1<j<m
frupu) =0, 1< j<m;

forl < j<m,

o 1
W' ) =
J ) {() if jisevenand1 <i<n-1.
Case 2. n = 3 (mod 4).

if itsoddand1 <i<n-1

Ars Combinatoria Volume 157, 3-22
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i+ 1)) if j=1,2(mod4)and1 < j<m
f(vj)_{(n+1)(j—1)+1 if j=3,0mod4)and1<j<m;
choose ‘if j= 1,2 (mod4) and 1 < j <m,
m+D(G-D+i+1 ifi=1(mod4)and1 <i<n
f(u{): m+1D(j-D+i—-1 ifi=2@mod4)and1 <i<n
m+D(G-1D+i if i=3,0(mod4)and1<i<n;
choose ‘if j = 3,0 (mod4) and 1 < j <m,
m+1D(j-D+i+2 ifi=1l(modd)andl <i<n
f) =3+ 1D)(—-1)+i if i=2(mod4)and1<i<n
(m+D(-)+i+1 if i=3,0(mod4)and1<i<n.

Let v;v; be a transformed edge in 7, 1 < i < j < m and let P, be the ept obtained by deleting
the edge v;v; and adding the edge v;,,v;—, where ¢ is the distance of v; from v;,, and the distance of
v; from v;_,. Let P be a parallel transformation of 7 that contains P; as one of the constituent epts.
Since v;;4vj— 1s an edge in the path P(T), it follows that i + # + 1 = j — ¢ which implies j =i + 2r + 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

Frow)) = fFviviea)
B 1 ifiisodd
o ifiiseven.

The induced edge label of v;,,v;_; is given by

f*(ViHVj—t) = [ VireVies+1)

_{1 if i is odd

0 ifiiseven.
Therefore, f*(viv;) = f*(VieVjr).
The induced edge labels are as follows:
. 1 ifiisoddand1 < j<m-—1
i) =

forl1<j<m,
[y =1
w000 I\ — ().
f(unu])_oa

0 ifiisevenand1 < j<m-—-1;

f*(ujuf )= 0 ifiisoddandl1 <i<n-1
s 1 ifiisevenand1 <i<n-1.
Case 3. n = 1 (mod 4).
|+ 1)j if j=1,2(mod4)and1 < j<m
T _{(n+1)(j—1)+1 if j=3,0(mod4)and1<j<m;

choose ‘if j=1,2 (mod4) and 1 < j < m,

m+D(G-1D+i if i=1,0(mod4)and 1 <i<n
fa)=3+D(-1)+i+1 if i=2(mod4)and1 <i<n

m+D(-D+i—-1 if i=3(mod4)and1 <i<n;
choose ‘if j = 3,0 (mod 4)’ and 1 < j <m,

m+D)(G-D+i+1 ifi=1,0mod4)and1 <i<n
f(u{): m+1D(j-D+i+2 ifi=2(mod4d)and1 <i<n

m+D(G-1+i if i=3(mod4)and 1 <i<n;
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Let v;v; be a transformed edge in 7', 1 < i < j < m and let P, be the ept obtained by deleting
the edge v;v; and adding the edge v;,,v;_, where ¢ is the distance of v; from v;,, and the distance of
v; from v;_,;. Let P be a parallel transformation of 7" that contains P, as one of the constituent epts.
Since v;;,vj—, 1s an edge in the path P(T), it follows thati + ¢ + 1 = j — ¢ which implies j =i + 2t + 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

i) = ffvieae)
B {1 if i is odd

0 ifiiseven.

The induced edge label of v;,,v;_; is given by

f*(Vi+th—t) = [ WVietVier+1)
3 1 ifiisodd
|0 ifiiseven.

Therefore, f*(viv;) = f*(Viervj-o).
The induced edge labels are as follows:
§ I ifiisoddand1 <j<m-1
i) =

forl1 <j <m,
vy = 0;
s Jo N — 1.
f (ul’lul) - 17

s Jody
iy 0 ifiisevenand 1 <i<n-1.
In the above three cases,
when m is odd,
{% ifn=1,3 (mod 4)
er(1) = =11 e, —
[zs2m=L] - if = 0 (mod 4),

2
% ifn=1,3 (mod4)
€f(0) = {mn+2m—lJ : = .
=== ifn =0 (mod 4);
when mis evenand n = 1, 3,0 (mod 4),
ef(l) — ’an+§m—1-‘ and ef(o) — [mn+§m—lJ. N
It can be verified that |e4(0) — e/(1)| < 1. Hence TOC,, is sum divisor cordial graph. O

0 ifiisevenand1 < j<m-—-1;

ifiisoddand1 <i<n-1

Example 6. Sum divisor cordial labeling of TOCs where T is a T ,-tree with 8 vertices is shown in
Figure 7.

Theorem 8. If T be a T,-tree on m vertices, then the graph T5Q,, is sum divisor cordial graph.

Proof. Let T be a T),-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of 7 such that for the path P(T), we have (i) V(P(T)) = V(T)
and (ii) E(P(T)) = (E(T) - E;)UE,, where E; is the set of edges deleted from T and E, is
the set of edges newly added through the sequence P = (Py,P,,---,P;) of the epts P used
to arrive at the path P(T). Clearly, E; and E, have the same number of edges. Denote the
vertices of P(T) successively as vy, vy,---,v, starting from one pendant vertex of P(T") right

! T j < m) be the vertices of j” copy of Q,. Then

up to the other. Let u],u), - ,up,u’ (1 <
J<mUlxl,yl -1 <i <nl < j< mand

<
V(TOQ,) = tvjou! : 1 <i<n+1,1<

Ars Combinatoria Volume 157, 3-22
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Figure 7. Sum divisor cordial labeling of TOCs where T is a T ,-tree with 8 vertices

E(T0Q,) = E(TYUEWQ,)Utvu!,, : 1 < j < m}. We note that [V(TOQ,)| = m(3n + 2) and
|E(T5Q,,) =4mn + 2m — 1. Define f : V(T5Q,,) —{1,2,--- ,m(Bn + 2)} as follows:
Case 1. nis odd.

f)=0@n+2)j, 1 <j<m
forl <j<mand1<i<n+1,

( i |Bn+2)(j-1D+3i-1 if iisodd

JUD = 3 e (= 1) 43i—3  if iiseven:

forl < j<mand1<i<n,

f(xj):{(3n+2)(j_1)+3i_2 if iis odd
l BGn+2)(j-1)+3i—1 if iiseven;
f(yj):{(3n+2)(j—l)+3i+1 if iisodd

' Bn+2)(j—1)+3i if iiseven.

Let v;v; be a transformed edge in 7', 1 <i < j < m and let P, be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where  is the distance of v; from v;;, and also the distance of
vj from v;_,. Let P be a parallel transformation of T that contains P, as one of the constituent epts.
Since v;y,v;, is an edge in the path P(T), it follows thati + ¢ + 1 = j— ¢ which implies j =i + 2 + 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

f*(ViVj) = f*(ViVi+2t+l)
=0.

The induced edge label of v;,,v;_, is given by
f*(vi+th—t) = [ WVistViers1)
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=0.

Therefore, f*(viv;) = f*(Viervjr).

The induced edge labels are as follows:
O =0,1<j<m-1;

forl <j<m,
[ v =1,
frulx)=0,1<i<n;
frulyh=1,1<i<n
f(xl l+])—l 1<i<m
1 (yljul]H) =0,1<i<n.

Case 2. n is even.
fp)=0Cn+2)j,1<j<m

forl < j<m,
fw)=@n+2)(G-1+3i-2, 1<i<n+1;
fG)=@n+2)(j-D+3i-1, 1<i<n
fOH=CGn+2)(j-1)+3i, 1 <i<n.

Let v;v; be a transformed edge in 7', 1 < i < j < m and let P; be the ept obtained by deleting the
edge v;v; and adding the edge v;,,v;—, where 1 is the distance of v; from v;,, and also the distance of
v; from v;_,;. Let P be a parallel transformation of 7" that contains P; as one of the constituent epts.
Since vy,v;, 1s an edge in the path P(T), it follows that i + 7 + 1 = j —t which implies j =i + 2z + 1.
Therefore, i and j are of opposite parity.

The induced edge label of v;v; is given by

ffow) = ffvivieas)
= 2|(f(Vi) + f(Vi+2t+l))
=1.

The induced edge label of v;,,v;_; is given by

f*(Vi+th—t) = [ VistViers1)
= 2l(fis) + f(Visee1))
=1.

Therefore, f*(viv;) = f*(Viev ).
The induced edge labels are as follows:
ffopp)=1,1<j<m-1;
forl < j<m,
f*(uzﬂivj) =0
ffwlx))=0,1<i<m
frauyh=11<i<n
f(xl l+1)—1 1<i<nm
frlul ) ,1<i<n.
In above two cases, it can be verified that |e/(1) — ef(0)] < 1. Hence T5Qn is sum divisor cordial
graph. m|

Example 7. Sum divisor cordial labeling of T5Q2 where T is a T -tree with 8 vertices is shown in
Figure 8.
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Figure 8. Sum divisor cordial labeling of TOQ, where T is a T ,-tree with 8 vertices
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