RECTANGULAR DESIGNS WITH VARYING REPLICATES
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Abstract. The concept of rectangular designs with varying replicates is introduced.
A class of such designs is constructed with an example.

1. Introduction.

The balanced bipartite block designs studied among others by Corsten (1962),
and Kageyama and Sinha (1988) may be considered as an extension of group di-
visible designs which are 2-associate partially balanced incomplete block (PBIB)
designs. Here, the concept of rectangular designs with varying replicates is newly
introduced by extending the concept of the usual rectangular designs which are
3-associate PBIB designs. These designs may be useful for m x n factorial ex-
periments with varying replicates.

A rectangular design with varying replicates is an incomplete block design with
v(= mn) treatments arranged into b blocks each of size k(< v) such that
(i) the mn treatments can be arranged into m rows and n columns;
(ii) each treatment in the ith column is replicated r; times fori = 1,2,... ,x;
(iii) with each treatment in the ith column (i = 1,2,...,7n), the treatments
(a) in the same row occur \; times (that is, they are called first associates),
(b) in the same column occur \;(2) times (that is, they are called second as-
sociates), (C) others occur A3 times (that is, they are called third associates).
Let n; be the number of the ith associates of any treatment. Thenn; = n— 1,
m =m— 1,andn3 = (m — 1)(n— 1). The following conditions hold among
the parameters of a rectangular design with varying replicates:
3 n
v=mn Yy m=v—1,mY r=bkmh +mli +mds = ri(k—1).
j=1 i=1
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2. Construction.

Theorem. There exists a class of rectangular designs with varying replicates and
having parameters

v=2(4t+1)=b, 11 =2(2t+1), 1, =4t, k=4t+1,
M =4t Ay =2t+1, My =2t —1, A3 =28;
m=1l,m=m=4t, m=4t+1,n=2,

where 41 + 1 is a prime or a prime power and t is a positive integer.

Proof: Let4t+ 1 be a prime or a prime power for a positive integer ¢. It is known
(¢f. Raghavarao (1971; Theorem 5.7.5)) that by developing (z°, 22, ... ,z*~2)
and (z,2%,...,2%"1) mod (4t+ 1), where z is a primitive element of GF (4t +
1), a balanced incomplete block (BIB) design with parameters

v=4t+1,b=2(4t+1), r=4t, k=2t, A =2t—-1 .1
and its complementary BIB design with parameters
v=4t+1,b=2(4t+1), r=2(2t+1), k=2t+1, A=2t+1 (22)
can be constructed. Then, by developing the initial blocks

(0,2°,2° + 00,22, 2% + 00, ... ,z**2  1*2 4 o0)

0,2,z + 00,23, 1> + 00, ... , x4, 241 + o0) (mod 4%+ 1)

where z is a primitive element of GF(4t + 1) and oo (= 4t + 1) will remain
constant during the development, we can obtain a rectangular design with varying
replicates and having the required parameters. Here, letthe (4 ¢+ 1) x2 array (after
reducing the power cycle expression of z in GF (4t + 1)) be given as follows.

0 41+ 1
1 4t+2
2 4t+ 3
4t 8t+1

Since the elements of the first column occur 2t + 1 times in the blocks developed
from each of the initial blocks, we have r; = 2(2t + 1); also since the elements
of the second column, denoted as z* + oo, occur 2¢ times in the blocks developed
from each of the initial blocks, we have r, = 4t. Now, since the treatments in
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the first group alone form a BIB design with parameters (2.2), we have \y(z) =
2t + 1, and the treatments in the second group alone form a BIB design with
parameters (2.1), we have A2y = 2t — 1. Furthermore, since an z* and z* + oo
occur together 2t times in blocks generated from each of the initial blocks, \; =
4t, and any two treatments neither in the same row nor column occur together
A3 =(2 x2t+4t(2t— 1)) /(4t) = 2t times. 1

Example: The above theorem for ¢ = 1 yields a plan for a rectangular design with
parameters

v=b=10,71=6,m2=4, k=5, M1 =4, A =3,
o=, a=2m=1l,m=m=4, m=5,n=2,

whose blocks are given by

(01469),(01257),(12368),(23479),
(03458);(02378),(13489),(02459),
(01356),(12467),

where the 5 x 2 rectangular array is expressed as

N
O 00NN W

Here, 2 is a primitive element of GF(5).

Acknowledgement.

The authors would like to thank the referee for his comments to improve the
readability of the paper.

References

1. L.C.A. Corsten, Balanced block designs with two different numbers of repli-
cates, Biometrics 18 (1962), 499-519.

2. S. Kageyama and K. Sinha, Some constructions of balanced bipartite block
designs, Utilitas Math. 33 (1988), 137-162.

3. D. Raghavarao, “Constructions and Combinatorial Problems in Design of
Experiments”, John Wiley, New York, 1971.

29



