A greedy search for maximal partial spreads in PG(3,7)
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In this short note we present maximal partial spreads in PG(3,7) consisting of
23, 24 and 25 lines. This result extends some of the results of ours. In [3] and [4]
we gave a construction of maximal partial spreads in PG(3, ¢) that in the case
g = 7 produced maximal partial spreads consisting of n lines for any integer n in
the interval 26 < n< 44. '

Throughout this note we use the same notation as in [3]: PG(3,7) is viewed
as a direct product V = GF(49) x GF(49) wherc GF(49) is considered as
a vector space over the finite field GF'(7). Lines of PG(3,7) corrcsponds to
2-dimensional subspaces of V. Lo, denotes the linc {0} x GF(49) and [a, b]
denotes the line {(z, az + bz") |z € GF(49)}. Let 1 be a primitive clement of
GF(49) and let H denote the multiplicative subgroup {i°,i¢,1'2,...} of GF(49).
By Lemma 2.2 of [3] aline L of V is skew to L, if and only if L = [a,b] for
some clements a and b of GF(49) and two lines [a, b] and [c, d] intersect if and
only if a — ¢ = (b — d) h for some element h of F. We cnumerate the 2401 lincs
of PG(3,7) skew to L, in the followmg\way by using the tables of Bmscy [1):
We give the line [a,b) the number 3438+ 49a+ 76+ x+ 1ifa=i* = ai+ 8
andb = i = xi+ 6. (Ifa = 0orb =0 then (o, 8) = (0,0) respectively
(x,8) =(0,0).)

The following three sets of lines will together with the line Lo, constitute the
maximal partial spreads mentioned above:

Sy = {1861,388, 1803 222,358,479, 1676 ,998,2021, 1986 , 884 , 262 ,
2114,2282,64,1369,1290,771,446 , 1335, 1009, 159 }

S = {233, 115,437, 1378,300, 1403, 1310, 2175,979, 1927, 189, 1240,
762,2096, 1487, 1957, 17491623, 1904 , 325,476 , 202, 2357}

S5 = {429,790, 1936 ,1697,921,2103,757, 1268, 1899, 2083 , 1344, 388,
2385,915,1272,948, 11,2291, 1970, 317, 2329, 951,912,981} .
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We found these maximal partial spreads by repeating the following greedy al-
gorithm 2080 times:
1. Enumerate, as above, the 2401 lines of PG(3,7) skew 10 L.
2. Choose at random five mutually skew lines of these 2401 lincs. Dcnolc
this set of lines by C. Complete C with the lin¢ L.
Let R(C) denote the set of lines that do not intersect any of the lincs
of C. Forany L € R(C), n{C, L) denotes the number of lincs of R(C)
that intersect L.
3. Choose aline L°P of R(C) such that n(C, L) > n(C, L") forany L' €
R(C) andif n(C, L°P) = n(C, L) for somelinc L of R(C) then L% > L.
4. Let C be completed with L° and go to 3.
The algorithm stops when R(C) is empty.

Certainly, the result of these 2080 trials very much depends on the way the
random numbers are produced. We used a preprogrammecd random process of a
- Lightspeed compiler for a Macintosh Plus computcr. Anyhow, the result of these
trials were as follows:

no.oflines| 23 24 25 26 27 28 29 30 31 32 33 34
frequencel 3 70 495 700 521 206 49 12 6 0 0 2

35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
o 1.1 3 0 1 0 4 1 1 0 0 O O 0 4

Remark 1: We also made similar trials by choosing anothcer amount of random
lines. Anyone is very welcome to write to us for further information. We also
made trials where step 3 in the algorithm above was changed to the following:

3’. Choose a line L° of R(C) such that n(C, L°?) < n(C, I.") forany I, €
R(C) andif n(C, L) = n(C, L) forsomelinc L of R(C) then P > .

With 5 randomly chosen lines and 221 trials the result was as [ollows:

numberol'linesl 23 24 25 26 27 28 29 30 31 32 33 34
frqence | O 0 0 O O O 0O O 0 0O 0 0

35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
0 7 7 20 21 25 22 24 23 13 0 O O O 0O &

Remark 2: Glynn has proved [2] that any maximal partial spread in PG(3,q)
contains at least 2q lines. As far as we know nobody has presented a maximal
partial spread in PG(3,7) with nlines for any nin the interval 14 < n < 22.
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