On the support size of 3-designs with repeated blocks
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Abstract. The set of all distinct blocks of a ¢t — (v, k) design is referred to as the
support of the design, and its cardinality is denoted by b*. By generalizing a method
on BIB designs called “trade off” to 3-designs, a table for 3 — (9,4) designs with
each 60 < b* < 126 = (2) is constructed. Also we have produced over 2500 non-
isomorphic 3 — (9,4) designs with A3 = 6. By utilizing this generalized trade off
method along with two other methods, a table for 3 —( 10, 4) designs with 156 different
b*’s is constructed. By a recursive lower bound on the minimum value of b* in all
t—(v, k) designs, it is shown that b2, [3 —(9,4)] > 36, and b, [3 - (10,4)] = 30.

Introduction

LetV ={1,2,...,v}andletv ) k be the collection of all distinct subsets of V
of size k. A t-design (or more specifically a t — (v, k) design) with parameters
v, k and X is a collection of b, not necessarily distinct, elements of v )  k, referred
to as blocks, with the property that every element of v ) ¢ occurs in exactly A
blocks. The number of distinct blocks of a t-design is called the support size of
the design and is denoted by b*.

A (v, k,t) trade or simply a t-trade of volume s consists of two disjoint col-
lections Ty and T3, each of s blocks, such that for every element of v t, the
number of blocks containing this element is the same in both T7 and T>.

For a given set of parameters v, k and ¢, it is an open question to determine
possible support sizes of all t — (v, k) designs. See for example [6] page 278.
There are several papers in the literature which deal with this question for the
cases of t = 2 (BIB designs). Here we apply three methods that have been used
for BIBD’s, to 3 —(9,4) and 3 — (10, 4) designs. It can easily be seen that there
is no nontrivial 3 — (9,4) design whose blocks are all distinct. (A design is trivial
if vy k constitutes its blocks.) On the other hand it is known that there exists a
nontrivial 3 — (10, 4) design whose blocks are all distinct. In fact, there exists a
3 —(10,4) design with b = 30.

The only other nontrivial case for 3-designs with v < 10 is 3 — (8, 4) designs,
which are studied in [10]. The rest of this section will be denoted to the discussion
of the methods used to construct 3 — (9,4) and 3 — (10,4) designs.

First, the elementary method of composition, in which we consider the union
of the collections of the blocks of two given t-designs to produce a new t-design,
with a possible different b*. Second, the method of reducing support size , which
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is discussed in [7] and a computer algorithm is given there. Third, the method of
t-trade off which is discussed in [3] and is applied to BIB designs with v = 8 and
k = 4. This method can easily be generalized for t-designs.

For v, k and ¢, consider the following polynomial

(21— 22)(Z3 — 4) ... (T2te1 — T2442) T243 - . Thata1 .

If we multiply the factors, and identify each x; with i, the ith element in V/, then
the resulting expression forms a (v, k, t) trade. For example, in the case of t = 2
and k = 4 we obtain the following set of blocks:

T : 1357 1467 2367 2457
T: 2467 2357 1457 1367

By applying certain permutations on this (v, k,t) trade, Graham, Li, and Li [1]
have obtained a basis for the space of ( v, k,t) trades.

In ¢-trade off method, for a given t-design, we construct a ¢-trade in such a way
that either the blocks in T} or the blocks in T} are in the given design. Then by
replacing the blocks of T} (or T3 ) by the blocks of T (or T, respectively) in the
given design, we obtain another design with possibly different b*. Based on this
idea we have utilized a computer algorithm for 3-trade off method.

Minimum support size

For each set of parameters v, k, and ¢, it is also an open question to determine
bz » the minimum possible value of the support sizes of t — (v, k) designs. For
some special values of v, k, and ¢, this question has been answered. The value (*)
is settled for the upper bound of b%, . But as is mentioned in [6, page 278], for
almost all v, k, and ¢, the actual value is far below (}). In [6] the “hard” case of
v=28,k=3,andt = 2 is mentioned for an evidence of this fact, in which there
is no nontrivial design without repeated block. The case v = 9 ,k=4andt=3
is another “hard” case, and as it is demonstrated in Table 1, brin < 60, which is
again far below () = 84.

Next we prove a lemma which gives a recursive bound for b

Lemma. Let b}, [t—(k,v)] be the minimum possible value of the support sizes
ofall t — (k,v) designs. Then

brin[(t—1) —(v—1,k— D1+ b, [(t=1) —(v=1,k)1 < bt — (v, k)]

Proof: Suppose D is at — (v, k) design based on the set V with support size
b*[t — (v, k)]. We denote the collection of blocks of D by B(D). With respect

14



to any element = € V, we may obtain from D, the following (¢ — 1)-designs D;
and D,

B(D;) ={B|B € B(D) and z ¢ B},
B(Dy) ={B - {z}|B € B(D) and z € B}.

Then D, isa(t—1) —(v—1, k) design, while D, isa(t—1) —(v—1,k—1)
design. The support size of D is equal to the sum of the support sizes of D; and
D, . This implies the statement of the lemma.

Corollary 1. b, [3 —(9,4)] > 36.

Proof: It follows from the previous lemma and the fact that b}, [2 —(8,4)] = 14
(see [3]), and b2, [2 — (8,3)] = 22 (see [4D).

Corollary 2. b, [3 — (10,4)] = 30.

Proof: We have b%, [2 — (9,3)] = 12 (see for example [9]), and b [2 —
(9,4)] = 18 (see [8]). Therefore the statement follows by the above lemma and
the fact that a 3 — (10,4) design with b* = 30 (a Steiner system S(3,4,10))
exists (see Table 2).

3 —(9,4) designs
Let Dbeat — (v, k) design based on the set of elements V. It is well known
that for each s (1 < s < t), every element of v )~ s occurs in the same number
of blocks. We denote this number by ),, and let Ao = band X = X. By an
elementary counting argument we have,
t-e)
(t2)
Therefore, for the existence of at — (v, k) design with parameter X, the basic
necessary conditions are that, for each s, the value ), given in (1) be an integer.
Thus, for 3 — (9,4) designs, the minimum possible value for ), is 6, and the
minimum number of blocks is (3) = 126. By applying the method of 3-trade off
on trivial design we have obtained all 3 — (9,4) designs with 60 < b* < 126 and
b= 126, except for B* € AU B, whre A = {117,119,120,... ,125} and B =
{113,115, 116 }. The designs with b = 126 and b* € A do not exist because it is
proven that there exists no (v, k,t) trade with volume equalto 1,2,..., 2t -1,
and 2t + 1 (see [5]). In Table 1 we have constructed designs with b = 2(126) =
252 foreach b* € AU B.
As the designs in Table 1 indicate, 3 — (9,4) designs exist for each 60 <

b* < 126, whose number of blocks b, is given in the table. Besides this, all
3 — (9,4) designs with 60 < b* < 126 exist for any possible b > 126. For,

Ae= A 0<s<t. (¢))
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if 60 < b* < 126 and b* ¢ A U B, then one may take ! copies of the design
listed in Table 1 with the given b*, and obtain a design with b = 126 1. If a design
with b* € A U B and with a larger b is desired, then one note that the design
with b* = 61 is embedded in the designs with b* € A U B in Table 1. Thus by
adding copies of this subdesign to the design with desired b*, one can increase the
number of blocks without altering the support size. We should mention that how
the designs can be reconstructed from the entries in Table 1. The first four lines list
the blocks vertically, in lexicographical order. And that z in the column beneath
the block indicates that that block occurs z times in the design, i.e. the frequency
of that block. Each design with a given b and b* s listed in a row, with its block
frequencies.

Note: With a long search by the 3-trade off method and the method of reducing
support sizes of designs, we were unable to find designs with b* € Band b = 126.
A similar result was observed in the case of 3 —(10, 4) designs. This factindicates
that there might not be any 3-trade of volume 10, 11, or 13. This conjecture is
under investigation.

The method of ¢-trade off is very useful in constructing non-isomorphic designs.
Utilizing this method, by a computer program, we have obtained over 2500 non-
isomorphic 3 — (9, 4) designs with A3 = 6 (see [12]). The previous known lower
bound on this was 50 (see [2]).

3 —(10,4) designs
In [11], it is shown that there exist five mutually disjoint $(3,4,10), i.e. 3 —
(10,4) designs with A3 = 1 (b = 30).

In Table 2, we have demonstrated the result. In this Table first we introduce an
5(3,4,10). Then we present all the designs which may be found by composition.
There, we list the value of b and b* for the desired design, then b* of a design
D, followed by the image of a permutation on ten elements. If we apply this
premutation on the design whose b* is given in the last column and consider the
collection of blocks of the resulting design together with the blocks of D, we
obtain the desired design.

In the last part of Table 2, we list all the designs which are found by ¢-trade off
method. In this part we list the value of b and b* of the desired design, then the
support size of a design D, that can be traded to obtain the desired design. Needed
trade is introduced in the polynomial notation. The list of all 3 —(10,4) designs
is available from the author.

Note: With a long search by computer, we were not able to find 3 — (10,4) de-
signs with b* € C U E, where C = {31,... ,45,47,49,50,51,53,55,57,59}
and E = {61,63}. This raises an interesting question: Following [13] we denote,

J(v) = {k] there exists a pair of 3 — (v, 4) designs with A3 = 1, having exactly
k quadruples in common} and
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R(v) = {k| there exists a3 — (v,4) design with A3 = 2 and having exactly &
repeated blocks}.

Rosa and Hoffman [13] have shown that, in the case of Steiner triple systems
J(v) = R(v). Now the problem is to prove similar result in the case of 3 — (v, 4)
designs. This is the fact in the case of 3 — (8,4) designs [10].
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Appendix Table 1
3 — designs withv =9,k =4

T TS 11 A 1940 22222222222 2 22222222 33333 33 TAIISTTITAMAMAN44S5356
mmmmmmmmmmumm«u««mmmmmmmmmmummmusmmumm1mn
mxumcssssmmmuwrmwnmmnmowrmmnmnmmwmnmmnmu
mmwmrmmmemummmmrmmmmmammmnmmmmmmammmrmmmmammm

160 126 001401050010013000201OIOSIWMIOWWISI15001000101leWlWOISSMllmlOZMlOSI10102013110021024002!0000003!
2 611 IMWZWQOOHWWWIWZIWlWINIWIOIZIIOSIMMIMI101402000!0!03002012!0203020003220020021100]2]02220!0]IO
3 62 126 1200030002304002 402130004002011 201041400020016005110140200030103002012112020100041200301210001240222030110
48 1% oloomomoozommlmnmosxmmnonmmwwmoommmoomoxolAommnmsn1ooommmmmmmonoolz
S &4 126 01001430300002022210011031130021110010010310302021030003141002002000500002010401 4220040012002111000220300120320104300300010012
)
7
8

45 126 %IOI‘WWWNIIOOIIOSIlmllllWlWlﬂlmNMllW!NIMWWMIlOllmlMlllmmmlleMWlWﬂ

s 126 00201330300001011211010032146011l1001001ISIONNMSIOOHSIOMWWIOIIIONJMWINIIIOMMMINHM“IWIWIZ

87 126 0311010500102100002]3010!20003310200042000002101300012IlllSIOOlI002201200]WMIZSIOIOIM!OMIO}OZOI?HlOZINlWISIm
9 68 126 2sm|omoomzmmom|noznzoomozomnmnmnuoolzooooom1osmm|mmmommxmmzouolololomommm
1069 12 2020!lJOIWWSMIII50000]32400110102!lOl1312101020081lOIo}lWIWWSMZNIUO“JMIMIIOI\MOOOHOMIOOSMIIOMIMJI
170 126 mmumummmnnuunnnnmnummunmsomosmmmswmmmwmmmwmmm
12 7 1% 10112120300000“4001000“1211211IW“WIIWWOIW“Z!M&HOOMISNNIMZMONOSHHOII111020201210“40300000401
13 1”2 12 mumloooozmxl1oooomzoonom11nonznzmooomnlomstozozmzloonolomloomzlmzooouooozzoommozommm
" 3 an osoolononmoomnmosmmmmxm|mxommnommoomzomoxmllmsommnmzzoomzzmzlmnonommzoz
15 74 126 0lII212010|0003!400100032I2102|11001400001100!000501“011400102]lWllewmoulNllMlOllNlSllMOllIIIOIOZIIZIOIMMIOWSIO
16 75 126 ozmzszmoloonmuwmsmomzooon|oz2msoolmzoomzoozozsooooml|ooomomnomoom|omxonmolmmomonoouz
17 7% 126 0!020331l10001lllllIMISNIN]lolollllol031!0]001231IlIMMIIOZOIWOH000!014312!000202!122106\7111002!003310220204001102|0
18 77 1% onoxzzszxmnol1mol|osozsommzooo|10222011001lmomommxwoznomoolmmm||oom1ozmoxzzmmmozlmooom
19 78 126 01010!2!2!0001llSlllMl!ﬂlWZlOlOlZlIMJIIOIWIBIlll“WmN!lW?!IWIMJHIMZOZIIHIMHIOIZIOOZSIOZIO?NIOIIOZIO
20 719 126 02002232!000100]12211103022010110020001102220130“180101031MNNOMOZIOIIWOISMHIOIUOI12100210101221011!2]100212“000!12
A 80 126 nommozmmuuoosnmmomnmnmtommlmmmwmmznotmmnmm:omnmmomonomzmmlzolmn
126 01003212!000200“2]ll1030230|0]2002Ml1022201201“3110]03120020!30000!101lmllﬁmwtlmIZIWZIOIOIﬂlOllHSlml?llWllll
PARNE TR V. 1ommoonoomnuo|2|mmomummlmlmlnonozmzouomtmmmmmmnu|mnoozloo|mzozzmzommm
2 8 126 01022140002100022]lllOIZZInlmMI10012205110112771IMOSWlOIJOZMllWZMIZleMlZIIOIIIIIWIWH10110!20211"1011110030!
5 84 12 ooxoxzszlmzon1n1nmommmmoxmmmnmumlmmmoonolm:nsmzmmmnommmloimmozmooomx
% 85 126 olll2l203010012]310100!2212102]0]101llI102200121020102011m|021100!211201000021!211111lIlOOlll]M!l12101021211021203"000220
78 12 ozlzommmomozmmummommounmnmolmot1loosooomomomzmnmmom|ooo|moo|oomolmmmoow

81 126 ommoonooomx1uommzooomu1oo2mmnmnnonozmlmomnmomznmmmmuzoxmnmuommmmemm

88 126 000222330000111111"“0802302011100\001102121|20H2l|ll||21201IOSZIW!OIIMI1321221001"!111101210101022012113110122100002"
30 89 126 11003121200]002211lllWllmwﬂlml1010_22201110203020"2101120120“021020011122021220111000!12111!00121"10128010211011“102

90 126 102021300!1020121llll«m!]l}mlllIlOIlanlﬂOﬂlllllllﬂmllll101lllOIMJSIlZMllOllllmollmﬂﬂl1022112011211101102"

9 126 01021]23001011lllllIlloMZNNIIMlNllONﬂlM1211"11212010032100!1021000112212220011“111101216111022011122110!2&00002"
RN /AR VY 02020221llIOOI1ISIllWllZﬂllollIlOl?l10101llllol12211110121010120201I10211002102“l10102021122[000111012101221021020311l10210
93 1% monmumxmmoomxnmtmnmxoouoozmlmnmnmolnmmmnmommmml«monuoumommomm
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L

100
101
102
103
104
105

107
108
109
110
m
12
13
1
ns
16
1y
18
m
120
121
122
13
1

126

Table 1 continued

126 “l”lollllWllﬂlIllOllllOlOﬂlllllllllWlOlIlll)lllllll!lOlMlOlmlll?lOlelllllllﬂlwﬂllﬂollﬂlollﬂllmllulllwﬂl
126 ONIIIIIIOIOIlllllllllﬂlﬂﬂlol120111012020“12012111"1!1IZIIOOZSIOOIllllmnlmlﬂlllllI“IJIWIIWIIMHIMIMIOINI
12 ooumnomommn||mlmmononmmmnlosmllmmomonozmonnumnmmooomuuonuloumommmom
12 0!0]3122!0!1lOlllIlllllll?l?ﬂ!lIlOlOlllOOll?llllll”l!ol17201210110"0200211IOIlNZllelmll"lllOlllllll112802020102"0]!1
126 wmmoomomln1102|m111moxmomlmmzmoxoummuoonoml|mnommmummomllmmuommzozon
126 01112!21201lOllIIlll101221210210110"!1!02101lIl”lI!?II!SIOIOZIlOllllllOl10102122]1lllIIIOOIIIIOIN112101021122021102“100220
126 oommnnounummozmooonmoolmnmmmnnmmsomn|o|o|oxmmmunumuoozmllmmlmmomzn
126 oooumnomomommmzmnoxooumlzmmoztzuzmmonunoloozomuzouzmznooomnmunmuzslzozolomom
126 02120121]1100]lmlI1011221llllllIOIZIIOIOIIIllllmllllolll1101201021102"0111llSluOlOIlll??llmllllllIO!HIOINIISIIIIOIN
128 20003"110!22011]llllllolll)ll?l1020)1"1"21101"02]1!1llmﬂollllllllolelII120102"12100121lI?lIlllllOllOl?Zl1020101112111
126 omuzmnomnmmmn1mmmonmmmmnmlmlmn1ommoooxmm|unnnmuommnmmmzmonoozn
126 002121!0111!10111lllllﬂlllll2lIW!IIOIOIIZIllllll!lllllllll?ﬂllllool"01021llllMﬂllllllllllolml"10117122100321011"10]
126 ozumzmomnn|11mmzonunnmzoumzmuuumnoozummnoomlmumuuumoozmmmm|mm|oozu
126 !1003“2!01I2Mlllllllllllllll?l102011110112"11“01“11llNlZIOll]lIlllolelOll?olI?lll?lWI?lll?lOllllllllOIHllﬁnlllllllll
126 IOIIZINMIIIOIIIIIIII12011121IllolllOllmlllloﬂlllllllIllllIl??lWlllllﬂﬂlllolﬂllllllllllotmlllllmll?ZanllolllZOI
126 2l°02l0210|l?llllllllll"011112“02”]120112]1IIIIOIIIIllllOIZlOlllllelIIlllol120111I1121001211l2llllllllll°ll?lIOIOIllmm
126 021111"21“011lIllllHl?lllOlllllllllllIllolllll?ll!llIIJIOIOIIlOlIlellllOloll2211|II]ZlWﬂlIOIlllnlﬂlllllllllllo?llloom
126 1o|lmuommmmnmzumomouumumumuunmmoon|nouummmmnmnmounonnmommomu
126 01umnmmmnnm111nmoluommmmmmummmoonmomumnmmu1|omooummmmzzmmm
252 l2430133212222101241llZIMSIJTINDIOSIZWIJHRIHSI132231103322123212301 142324220424120221331231 1411321026 114411 2220420142
126 lIllllllllllllllllIlllﬂOllOImIlllll!lO)lllﬂOlllllllllll20|l°21|lllllIlllOZlIllNllllllll!llllloﬂlll?lollllllllllZlOlOlIll
252 412302231ll1ZSJHIZHIZIHIleMOI4212921“24200]3“2]20240‘1311281422821304124"323150]llZlmlOlelel1240!2411222113332
52 12!222152122322011JISIZO“HI431NIOISJIJIOOTSMJIl1702420100222!!3!23!0201l?‘l}“l121241l!lSOIHISMIDIJ?ISZ)NIZMISIllISl
2852 0!3222162]2]3220]1323121“21148114101331210023!411Il2‘12420|IOIZIIJJIZSIONIIl4!W2I21NllSl3012210“122282132214221423“0!51
126 IIlllllIllllllllllIlllIIlll!llll!lllllllllIlllIlIlllllllI2I0|lIIIOll2llIIlllNlﬂlIlllll2l°0!2|lllllllll°lIlllllllllollllloﬂl
m xzmmummmmzsmmzmmxznmumlszlmmnznmmmolmusnummonmsmnumsmmmnmlmms
252 1322!2061212322“132"20‘!21l“llllll“llllﬂmllllmllllll122114312311231l14]2Mll21241I!lSlml‘lllmﬂ182813101“!2]2]51
252 M232242220222123222223322013 22220021 221\ 2222331 200000 ImBennRsN NN BINTNY
%2 smsmnmnmzsmmmsmlmzlmml2mnmsmmommmmmmmmmomzlmmmmmmmmmmu
%52 ummmozsmnmzsmommmumzsmmmmmmzlmmsmm|zmnmzmmzmummnmzmzlmzmm
252 lmmumzm|mzmmmszmmmmmnzmsm;mmnmnmszmnmnmumnmmlmmmzmmxzmm
%2 oxmmmmmzmmmxmmmmmmm!zmnmumzm 1222221210 22221 3332222222202 23214 2223202233211 3332221 2212
126 uuu|u1mn|11|1uu||u111nu1m:um||mmmmmnmuunnmmmnmuuu|nmmmmmlmmmm
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Table 2

A 3-design withv = 10,k =4
111111111111222222223333344456
2222333445563334455844557567 67
3467469587874675667 95668878998
5A9878A699AA8A9978AAA979A8AAA9

B* B
30 30 11111111111111111111 1111111111
3-designs withv =10,k =4
B B* B* + Permutation on B*
1 23 4 56 7 8 9 A
60 46 30 3 9 A4 16 7 2 8 5 30
60 48 30 6 1 2 7 54 8 9 3 A 30
60 52 30 2 6 S 4 97 1 8 3 A 30
60 54 30 2 5 6 A97 3 41 8 30
60 56 30 5 4 2 8 79 6 3 1A 30
60 58 30 4 A9 2 65 71 8 3 30
60 60 30 2 6 5 417 3 8 9 A 30
90 62 30 319 6 57 A2 4 8 46
90 64 30 4 7 3 8 52 A1 6 9 48
90 65 30 4 6 31 87 2 9 AS 46
90 66 30 8 41 3 9 A7 2 56 46
90 67 30 7 1 9 4 32 6 8 5 A 46
9 68 30 8 4 A2 57 6 319 46
9 71 30 9 3 8 2 17 5 4 6 A 46
9 73 30 1 2 9 6 5 A4 7 3 8 46
90 77 30 A2 5 817 9 3 406 58
120 89 30 21 7 3 98 4 A5 6 64
9 90 60 37 5 6 41 2 8 9 A 30
120 120 90 71 6 2 54 3 8 9 A 30
150 150 120 1 45 3 726 8 9 A 30
150 123 30 361 5 98 4 A7 2 100
240 203 30 71 9 4 32 6 8 5 A 202
240 204 30 4 2 5 3 71 8 A9 6 202
270 208 60 4 2 5 3 71 8 A9 6 202
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3-designs withv =10, k= 4

B*=D + T

888888888Ww
]

138
140
142
144
146
148
151
153
155

150
150
150
150
150
180
180
180
180 157
180 159
180 161
180 163
180 165
180 167

70
76
76
81
81
85
88
88
90
93
93
97
97
101
103
109
103
104
111
113
118
118
120
122
123
123
123
128
128
132
132
142
145
146
150
150
150
157
157
157
165
165
165
165
173
173

(1-6)(2-3)(5-A4A)(T-9)
B-8)(4-6(5-9(A-7)
(1-4(2-8)(3-A4)(5-6)
(1-6)(2-3)(4-5)(A-T)
(1-9(2-8)(3-T)(4-6)
(1-4)(2-8)(3-A4)(5-6)
(1-A)2-5)(3-9)(7-6)
(1-9(2-8)(3-6)(5-4)
(1-52-4B-7(6-9)
(1-9(2-9(3-7)(6 —4)
(1-7(2-4)(3-5)(8 - 4)
(1-9)(2 - A4)(3-6)(8-5)
(I-7)(2-4)(3-6)(8 -5)
(1-6)(2—8)(3-9)(4 —4)
(1-4(2-7)(3-8)(4-5)
(1-A)2-8(3-7)(5-4)
(1-8)(2-4)(3-4)(7-5)
(1-8)(2-6)(3-4)(A-5)
(1-A4)(2-9(3-6)(7-5)
(1-8)(2-4)(3-7)(6 -9)
(1-49(2-5)(3-A4)(7-6)
(1-5)(2-A)(3-7)(4-9)
(1-7(2-A4)(3-5(6-49)
(1-8)(2-4(3-7(9-5)
(1=7(2-5)(3-8)(6 — 4)
(1-8)(2 -4 -7)(5-6)
(1-9(2-7)(3-4)(8-6)
(1-8)(2-4(3-7)(5-6)
(1-5)(2 -4)(3 -4)(9 -6)
(1-8)(2-6)(3-7)(5-4)
(1-8)(2-6)(5-4)9-T7)
(1-8)(2-6)(3-4)(5-9)
(1-8)(2-6)(3-4)(5-4)
(1-7(2-A)(3-4(6 -5)
(1-8)(2-A)(3-6)(5-9)
(1-9(2-8)(3-6)(5-49)
(1-4)(2-9(3-6)(7-4)
(1-8)(2-4)(3-9)(4-5)
(I-9(2-6)(3-7)(9-5)
(1-7)(2 - A)(3 -6)(4 —5)
(1-6)(2-A)3-8)(5-7)
(1-9(2-4A3B-4(5-7
(1-9(2-A4)3-6)(4-5)
(1-6)(2-8)(3-7)(4 -5)
(1=7)(2 -9)(3 - A)(5 -6)
(1-9(2-6)(3-4)(5-7)
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B
90
90
90
90
90
90
90
90
120
120
120
120
120
120
120
120
120
120
120
120
120
120
120
150
150
150
150
150
150
150

180
180
180

B#
70
74
76
79
81
83
85
87
91
93
95

133
135
137
139
141
143
145
147
149
152
154
156
158
160
162
164
166
168

D

110
114
118
118
118
118
123
123
128
128
132
132
132
142
142

146
146
149
148
157
157
157
165
165
165
165
173
174

+ T

(1-3)(2-8)(5-T(9 - 4)
(1-3)(2-8)(5-T(9 -4)
(1-6)(2-3)(4-9)(8-7)
(1-4)(2-8)(3-A4)(5-6)
(1-9)(2-T7)(4 —A)8-5)
(1 -A)(2-8)(4-9)(7-5)
(1-8)(2 -4)(3-5)(6—-4)
(1-6)(2-3)(5-9)(8—A4)
(1-3)2-A4A)(4-8)(5-T7
(1-6)(2-5)(3-9)(A-8)
(1-9)(2-8)(3-6)(5-4)
(1-6)(2-7(3-9(5-9)
(1-A)(2-9)(3-8)(6-5)
(1-8)(2-6)(3-4(A-9)
(1-9)(2-5)(3-6)(A~-T)
(1-8)(2-4)(3-4)(7-5)
(1-7(2 -4)(3 -6)(8-5)
(1-9(2-A)(3-5)(4-7)
(1-8)(2-6)(3—-4)(5-4)
(1-5)(2-9)(3 -8)(6 —A4)
(1-49(2-8)(3-6)(7T-4)
(1-8)(2-4)(3-7)(6-9)
(1-A)(2-9)(4-8)(6-5)
(1-8)2 -3 -7(5-4)
(1-9)(2-A4)(3-4)(8-6)
(1-8)2-49H3B-7(5-4)
(1 =T)(2 -5)(3 -8)(6 — 4)
(1-8)2-9HB-7(5-4)
(1-5(2-7)(3-6)(8-4)
(1-5)(2 -6)(4 —9)(7-8)
(1-8)(2-=7)(3-9)(5-6)
(1-8)(2-6)(3-4)(5-4)
(1-8)(2-6)(3—-4)(5-9)
(1-8)(2-43B-7)(A-5)
(1-8)R-4H3B-7(6-5)
(1-5(2-9(3-7)(4-6)
(1-92-A(B-5(6-7)
(1-9)(2 —6)(3 -4)(5-3)
(1-9)(2-4)(3-6)(4-5)
(1-7(2-9(3 -6)(4 -5)
(1-8)(2-6)(3-9(5-T)
(1-9)(2 -6)(3—-4)(5-3)
(1-7(2-A(3-6)(4-5
(1=-7(2-9)(3-6)(4-5)
(1-7)(2-6)(3-4)(5-38)
(1-9)(2 -A4)(3-4)(5-6)



3-designs withy = 10, k=4

B B =D + T

180 169
180 171
180 173
210 175
210 177
210 179
210 182
210 184
210 186
210 188
210 190
210 192
210 194
210 196
210 198
240 200
210 202
240 206
270 209

174
176
176
179
182
182
186
190
194
194
194
198
195
198
202
203
210
203
208

(1=7)(2 =9)(3 - 4)(6 —5)
(1-7)(2 -9)(3 - 4)(6 —5)
(1-8)(2 =T)(3 —4)(9 - 5)
(1-9)(2-6)(3-8)(5-49
(1=7)(2 =9)(3 —8)(5 —6)
(1-9)(2-6)(3-T7)(4-9)
(1-A)(2-6)(3-4(5-9)
(1=92-=-53-7(6-9
(1-8)(2 -3 -5(6-4)
(1-9(2-D3B-6)(5-9
(1-7(2 =93 -5(4-6)
(1-9)(2-7)(3-5)(4-6)
(1 -4)(2-7)(3-6)(4-5)
(1=7(2-9)(3-5)(6-9
(1=7(2 =9)(3 -6)(4 -5)
(1-8)(2 =T)(3 -5)(4 -6)
(1-8)(2 =7)(3 -6)(5 —4)
(1-6)(2-9)(3-8)(7-4)
(1-6)(2 -9)(3 —8)(A-5)

21

B B*
180 170
180 172
180 174
180 176
210 178
210 181
210 183
210 185
210 187
210 189
210 191
210 193
210 195
240 197
240 199
240 201
270 205
270 207

=D
174
180
180
180
182
186
186
190
194
194
194
198
196
203
203
203
208
208

+ T

(1=7(2-9(3 -6)(4-5)
(1-92-6(3-54-7
(1-8)(2-6)(3-T(5-4
(1= A)(2 -8)(3-7)(5 —4)
(1-4)(2 - 8)(3 —4)(7 - 5)
(1=T7)(2 -6)(3 —4)(5—8)
(1=7(2 -4)(3 -5 -9)
(1-9)(2-8)(3-6)(5-4)
(1-9(2-8)(3-6)(5-9
(1-8)(2-A)(3-5)(4-6)
(1-4)(2-8)(3-6)(5-9
(1-82-6)(3 -4 -7
(1-6)(2 =9)(3 —4)(5 -7
(1-4)2 -T(3-6)(4 -5
(1-82-NB-6(4-5)
(1-8)(2-9)(3 -T)(4 -5)
(1-A)(2-9(3-5(6-9
(1-A(2-9B-6)(5-4)
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