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Abstract. For v > 4 we determine the largest number f(v), such that every simple
3-connected graph on v vertices has f(v) edge contractions which result in a smaller 3-
connected graph. We also characterize those simple 3-connected graphs on v vertices
which have exactly f(v) such edge contractions.

Preliminaries.

We use the notation and terminology of Bondy and Murty [2]. We restrict our-
selves to simple graphs.

Lete = 7,77 be an edge in a graph G. The graph,G- e, obtained by contracting
e is defined to be

(G—{z1,32}) + {z} + {zy | 1y € B(G) or may € E(GQ), ;1 Fy# =2 }.

If G is simple, then so is G- e. We say G is obtained from G- e by vertex splitting
at z. Note that more than one graph can be obtained from a given graph by vertex
splitting at a particular vertex. If the minimum degree of G is at lcast 3, then we
define the graph (G —e) ~ obtained by reducing at e = T,z as follows: InG —e
we contract one edge incident with z; if dg_.(z;) = 2,1 = 1,2. We note that
(G —¢e) - may have double edges even if G is simple. If Ng_.(zi) = {vi, 2},
then the edge y;2; of (G —e) " is referred to as e, 1= 1,2. Wesay G is obtained
from (G — e)~ by edge addition.

If G is 3-connected, then we say that e is contractible (respectively, reducible)
if G- e (respectively, (G — e)~) is 3-connccted. Let E. = E.(G) be the set of
contractible edges of a 3-connected graph G, and let |E¢| = ..

A 3-connected graph G is critically 3-connected if no proper spanning sub-
graph of GG is 3-connected. -

The following three classical theorems are duc to Tutte [3, Ch. 4].
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Theorem 1. IfG is 3-connected and G # K4, then G- e is 3-connected for some
e in E(G).

Theorem 2. LetG' be 3-connected. If G is obtained from G' by edge addition,
then G is 3-connected. If G is obtained from G' by vertex splitting and G has
minimum degree at least 3, then G is 3-connected.

Theorem 3. If G is 3-connected, G 9! Ks,ande € E(QG), then (G — e) or
G- e is 3-connected.

Theorem 3 has the following corollary:

Corollary 1. IfG is a critically 3-connected graph and e in E(G) joins vertices
of degree at least four, then G- e is 3-connectcd.

Some lemmas.

Lete; = ujv;, 1 = 1,2 be edges of G such that u; and uy are distinct. We say
that
(G—{e,e2}) + {z1, 2} + {z1u1, Z1v1, T2 vz, T2v2, 71 22 }

is obtained from G by adding an edge across e; and e;. We say that
(G- {ea ]+ {z}+ {zu1,zv,zu2 }

is obtained from G by adding an edge obliquely across e, and e;.

An independent 3-edge cut S is an edge cut consisting of three pairwise non-
adjacent edges. We say that an edge is (obliquely) added across S if an edge is
(obliquely) added across two edges in S.

A triangle of G is a K3 subgraph of G.

Lemma 1. Letzu be a non-contractible cdge of a 3-connected graph G. Suppose
d(z) = 3 foreveryz inV(G) —{z}, andzu is not ona triangilc of G. Ifd(z) = 3

(respectively, d(z) = 4 ), thenG' = (G — Tu) " is a cubic 3-connected graph and
G is obtained from G' by adding an edge (respectively, adding an edge obliquely)
across an independent 3-edge cut S.

Proof: Since zu is not contractible, Theorem 3 implies that G’ is 3-connccted. By
the assumptions on the vertex degrees of G, G’ is cubic.

There exists some vertex v such that {z, u, v} is a 3-vertex cut because zu is
not contractible. Then dg(v) = 3 implies that there exists some edge e incident
with v which is a cut edge of G — {z,u}.

Ifd(z) = 3,then S = {e;, ey, e} is a 3-cdge cut of G'. Since zu is not on a
triangle in G, e, and e, are not adjacent. The 3-connectivity of G’ then implics
that S is independent. G is obtained from G’ by adding an edge across S.

If d(z) = 4, then z is a cut vertex of G’ — {ey, e}. Then dg(z) = 3 implies
there exists an edge f incident with z such that S = {e,, e, f} is a 3-edge cut of
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G'. Since zu is not on a triangle of G and G’ is 3-connected, S is independent. G
is obtained from G' by adding an edge obliquely across S. |

Let V;(G) (respectively, E;(G)) be the set of vertices (respectively, edges) of
G which are in V(K3) (respectively, E( K3)), for some triangle K3 of G such
that dg(v) = 3, for each v in V(K3). If G # K4 and G is 3-connected, then
every vertex in V4 is incident with a unique edge in E — E;.

Suppose ¢ € Ey(G) and e € E(K3). We say (G — e)  is obtained from
G by contracting K3 to vertex. Suppose dg(v) = 3. The graph obtained from
G by adding an edge across two edges incident with v is said Lo be obtained by
replacing v by a triangle.

Lemma 2, LetG be a 3-connected graph such that G # K. Ifv € Vi(G), then
the only contractible edge incident with v is the edge in E — Ey. If dg(v) =
andv ¢ Vi(G), thenv is incident with at least two contractible edges.

Proof: Lete; = vz;,i=1,2,3 be the edges incident with v.

Suppose v € Vi(G), e € E — Ey,and e3, e3 € Ey. Itis easy to sec that e; is
not reducible and e, and e3 are not contractible. By Theorem 3, e is contractible.

Suppose v ¢ V;(G) and G- e3 is not 3-connected. Then {v, 73, y} is a 3-cut
for some y in V(G). Let H, and H; be the components of G — {v, v3, y}, where
; EV(H),i=1,2.

Suppose v( H1) = 1. Then z; is ddjaccm to v, z3, and y. Since v ¢ Vi,
d(z3) > 4. Therefore, G-ey = (G — e3) . By Theorem 3, (G — e3) is
3-connected, and so e; is contractible.

Suppose v( H,) > 2. Then {z3,y} is a 2-cut of (G — e)”,and so e, is not
reducible. Therefore, e; is contractible by Theorcm 3.

Similarly, e, is contractible. 1

Lemma 3. LetG be a critically 3-connected graph such that G # Ka. Suppose
de(v) = 4. Ifv is not on a triangle, thenv is incident with at Icast two contractible
edges. Ifv is not incident with a contractible edge, then v is only adjacent with
vertices of degree three and v is on two edge-disjoint trianglcs.

Proof: Suppose v is noton a triangle Suppose some edge e incident with v is not
contractible. By Theorem 3, (G —e)  is 3-connccted. If v ison a triangle in (G —
e) ,thenitisona manglc in G, a contradiction. Hence, v ¢ Vi:((G —e) 7) and
v has degree 3 in (G — e) . Therefore, v is incident with two contractible cdges,
e; and e, in E((G — e) ) by Lemma 2. Hence, (G — e) -e; is 3- connoctcd
i=1,2. Butsince visnotonatriangle in G, (G —e) -e;= ((G-&) — e)
i=1,2. Then G-e; is obtaincd from the 3-connected graph ((G-e;) —e) by
edge addition, and so G- e; is 3-connected by Theorem 2,4 = 1,2.

Suppose v is not incident with a contractible cdge. Since G is critically 3-
connected, Corollary 1 implies that all ncighbours of v have degree 3. By the first
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part of Lemma 3, v is on some triangle vujuy. Let u3 and ug be the other two
neighbours of v. Since vu; ¢ E, there exists y in V(G) such that {v,u3, y}
is a 3-cut of G. Since d(u3) = 3, G — {v,u3,y} has two components, G, and
Ga.. Vertices u; and uy can not be in different components of G — {v,u3,y}
because ujuy € E, and so we may assume that u;,uy € V(G)) U {y}. Then
ug € V(G’z) since G is 3-connected. If v(G2) > 2, then {us3,y} is a 2-cut of
(G—esq) . Butthen Theorem 3 implies that G- e3 is 3-connected, a contradiction.
Thus, V(G2) = {ua}. Then usus, ugy € E since d(uq) = 3. 1

Main theorems.

Let G be a 3-connected graph. Let V3 = V3(G) = {v € V(G) | d(v) = 3}
and Vy = Vi(G) = {v € V(G) | d(v) > 4}. Letvs = v3(G) = |V3] and
vy =vy(G) = |Vy|. Let V4 = V3(G) be the set of vertices in V4 that are adjacent
to exactly 4 vertices in Vy and let v§ = vi(G) = |V{|, i = 0,1,2,3. Let
V/ = V‘(G) be the set of vertices in V; that are adjacent to exactly 1 vemces in

Vfandletvf—vf(G)—|V;| 1=0,1,...,u—1.

Theorem 4. IfG is acritically 3-connected graph and G # K, then |E.(G)| >
Liv+ 3w 7).
7

Proof: Let B33, E3 5, and Ej ; be the sets of contractible edges joining two ver-
tices in V3, a vertex in V3 toa vertex in V. and two vertices in Vy, respectively. Let
A; be the set of vertices in V5 that are only joined to vertices in V7 by contractible
edges,leta; = |A;l,and let B; = V§ — 4;, i=1,2.

By Lemma 2, every vertex in V3 is incident with an edge in E33. Suppose
v € V3 and v is incident with at most one contractible cdge. Then Lemma 2
implies v € V; and the edge joining v to the vertex in V7 is contractible, and so
v € A,. Thus, every vertex in B) is incident with two contractible edges, and by
the definition of B) these two edges are in E3 3. By Lemma 2, every vertex in B,
is incident with two contractible edges, and by the definition of B;, one of these
two edges is in E3 3. Thus,

1
B33l > 5 [v3+ 2(v3 —a1) + (4] —a2)].

By definition every vertex in A; is incident with 1 edges in Fj /- By Lemma
2 every vertex in B; or V3 is incident with two contractible cdges. Therefore,
every vertex in B, is incident with at least one edge in Es s and every vertex in
V3 is incident with at least two edges in Es /- Thus,

|Bs ] > a1+ 2a2 + (v — ap) + 243,

By Corollary 1, every edge joining two vertices in V; is in E,, so |Efs| =

2 Ex‘-l i“f
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Thus,
|Ec| = |Es 3|+ |Bs s + | By sl

1
> =[v§ +2(v} —a1) + (v —a2)]

2
v—1
+[a1+2a2+(v3—a2)+2v3]+ Ezv,
i=1 (A)
3
1
=EZ‘U§+ (Ztv3+zzvf>+—a2
1=0
> Loyt L a0) > 20— vp) + 2oty = L3
> 21)3 v vy vy = 2
veVy
We will construct sets of graphs T';, 4= 0,1,...,5, such that for every G; €
I;,v(G;) =1 (mod 6) and
¥, if 1=0
(G =13 5+1, if 1=2,4
v+3

w3 f i=1,3,5

In Figure 1 we give an examplc of each of these constructions.
Let K be the triangular prism. Let I'g be the union of { K’} and the set of all
graphs obtained by replacing all vertices of a 3-connected cubic graph by triangles.
Let I'; be the set of all graphs obtained in the following two ways:
i) Ina graph in Iy, add an edge obliquely across an independent 3-edge cut.
ii) Let H be a 3-connected graph in which one vertex has degree 4 and all
other vertices have degree 3. Replace all vertices of H of degree 3 by a
triangle.

Let T, be the set of all graphs obtained by adding an edge across an independent
3-cdge cut of any graph in I'p.

Let Ty be the set of all graphs obtained by replacing v(G) — 1 vertices in a
3-connected graph G by triangles.

Let I'; be the set of all graphs obtained in the following three ways:

i) Let {e1,e2,e3} be an independent 3-cdge cut in some G in I'; such that
e; is incident with a vertex v not in V;(G), and add an edge from v across
ey o obtain a graph H.
ii) Let A in '3 be obtained as in (i) such that V — V; is a 3-vertex cut. Add
an edge 10 H joining the two vertices in V' — V; of degree three.
iii) In a graph in [4, contract an edge incident with the vertex which is not in
Vi(&).
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Let I's be the set of all graphs obtaincd in the following two ways:

i) Let{e1, ez, e3} beanindependent 3-edge cut in some G in [y such that e,
is incident with the vertex v not in V;(G), and add an edge from v across

€.
i) In a graph H in I'p, contract an edge in E( H) — Ey( H).
LetT = Ul T

Theorem 2 has the following corollary:

Corollary 2. LetG be a simple 3-connected graph. Any graph obtained from G
by adding an edge across two edges, adding an edge from a vertex across an edge,
or replacing a vertex of G by a triangle is 3-connected.

Theorem §. IfG € T;,0 < i< 5, thenG is 3-connected, v(G) =i (mod 6),
and

L if i=0
e(G)=1 £+1, if i=2,4
g3 if i=1,3,5

2 )
Proof: Corollary 2 implies that the graphs in I' are 3-connected. For graphs in
I3 and I's obtained from graphs in I'; and Iy, respectively, by contracting an
edge e, we must also use Lemma 2 to show that e is contractible. It is easy to see
that v(G) = 1 (mod 6) by using the fact that any graph has an even number of
vertices of odd degree.

Using Lemma 2, we sec that e.(Go) = ¥,€(G1) = %2, and €(G4) = £ + 1
for all graphs G; in I'y, i = 0,1,4, except those in 'y obmmcd from graphs in
I'p by edge addition.

Consider graphs G inI';, G5 inT3, and Gs inI's obtained from graphs Hy in
[y, Hy inTy, and Hy in Ty, respectively, by adding an edge e = uv. Since e is
added in such a way that {u, v} is contained in a 3-vertex cut of G, e € E.(G;),
1=2,3,5. Let f = uz be the edge in E( H3) that was added to a graph in Iy
to obtain H. Then {u, z,y} is a 3-cut for some y in V(//2). Then {u, z,y} is
a 3-cutin Gs, since e is incident with u. Hence, f € E.(G3). Lemma 2 implies
that the edges joining vertices in V;(G}) are not in E.(G;),1=2,3,5. Thus, we
have shown that e(G;) — e.(G;) > v — 1, 1= 2,3,5. By their construction,
«(Gr) = and e(G3) — €(Gs) = "*‘ ,and by Theorem l,e(Gz) > %+ 1and
e(Gy) > ,i =3,5. Thus, ec(G) = 3+lande(G3) = €(Gs) = ”*3 CIfGY
inT is obtamcd by adding an edge uv to agraph H3 inT3, then {u, v} is contamcd
in a 3-vertex cut of H3 by definition. Now it is easy to sce that e.(G%) = €.( H3)
— v+3

Con51der a graph G} in I') obtained from a graph in Iy by adding an edge
e = uv, and consider graphs G in I'; and G5 in T's obtained from graphs in I’y
and Iy, respectively, by contracting an edge e. Since e is added in such a way that
{u, v} is contained in a 3-cutof G, e € Ec(G}). For G}, G, and G%, the edges
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incident with the vertex of degree 4 and on a triangle are not contractible. Lemma
2 implies that the edges joining vertices in V;(Gj) are notin E.(G%),i=1,3,5.
Thus, we have e(G}) — e.(G;) > v — 1,1 = 3,5. As before this implies that
€(Gh) = e(Gy) = B3, 1

Theorem 6. Let f(v) be the largest integer such that every 3-connected graph
onv vertices has f(v) contractible edges, v > 5. Then

7 if v=0 (mod 6)
fwy=94 3+1, if v=2,4 (mod 6)
v+3

if v=1,3,5 (mod 6)

4

Ife(G) = f(v(G)), thenG € T.

Proof: Theorem 5 shows that the given values are upper bounds for f(v). By
Theorem 4, f(v) > 3. Thus, f(v) = £ whenv = 0 (mod 6). If v(G)
is odd, then the vertices of G cannot all have odd degree 3, and so v H(G) > 1.
Thus, f(v) = %2 whenv=1,3,5 (mod 6).

Suppose e.(G) = 3. By Theorem 4, V(G) = V3, so Lemma 2 implies that
every vertex is incident with a contractible edge. Since e.(G) = ¥, every vertex
is incident with exactly one contractible edge. Now Lemma 2 implies V = V;. If
G # K, Theorem 3 implies that the graph obtained by contracting all the triangles
to vertices is 3-connected. Therefore, G € Iy.

Since Theorem 4 implies f(v) > 3, and e, = 7 implies v = 0 (mod 6),
f(v) > 3+ 1 whenv=2,4 (mod 6). Hence, f(v) = 7+ 1

Suppose G; is a critically 3-connected graph such that v(G;) > 5, v(G;) = i
(mod 6), and e.(G;) = f(v(Gy)),i=1,...,5.

Consider G, and G4. Since €.(G;) = 7 + 1, Theorem 4 implies that vy = 0,
1= 2,4. Hence, fori = 2,4, Lemma 2 implies

v

24 1=l@) 2 glu+ 2Av— ). ®)

Therefore,2 > v— ;. Since v,(G;) =0 (mod 3), i =2,4,wehavev(G,) —
v(G2) = 2 and v(G4) — ve(Ga) = 1. Let V(G2) — Vi(G2) = {uz,v2} and
V(Ga) — Vi(Ga) = {ua}.

We have equality in (B) for G, and so u; and v, are both incident with exactly
two contractible edges. Since a vertex in V — V; can only be joined to a vertex in
Vi by a contractible edge, uav2 € E(G3) and uv2 ¢ E.(G2). By Lemma 1,
G is obtained from the cubic 3-connected graph G = (G — uzv;) - by adding
an cdge across an independent 3-cdge cut. Since V(G3) = Vi(Gh), G € T.
Hence, G, € Ty,

Theorem 3 implies G4 € Ty
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Consider Gy, where i € {1,3,5}. Since vy > 1, 3% > #2 = ¢(G)),
and so we have equality in Equation (A) from Theorem 4. Hence, vy = 1 and
dgi(z;) = 4, where Vy(G;) = {z;}. Let z; be incident with r; contractible edges
and adjacent to t; vertices in V;(G;). By Lemma 2,

v+ 3
2

= (G 2 5 lv+ 2wy —w) + 7] = TUw=1) % (33 = w) + 74,

and s0 4 > (vs — ) + 7. Since dg,(z;) = 4, v3 — v > 4 — 1. A vertex
in V; can only be joined to z; with a contractible edge, and so r; > t;. Thus,
4>(vy—vy)+r>@A —t)+r > 4. Therefore, r; = t;and4 —t; = v3 — v,
and so z; is incident with all vertices in V3 — V; and none of the edges joining z;
and a vertex in V3 — V4 is contractible. Sincet;+ (v3 —v;) =4 andvz —v; = 1—1
(mod 3), (i,t;,v3 —v) € {(1,1,3),(1,4,0),(3,2,2),(5,0,4),(5,3,)}.

Consider G;. Suppose t; = 1 and v3 — v; = 3. Since z; is incident with only
one contractible edge, there is a triangle z;v;w; by Lemma 3. No vertex in V;
can be on a triangle with a vertex of degree 4, and so vy, wy € V3 — V4. Let
V3 — V4 = {u1,v1, w1 }. By Theorem 3, G| = (G1 — x1u1)~ is 3-connected.
If z,u; is on a triangle, then we may assume that it is z,ujv,. Let S be the set
of edges in E(G)) which are incident with z;, vy, or w; but not on the triangle
z;v;w;. Then G, is obtained from G by adding an edge obliquely across the
independent 3-edge cut S. If z; u; is not on a triangle, then Lemma 1 implies that
G\ is obtained from G by adding an edge obliquely across an independent 3-edge
cut. Regardless of whether z;u; is on a triangle, V(G}) = Vi(G}), 50 G} € T'o.
Hence, G € I'.

Suppose t; = 4 and v; — v; = 0 for G,. Then Theorem 3 implies Gy € I'y.

Consider G3. Thents = 2 andvs — vy = 2. Let Ng,(z3) = {u3,v3, w3, 23},
where {u3,v3} = V3 — V. Suppose z3 is not on a triangle. Then G3 = (G3 —
z3u3)  is 3-connected and cubic by Theorem 3 since z3u3 ¢ E. Since z3v3 ¢
E., there exists some vertex w such that T = {z3,v3,w} is a 3-vertex cut. Since
z3 is not on a triangle, the components of G — T both have at least two vertices.
Hence, if w # us then T is a 3-vertex cut of Gy, and s0 z3v3 € E(G3). If
w = us, then e,, is a cut edge of G4 — {z3,v3} and 50 z3v3 € E.(G3). Since
Vi(Gh) = V(GY) — {z3,v3}, and z3v3 € E(G3),e(G3) = 5+ 1. Therefore,
G, € I,. Since z3u3 ¢ Ec(G), and z3 is not on a triangle, Lemma 1 implies
that G is obtained from G by adding an edge obliquely across an independent
3-edge cut. Thus, G3 € T'3. Suppose z3 is on a triangle. Then the triangle is
T3u3v3. Let

G4 = (Gs —z3) + {4, 75 } + {uszh,v3z}, 7375, wazs, 2373 }

be obtained from G5 by splitting z3. By Theorem 2, G5 is 3-connected. Since
Vi(GY) = V(GY) — {z5}, G5 € T4. Since G = G5- (z373),G3 € T3,
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Consider G's. Suppose ts = 0 and v3 — v; = 4. Since zs is not incident with a
contractible edge, Lemma 3 implies zs is on two edge disjoint triangles s usvs
and zswszs. No vertex in V; can be on a triangle with z5, and so V3 — V; =
{us,vs, ws, 25}. Let

G5 = (Gs — z5) + {5, 25} + {Zs us, T5vs, 1575, 2L ys, 70 25 }

be obtained from Gs by splitting zs. By Theorem 2, G is 3-connected. Since we
also have V(GY) = Vi(GY), G5 € I'y. Since Gs = G¥- (zsz¥),Gs € Ts.

Suppose ts = 3 and v3 — v; = 1. Let V3 — V; = {us}. Since zsus is not
on a triangle and zsus ¢ E., Lemma 1 implies that G's is obtained from G5 =
(Gs — z5 u.5)~ by adding an edge obliquely across an independent 3-edge cut.
Since i(Gs) = V(G5) — {zs}, G5 € T4,andso Gs € T's.

Finally, suppose G is a 3-connected graph such that v(G) > 5, e(G) =
f(v(G)), and G is not critical. Let G’ be a critically 3-connected spanning sub-
graph of G. Then e.(G') = f (v(G")),andso0 G’ € T and e.(G') = .(G).

Consider e in E(G) — E(G'"). Suppose e is incident with a vertex v in V(G').
Let v be on the triangle vwz and let y be the other vertex adjacent to v in G. It is
easy to see that {w, z, y} is the only 3-vertex cut in G’ containing w and z. Since
e € G, {w,z,y} is not a 3-vertex cut in G. Hence, wz € E.(G). But then
E(G") U{wz} C E.(G), and we have a contradiction with e.(G') = e.(G).
Therefore, e joins two nonadjacent vertices in V(G') — Vi(G'). This is only
possible if G’ € T3, V(G') — Vi(G") is a 3-vertex cut, and e joins the two vertices
of degree two in V(G') — V4(G"). Hence, e(G) — e(G') = 1 and G € T5.
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