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Abstract. In a previous paper all non-isomorphic decomposable 3-(12, 6 ,4) designs
without repeated blocks were determined. These results are extended here by allow-
ing repeated blocks. Under this condition there are 26 non-isomorphic decomposable
3-(12,6,4) designs of which 14 have repeated blocks. Key blocks and point permu-
tations for models of these designs are given along with descriptions of their automor-

phism groups.

Introduction

A t-(v, k, \) design D has as blocks subsets of size k taken from a point set of
size v. The blocks must be such that each ¢-subset of the v points is also a subset
of exactly ) blocks. A permutation on the points which maps the family of blocks
onto itself is called an automorphism of D. The set of all automorphisms under
successive applications forms the automorphism group of D for which we write
Aut D.

If D is such that the family of blocks contains a proper sub-family corre-
sponding to a t-(v, k, ;1) design (with g < X) then D is said to be decomposable
(or reducible). In a previous paper [1] we listed all non-isomorphic decomposable
3-(12,6,4) designs without repeated blocks. Such designs can be decomposed
into two 3-(12,6,2) designs. We found 12 such decomposable 3-(12,6,4) de-
signs. In this paper we allow repeated blocks and in consequence we find a fur-
ther 14 decomposable 3-(12,6,4) designs. We provide a model of each of the 26
decomposable 3-(12,6,4) designs and give descriptions of their automorphism
groups by providing sets of generators in each case. To help with the identification
of these groups we have referred to Coxeter and Moser [2] and to Hall and Senior

31
Block types

A 3-(12,6,4) design has 44 blocks which always occur in complementary (and
therefore disjoint) pairs [1], [4]. For a given block B, let n; be the number of
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blocks containing precisely i points of B,. Then each block of the design is of
one of three types [11, [4];

M M M MW MM W N
TypeAC: 1 1 5 30 5 1 1
TypeB: 1 0 9 24 9 0 1
TypeR: 2 0 0 40 0 0 2.

Thus blocks of Type R are always repeated. Blocks of Type AC can yield
blocks of two different types if a restriction is made to a 2-(11,5,4) design by
deleting a point x and all blocks not on x from the 3-design.

The methods used to determine the non-isomorphic designs with repeated
blocks are similar to those used in [1]. In addition a computer program was used
to list for each design all the point permutations of its automorphism group. Thus
the order of Aut D was known in all cases before an attempt to describe it was
made.

Models of decomposable 3-(12,6,4) designs

For each decomposable 3-(12,6,4) design the block set (of 44 blocks) can be
partitioned into two sets of 22 blocks with each set corresponding toa3-(12, 6, 2)
design. All3-(12,6,2) designs are isomorphic and have point cycles of length 11
in their automorphism groups. Since the blocks occur in complementary pairs any
3-(12,6,2) design can be constructed if just one block and one 11-point cycle
are known. Thus to construct a decomposable 3-(12,6,4) design at most two
distinct blocks and two 11-cycles need be specified. In Table I there are listed the
key blocks and key permutations needed to produce models of the decomposable
3-(12,6,4) designs. In addition to the information given in this table it should
be noted that;

() designs 1 to 12 inclusive all have [1 3 4 59 11] as a second key
block under the action of the second key permutation (01234 5
6789 10);

(i)  designs 13 to 26 inclusive all have [1 2 3 4 5 12] as a repeated key
block and all have 0 =(1 934567 8210 11) as a second key
permutation;

(iii)  if a block is in the design then its complement is also;

(iv) key permutations are not necessarily elements of the automorphism

group of the relevant design.

In Table IT we list for each design the number of blocks of each type, the order
of the automorphism group Aut D and the numbers and sizes of the point orbits.
If adesign has m orbits of size a, n orbits of size b, etc., then the entry in the point
orbits column is a™b"... . Thus am + bn+ --- = 12 alwaysand m + n+ ... is
the number of non-isomorphic ways of restricting each 3-design to a 2-(11, 5, 4)
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Design #AC #B #R |AuD |
Number Blocks Blocks Blocks

1 24 20 0 40

2 32 12 0 4

3 36 8 0 4

4 36 8 0 4

5 36 8 0 2

6 40 4 0 2

7 40 4 0 2

8 40 4 0 16

9 40 4 0 2

10 40 4 0 16
11 44 0 0 10
12 44 0 0 110
13 36 0 8 12
14 32 0 12 32
15 32 8 4 16
16 36 4 4 6

17 40 0 4 10
18 40 0 4 10
19 36 0 8 36
20 40 0 4 8
21 36 4 4 18
22 24 0 20 240
23 32 8 4 32
24 24 16 4 48
25 0 0 44 7920
26 0 40 4 1440

Design 1: Here |[Aut D| = 40. Aut D containsa = (0289 1115 10 7 4)
and B = (3 6).(14)(027 10)(5 9 8 11) for which o!® = g* = ¢ with
fo’ =o’B.1fS=a? and T = B2 then S5 = T2 = (ST)? = e. Thus S and T
generate a subgroup H order 20. In the notation of Coxeter and Moser [2, p. 134],
H =<2,2,5 > and H is ZS metacyclic. Since a> ¢ H and o® commutes with

Table I

all elements of Aut D we haveAut D~ H x C,.

Designs 2,3,4: For each of these | Aut D | = 4 with Aut D = C, x C,. Pairs of
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Point

Orbits
2110!
2441
122341
122341
1225
1225
1424
4181
1424
418!
2152
111!
11213161
418!
418!
11213161
1252
2110!
3261
2242
3261
2110!
418!
214161
121
121



generators are respectively

(47).(6 11).(09)(18), (08)(19).(23)(510);
(79).(12).(48)(56), (011).(12).(45)(6 8);
(12).(4 8)(56), *(011).(79).(4 6)(58).

Designs 5,6,7,9: For each we have | Aut D | = 2. The non-trivial elements are
(01).(23).(47.(510).(6 11),(01).(2 8).(35).(4 10).(6 9),(05).(18).
(37).(6 10) and (0 11).(1 4).(2 5).(6 8) respectively.
Design 8: With | Aut D | = 16 the group is generated by « = (3 6 10 8).(0 2 5
11197 4) and 8 = (3 6)(8 10).(2 4)(5 7)(9 11). These satisfy o® = g% =
(af)? =esoAutD = Ds. '
Design 10: The 16 elements of Aut D are generatedby o = (0 11 8 6).(14 2 3
95107)and 8= (6 11).(1 59 4)(2 3 10 7) which satisfy o® = 8% = e and
a*B = Ba’. Also (af)? = eand (af) a(af) = o’ soin the notation of Coxeter
and Moser [2, p. 134], Aut D &< -2,4|2 >.

Further Aut Dhas 1,5,6,4 elements of order 1,2,4, 8 respectively. There
is only one group of order 16 having this pattern of orders and that is #13 of the
list of Hall and Senior [3]. In their notation Aut D= TI'3a;.

Design 11: Here | AutD | = 10. Generatorsarea = (0 14 11 10).(2 59 3 8)
and B = (1 10)(4 11).(2 3)(5 9)(6 7). Since &® = B2 = (fa)? = e we have
AutD = Ds.

Design 12: With oo as a fixed point and working modulo 11 the whole design
can be developed cyclically from the starter blocks [134 59 ool, [267 8 10 oo]
and their complements. Aut D is the group of linear transformations x — ax + b,
a#0 (mod 11). Also Aut D is 2-transitive on the points other than co.

Design 13: Here |AutD | = 12. Sincea = (10 11) (23 4).(17 56 12 9) and
B = (10 11).(3 4).(5 6)(7 12)(19) are generators with a® = g2 = (af)? = ¢
we have Aut D = Dg.

Design 14: The group Aut D of order 32 is generated by three generators o =
(13119)(2568412710),8=(13119)(257 104 126 8), and
4 = (13)(11 9).(2 5)(4 12)(6 10)(7 8). Forthese o® = % = 4% = ¢,
B? = a® and Bya = e. Also Aut D has 1,15,8,8 elements of order 1,2,4,8
respectively. This pattern uniquely determines the group which is #44 of the table
of Hall and Senior [3]. For this group they write I's ;.

Design 15: The 16 elements of Aut D are generated by o = (3 5)(8 11) (12 4
12)(69107),8=(38)(511).(16410)(29127)andy = (3 8)(511).(1
7 4 9)(2 10 12 6). These satisfy a* = B* = 1* = ¢,a? = f> = 4%, af = Ba
and 78 = B. There are 7 elements of order 2 and 8 elements of order 4; an
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element of order 4, 8, commutes with all elements. The group #8 of Hall and
Senior [3] is uniquely defined by these properties.

Alsoif R = 87,8 = fya, T = Bo’ then R2 = §2 = T2 = (ST)* =
(TR)* = (RS)* = e. Therefore Aut D ¥<2,2,2>, in the notation of Coxeter
and Moser [2, p. 30].

Design 16: Here Aut D, of order 6, permutes the points 6, 8, 10 in all possible
ways so Aut D = S3. Generators are o = (6 8 10).(1 4 5)(2 12 3) and 8 =
(8 10).(9 11).(1 2) (3 4)(5 12) for which o&® = 82 = ¢ and Baf = o?.

Design 17: In this case | Aut D | = 10. Two generators are . = (12 5 3 4) (6
97118)andB=(24)(35).(6 8)(9 11). Forthesea® = f2 = (af)2 =e. It
follows that Aut D =~ Ds.

Design 18: Here | Aut D | = 10 also, but & € Aut D where o= (4 7).(1 6 12
10 2 9 3 8 5 11). Therefore Aut D = C)o.

Design 19: The group Aut D has three point orbits two of which are {2,3,4}
and {8,10,11}. Any permutation on the first of these appears with any per-
mutation on the second just once. Since | Aut D | = 36 it follows that Aut
D = 83 x 83. Generators are « = (3 4).(8 11 10).(16 129 5 D, B =
(24).(81011).(1657129) andy=(234).(810).(16 59 12 7). These

satisfy a® = 85 = 1% = ¢, a* = %, ya = By, af = 1*.

Designs 20: The 8 elements of Aur D are generated by o = (112)(7 11)
(2354).(69108)and = (112).(2 3)(4 5).(6 9)(8 10). Since a* =
8% =(apf)? = ewehave AwD = D,.

Design 21: For this design | Aut D | = 18. Two of the three point orbits are
{6,8,10} and {7,9,11}. On the first Aut D acts as Cs; on the second as Ss.
Each permutation needed for the direct product of C and Sj is present. Conse-
quently Aut D = S3 x Cs. To generate the group use o = (6 10) (7911).(124
3512)and 8= (6 8).(7 9 11).(13 4 12 5 2). For these o = B° = e and
o? = g2,

Design 22: Here | Aut D | = 240. The transposition (2 4) belongs to Aut D.
Two elements fixing 2and 4are R = (1 6 12 8 7)(5 11 10 9 and T =
(139)(57 8126 10) for which T® = RS = (RT)? = e. Therefore R and T
generate Ss (Coxeter and Moser (2, p. 137]). Consequently Aut D = Ss x C,.

Design 23: In this case Aut D, of order 32, can be generated bya=(294 11).
(1657310128),4=(29411).(17126 385 10) andy = (2 9)(4 11).
(16 3 10)(5 8 12 7). These satisfy o® = 8% = 4* = ¢, 0 = 4%, a? = 6,
aff = fa and afy = yaf. The centre of the group is generated by 42 and o8
and has order 4. There are 1,11, 12,8 elements of order 1,2,4, 8 respectively.
From these properties we find that Aut D is isomorphic to #27 on the list of Hall
and Senior [3]. They label it [3¢;.
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Design 24: The 48 elements of Aut D are generated by o = (7 9 8).(12 3 12
45 andB=(610).(79 118).(234 5). Herea® = f* =eand &’ B = Ba’.
IfT =a?Band S = Bthen $* = T2 = (ST)3 = e 50 S is a subgroup (Coxeter
and Moser [2, p. 134]). This subgroup does not contain o> which commutes with
all elements. Therefore Aut D = Sy x C,.

Design 25: Every block in the design is repeated. The group is that of the well-
known 3-transitive 3-(12, 6 , 2) design which is the unique extension of the unique
Hadamard 2-(11, 5, 2) design. For the 3-design | Aut D | = 7920.

Design 26: Here | Aut D | = 1440. Two elements are (394 10)(1627 58 12
11) and (1 2)(3 4 5)(6 10 9 8 7) so Aut D is 1-transitive on points. The stabilizer
(Aut D)(12) has two point orbits one of whichis {1, 2, 3, 4, 5}. Each element of
(Aut D)1y contains a unique permutation of this set. Since | (Aut D)12| = 120
we must have (Aut D)(12) & Ss.
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