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Abstract. It is proved in this paper that for any given odd integer A > 1, there exists
an integer vp = vo (), such that for v > vo, the necessary and sufficient conditions for
the existence of an indecomposable triple system B(3,); v) without repeated blocks
are \(v—1) =0 (mod 2) and Av(v—1) =0 (mod 6).

1. Introduction.

Let V be a finite set containing v elements and ) be a given positive integer, an
X-fold triple system on V', denoted B(3, ); v), is an ordered pair (V, B) where B
is a collection of 3-subsets (called blocks or triples) of V, such that each pair of
distinct elements of V is contained in exactly X triples. A triple system B(3, X; v)
is called simple and denoted NB(3, ); v) if it contains no repeated blocks.

Let (V,B) be a B(3, \; v), if there exist B; C Band 1 < A\ < X such that
(V,B;) is a B(3,)1;v), then (V,B) is called decomposable. Otherwise it is
called indecomposable.

In this paper, we consider the existence of indecomposable triple systems with-
out repeated blocks. It is not difficult to show that the following are necessary
conditions for the existence of an indecomposable NB(3, \; v):

Mv=1)=0 (mod 2)
M(v—=1)=0 (mod 6) 1)
A<v—2.

In the case A = 1,aB(3, 1;v) is called a Steiner triple system. Obviously, any
Steiner triple system is both simple and indecomposable. It is well known ([S])
that there exists a B(3, 1; v) if and only if

v=1,3 (mod 6). ' )
For given )\ > 2, it is difficult to determine the existence of an indecomposable
NB(3, )\; v) . The problem is completely solved only for A = 2,3 and 4. A.P.
Street ([9]) proved that there exists an indecomposable NB(3,2; v) if and only if
v=0,1 (mod 3), v>3 and v#7 A3)

and there exists an indecomposable NB(3, 3; v) if and only if

v=1 (mod 2), v>3. O]
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C. J. Colbourn and A. Rosa ([2]) proved that there exists an indecomposable
NB(3, 4; v) if and only if

v=0,1 (mod 3), v>10. ®)
The present author ([7]) proved that there exists an indecomposable NB(3, 6; v)

if and only if
v>8 and v#9 ©)

with the following six possible exceptions:
v=10,11,12,13,15 and 16.
In general case, we have the following conjecture:

Conjecture ([2], [4]). Let ) be a fixed positive integer. Then there exists vy =
vo () such that forv > vo, there exists an indecomposable NB(3, \; v) if and
only if \(v—1) =0 (mod 2) and v(v—1) =0 (mod 6).

In this paper, we will prove this conjecture for any odd ).

2. Recursive constructions.
Let K be aset of positive integers. A pairwise balanced design (PBD) S(2, K; v)
is an ordered pair (V, B) where V is a finite set containing v elements, B is a
collection of subsets (called blocks) of V' such that for any block B € B, |B| € K,
and each pair of distinct elements of V is contained in exactly one block.

For a given set K of positive integers, let

B(K) = {v| thereexistsan S(2, K;v)}.
If B(K) = K, then K is called a PBD-closed set.
Let ) be a given positive integer, let
INB()) = {v| there exists an indecomposable NB(3,); v)}.
Lemma 1. INB()\) is a PBD-closed set.

Proof: Let (V,B) bean S(2, K;v) suchthat k € INB()) foreach k € K. For
any B € B, |B| = k, form an indecomposable NB(3, \; k) and let A g denote the
collection of its blocks. Let

A = U AB.

Then (V, A) is an indecomposable NB(3, \; v).

To give further recursive constructions of indecomposable simple triple sys-
tems, we introduce the following definitions.

Let(V,B)bea B(3,);v). LetV; C V, By C B,if (V4,B;) isa B(3, \; v1),
then (V1, B;) is called a subtriple system. The following lemma is obvious.
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Lemma 2. If a triple system contains an indecomposable subtriple system, then
it is also indecomposable.

A transversal design TD(k, \; n) is an ordered triple (V,G,B) where V is a
v-set, v = kn, G is a set of n-subsets (called groups) of V, G partitions V and B is
a collcction of k-subsets (called blocks) such that any block intersects each group
in exactly one element, and each pair of elements from distinct groups is contained
in exactly X\ blocks. When X = 1,a TD(k, X; n) is usually denoted TD(k,7) .

A TD(k, \; m) is called simple if it contains no repeated blocks. Two simple
TD(k, )\; n) on V with same group set G are called disjoint if they have no com-
mon blocks. From ¢ pairwise disjoint simple TD(k, \; n), we can obtain a simple
TD(k,t\;n).

Lemma 3. For any positive integer n, there exist n pairwise disjoint simple
TD(3,mn).
Proof: LetGi = Z,, G2, G3 be three disjoint n-setsand V = G1UG2 UG3 . Form
aTD(3,n) onV with Gy, G, ,and G as groups and denote itby (V,G, Bo) . Now
let

B: = {{a) + i,a2,03}/{a1,02,03} € Bo,(a1,02,083) € G1 X G2 X G3}.
Then for each i € Z,,(V,G,B;) is a TD(3,n). (V,G,B) and (V,G,B;) are
disjointif 1 # j.

Corollary. If1 < )\ < n, then there exists a simple TD(3, \; n).
Lemma 4. If there exists a B(3, 1; v1) and there exists an indecomposable

NB(3, \; v2) containing a subtriple system B(3,X; v3). Then there exists an in-

decomposable NB(3, \; vi(vy — v3) + v3).

Proof: Let X be a v, -set and for each z € X, z is a set containing v2 — v3 points:
z={T1,T2,-- , Tug—uy }-

Let (X,B) be aB(3,1;v;) on X. Foreach B € B, B = {z,y,z}, form
asimple TD(3,); v; — v3) with {z1,22,... ,Tu,—0s }> {41, ¥2, ... y Yup—vs } @nd
{z1,22,--- ,2u,—v, }as groups and denote the block set by Ap. Let V3 be a vz -set,
Va N {z1,22,... ,Tsy—vs } = O for each z € X . Form a simple B(3,; v3) on
V5 and denote the block set by A’. For each z € X, form an indecomposable
NB(3, )\; v2) containing (V3,.A’) as a sub B(3, \; v3), denote the block set by

A;UA' Let
U{zl,... ,z.,,_.,,}}

zeX

A=A’U{ UA,}u{ UAB}
z€X BeB
then (V, A) is an indecomposable NB(3, A; vi(v2 — v3) + v3).

—
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Lemma 5. If there is an indecomposable NB(3, \; v), then there exists an inde-
composable NB(3 ,)\;2v + 1).

Proof: It is proved ([6]) that any NB(3, ); v) can be embedded in an NB(3, \;
2v + 1). Thus from Lemma S, if the NB(3, ); v) is indecomposable, then the
NB(3, X; 2v + 1) is also indecomposable.

For the same reason, as is proved ([7] ) thatif A =0 (mod 3) andv > \ + 4,
any NB(3, ); v) can be embedded in an NB(3, ); 2v+ 3), we have the following
result:

Lemma 6. Suppose =0 (mod 3) andv > \+ 4. If there exists an indecom-
posable NB(3, X\; v), then there exists an indecomposable NB(3, \;2v + 3).

3. Proof of the main result.
Let K be a set of positive integers, finite or infinite, let

a(K) =gcd{k—1|ke€ K}
B(K) = gcd{k(k—1) | k€ K}.

Lemma 7 ([10]). For a given set K of positive integers, there exists an integer
vo such that forv > vo, v € B(K) ifand only if

v—1=0 (mod a(K))

v(v—1)=0 (mod B(K)). M

Now we are ready to prove our fundamental lemma.

Lemma8. Foragiven) =1 (mod 2), if there is an indecomposable NB(3 , \;
vo), then there exists a constant c = c(vo,)\) such that forv > c, there exists an
indecomposable NB(3, \; v) if and only if

Mv=1)=0 (mod 2)
MM(v=1)=0 (mod 6) ¢))
A<v—-2.

Proof: I)If A =1,5 (mod 6) . Then the necessary conditions (1) become
v=1,3 (mod 6), v>A+2. ®)
Ifv = 1 (mod 6), then 2v9 + 1 = 3 (mod 6). By Lemma 5, there is an

indecomposable NB(3, \; 2vo + 1) . Thus, without loss of generality, we may
suppose vo = 3 (mod 6).
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As there is an indecomposable NB(3, \; vg), we can construct an indecompos-
able NB(3,); 2vo + 1) containing a sub NB(3,); v9). InLemma 4, letv; = 3,
vy = 2vp + 1 and v3 = v, then

v=v(vz —un)+v3 =4y +3 € INB()),

and then
{vo,2v0 + 1,4v0 + 3} C INB ()).

Let K = INB()\). It follows from (8) that
' a(K) >2,  B(K) >6.
On the other hand, as vo = 3 (mod 6), we have
(vo(vo — 1),(2vp + 1)2vp) = vo(vo — 1,2(2vp + 1)) = 2vp.
So we have
a(K) < (vo—1,(2v0+1) —1) = (v —1,2) =2
and

B(K) < (vo(vo — 1),(2v0 + 1)2v0,(4v0 + 3)(4v0 + 2))
= (2vo, 16v3 + 20w + 6) = (2v,6) = 6.

Hence a( K) = 2,8(K) = 6. From Lemma 7 and Lemma 1, the conclusion then
follows.

(D If A =3 (mod 6). Then the necessary conditions (1) become

v=1 (mod 2), v>A+2. )
Ifyg =3 (mod 6),then2vp+ 1 =1 (mod 6). Ifvg =1 (mod 6), then v
> M+4,and2vp+3 =5 (mod 6). By Lemmaé6, there exists an indecomposable
NB(3, \; 2vp + 3). Thus we may suppose vo = 5 (mod 6). By Lemma 5, we

have
{vo,2vo +1,4v0 + 3} C INB()).

Let K = INB ()\). It follows from (9) that,
al(K) >2, B(K)2>2.
On the other hand, as vp = 5 (mod 6), we have

(vo(vo —1),(2vo + 1)2vp) = vo(vo — 1,6) = 2vo.
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Then
’ a(K)g(vo—l,(2v0+1)—l)=2

and

B(K) < (vo(vo —1),(2v0 + 1)2v0,(4v0 + 3)(4vp + 2))
= (2v9,16v3 + 20w + 6) = (219,6) = 2.

Hence a( K) = 2,B(K) = 2. This completes the proof.

It is proved ([3]) that for any positive integer X\ with A\ = 1 (mod 2), there
exists an indecomposable NB(3, \; v) for some v. Combining this result with
our fundamental lemma, we have proved the main theorem:

Theorem. Let) > 1, A = 1 (mod 2). Then there is a constant vy = vo())
such that forv > v, there exists an indecomposable NB(3, \; v) if and only if

Mv—1)=0 (mod 2)

AM(v—1)=0 (mod 6). (10)
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