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Abstract. Let z, 13, ..., , be commuting indeterminates over the integers. We say
av XV X- -+ X v ndimensional matrix is a proper n-dimensional orthogonal design of
order v andtype (s),82, .-, 3) (written OD™(sy,s3,...,8y)) onthe indeterminates
Z1,%2,..., Ty if every 2-dimensional axis-normal submatrix is an OD(s1,82,...,3r)
of order v on the indeterminates z;,22,-..,Zr. Constructions for proper oD*(1?)
of order and OD™(14) of order 4 are given in J. Seberry (1980) and J. Hammer and
1. Seberry (1979,1981a), respectively. This paper contains simple constructions for
proper OD™(12), OD®(1%), and OD"(1®) of orders 2, 4 and 8, respectively. Prior
to this paper no proper higher dimensional OD on more than 4 indeterminates was

known
1. Introduction
By a proper n-dimensional orthogonal design of type (s1,32, ..., sr) and order
v on the indeterminates t1,%3,...,T, (Written OD"(sy, 82, ...,8,)), We mean

an n-dimensional array (a;,;,..;,) of order v (here 1 < i; <vand1 <j < m)
where every v x v 2-dimensional sub-array obtained by fixing all but two indices
isan OD(sy,s3,...,s,) on the indeterminates zi, 73, ..., z,. We will call these
2-dimensional sub-arrays 2-sections.

Since P. J. Shlichta’s pioneering paper (1971), a number of authors, includ-
ing S. Agaian (1981a,1981b), W. de Launey (1987,1989), W. de Launey and K.
J. Horadam (1990), J. Hammer and J. Seberry (1979,1981a,1981b), J. Seberry
(1980) and Yang Yi Xian (1986a,b,c) have studied higher dimensional Hadamard
matrices, weighing matrices, and orthogonal designs. In particular, J.Seberry
(1980) constructed proper OD™(12) of order 2, and J. Hammer and J. Seberry
(1979,1981a) constructed proper OD™( 1%) of order 4. This paper contains sim-
ple constructions for proper OD"(12), OD™(1*), and OD™(1?) of orders 2, 4
and 8, respectively.

1Warwick de Launey is with the Defence Science and Technology Organization, Electronic Research
Laboratory, Communications Division.
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2. The Designs

2.1 Definition: Let Dbean OD(sy,s32,...,s,) (where s; > 0) of order v on the
indeterminates z;,z3,...,,, and let z = {z1,7,,...,,} . Also, let H be an
abelian group, and suppose that D may be indexed over H so that, for some maps
ftHx H—{1,-1}andg: H - X U {0},

@) D= (f(h1,h2)g(h1 + h3))

(ii) for all k € H, the design (f(hy,hy)g(k + hy + hy)) is an orthogonal

design.

Then we say D is transversable over H. Also, we say D is transversable if there
is some group H over which D is transversable.
2.2 Example: Certain OD(12), OD(1%), and OD(13) are shown below with
co-ordinatisations, which satisfy Definiton 2.1(i), over the respective groups Z%,
t=2,3. (The group Z, = {0, 1} is written additively). The columns are indexed
by hy and the rows are indexed by h; . For example g(00) = a and £(011, 101) =

-1.
00 a b ¢ d
01 b —a —-d ¢
10 ¢ d —a -b
11 d —c b —a
00 01 10 11
000 a b c d e f g h
001 b —a -d c —f e h -—g
010 ¢ d —-a -b —g -—h e f
011 d —c b —a -h g —f e
100 e f g h —-a —-b - -d
101 f —e h —g b —a d —c
110 g —-h —e b c —-d -—a b
111 A g —f -—e d c b -a
000 001 010 011 100 101 110 111
23 Lemina.

(i) Iftheorderofan OD D is the same as the order of X , then D is transversable
if and only if there exists some group H and some maps f: H x H —
{1,-1} and g: H — X U {0} for which condition (i) of Definition 2.1
holds.

(ii) Al Hadamard matrices are transversable over any abelian group of the same
order.
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(iii) If E is a Hadamard matrix of order t and D is a transversable OD(s;, s2,
..., 8,) of order v, then the direct product design E x D is transversable.

Proof:

(i) Theforward implication is immediate. Now suppose D = ( f(h1,h2)g(h1+
h2))(hi1,ha € H) is an OD(1") of order v, and that k € H; then E; =
(f(h1 + h2)g(k + hy + h2)) = (f(h1, h2)g(mw(hy + h2))) where w is a
permutation on H. Hence, for all k € H, E; can be obtained from D by
relabelling indeterminates, and Ey is therefore an OD(1%).

(ii) Given E = (e;;) an Hadamard matrix of order v, let H = {a1,02,...,0,}
be an abelian group of order v, and define f: H x H — {—1,+1} so that
f(ej,a;) = e;jjandg: H — {—1,+1} so that, forall h € H, g(h) = 1.
Then E = (f(hy, h2)g(h1 + h2)) and part (ii) of Definition 2.1 is trivially
satisfied because g(k + h) = g(h) forallh,k € H .

(iii) This is left to the interested reader.

It happens that all the OD(12),0D(1%),and OD(1#) of the respective orders
2.4, and 8 (see J. Wallis (1970) for a discussion of these designs) satisfy Lemma
2.3(i) for the respective groups Z; = 1,2,3; so they are all transversable. In
particular, the designs shown in Example 2.2 are transversable.

2.4 Theorem. Let n > 2 be an integer. Let H be a finite abelian group, let
X ={=z,12,...,,} beaset of commuting indeterminates, and let D;; (n > 1 >
j> 1) beOD(s1,82,...,s)( where s; > 0) of order v on the indeterminates in
X.Let fij: HxH — {1,-1}(n>1>j > 1) and g: H —» XU{0} be maps,
and suppose Dij = ( fij(h1, h2)g(h1 + h2)) are all transversable over H(ie. for
all k € H, Ejik = (fij(h1,h2)g(k+ hy + h3)) isan OD(s1,82,...,8,)). For
allhy,hy,...,hs € H, put

Fhi,hayeoh) = T FisChishy), @1)

n2i>j21
and let D be the n-dimensional design of order H where
D = (f(h1,h2,...,ha)g(h1 + ha + --- + hy)).

Then D is a proper OD(s1,82,...,8,) on the indeterminates in X .

Proof: Letiandj beintegerssuchthatn >4 > j > 1. LetA(hi,...,hj,..., hy)
be the product of all the terms in (2.1) whichdo not depend on h;, and let B(hy,.. .,
hi, ..., hy) be the product of the terms in (2.1) which depend on h; but not h;; then

f(hl,...,hj,...,hj,...,h,,) =
AChyy..oyhjy oo he) B(hy, .o by ) f(hay By),
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where A(hy,...,hj,...,hs) and B(hy,...,hj,...,h,) are independent of h;
and h;, respectively. Note that the range of A(h,,... ,71,-,.. .,hy) and B(h,,...,
hi,..., ha) is {—1,+1}; so any 2-section of D which is indexed by h; and h; is
equivalent to a design of the form ( f;;(h;, h;) g(k+ hi+ h;)) where k € H; so, by
Definition 2.1, every section of D is an OD(sy, s2,...,s,) on the indeterminates
T1,T2y¢00yTyp.

2.5 Example: We apply the theorem to the three transversable OD(14) below.
We use the indexing described for the O D(14) in Example 2.2.

a b ¢ d a b ¢ d —a b ¢ d
b —a —-d ¢ b —a d -—c b a —-d ¢
c d —a -b c —d —a b c d a -b
d —c b —-a d ¢ -b —-a d —¢c b -a
D Dy D3z
The following four 2-sections make up a proper OD?(1%) of order 4.
—a —-b —c -d b —a d -c
b —a —d c a b — —-d
c d —a -b —d c b —a
d —c b —a c d a b
hz =00 hy =01
c —d -—-a b d ¢ =b —a
d c b a —c d —-a b
a -b c —d b a d c
—b —a d c a =b —c d
h3 =10 hy =11

2.6 Example: If we apply the theorem with n = 3 and D,; = D3; = Ds; equal
to the OD(1%) given in Example 2.2, we obtain the O.D?( 1) with the following
h3 -axis normal sections. (The rows are indexed by h; and columns by h; ; so the
(010,101,001) th entry is —e and the (101,010, 011)th entry is e.)

a b ¢ d e f g & b —a -d ¢ —-f e h —g
b —a —c d -f e h —g —a —-b —c -d —e —-f —g -k
c d -a =b —g -h e f d —¢ b —a h —g f -—e
d —¢c b —-a -h g —-f e - —d a b —9g - e f
e f g9 h —-a —=b —c —d f —e —-h g b —a —-d ¢
f —-e h —g b —=a d -c —e —-f ¢ h a b —c —d
g -h —-e f ¢ -d —a b —h —g9g —f —e d ¢ b a
h g —f —e d ¢ =b -a g -h e —f —c d —-a b

h3 =000 h3 =001
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2.7 Corollary. Suppose there exists an Hadamard matrix of order t; then there
exist proper OD™(t%), OD™(t*), and OD"(t®) of the respective orders 2t, 4t,

and 8t.
Proof: The result follows from Lemma 2.3 (i), (ii), and (iii) and Theorem 2.4.
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