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Abstract. We characterize those digraphs that are the acyclic intersection digraphs of
subtrees of a directed tree. This is accomplished using the semilattice of subtrees of a
rooted tree and the reachability relation.

1. Introduction

Among intersection graphs, subtree graphs, representing the intersections of a
finite family of subtrees of some tree are well known. These graphs are often called
chordal graphs and are characterized [1,5] by not having any induced cycles of
length greater than three. Subtree graphs have found applications in evolutionary
studies and Gaussian elimination, for example.

We now introduce a digraph version of subtree graphs based on the general
intersection acyclic digraph model given in [3]. All terms and notation not explic-
itly defined here can be found in [2] or [4]. All graphs are finite and throughout, a
digraph D has node set V and arc set A, written D = (V, A).

2. Subtree acyclic digraphs

First we recall a definition and result from [3). For (X, <) a partially ordered
set (poset) and S a subset of X, let inf (S) denote the greatest lower bound of
S, if it exists. Let Sy,...,S, be subsets of X such that inf (S,),...,inf (S,)
exist and are distinct. The intersection acyclic digraph of S, ,...,S, in (X, <)
is the digraph D = (V, A) where V = {v1,...,v,} and v;u; € A if and only if
SiN S, # 0 and inf (S;) < inf (S;). It can be shown that a digraph is acyclic if
and only if it is an intersection acyclic digraph. Thus, as is the case for ordinary
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intersection graphs, we will get interesting results only by placing restrictions on
the poset, the subsets, or both. A natural restriction on the poset is to make it
the real line and to take the subsets to be intervals. This was investigated in [3].
Another very general restriction on the subsets is convexity. A subset S of X is
convex if and only if when a,b € Sand z € X satisfya < z < b,thenz € S.
Clearly the convex subsets of the real line are the intervals.

Recall that a (lower) semilattice is a poset in which every two elements have a
greatestlower bound. A tree semilattice (T, <) is a semilattice such thatz, y, 2€T
with 7,y < z implies z < y or y < z. We will restrict ourselves to finite tree
semilattices, so that there is a unique minimal element of T'. Note that the convex
subsets of a tree semilattice are subtrees. We can now state our digraph version
of subtree graphs. A subtree acyclic digraph is the intersection acyclic digraph
of subtrees in a tree semilattice. That is, D = (V, A) where V = {v1,...,v,}
is a subtree acyclic digraph when there exist a tree semilattice T' and subtrees
Ty,...,T, of T with the inf (T;) distinct such that v;u; € A if and only if T;N
Tj # 0 and inf (T}) < inf (T}). From now on we will let m; = inf (T}), and we
say that D is represented onT.

Also recall that a digraph D = (V, A) is acyclic if and only if there is a labeling
of the nodes vy, ..., vy, SO that v;u; € A implies i < j. It is well known that every
acyclic digraph contains at least one node with indegree zero, which is called a
transmitter [4] if it is not an isolated node.

Theorem. A digraph D = (V, A) is a subtree acyclic digraph if and only if there
exists a labeling of the nodes v, .. . , vy, satisfying the following conditions:
@) va,-v,- €A, theni<j.
(i) If v;v; € A and if v, lies on a directed path from v; to vj, then v;vy € A.
(ili) If v; is reachable from both v; and vy, then vy is reachable from v; or v;
is reachable from vy.

Proof: Assume that D is a subtree acyclic digraph let T be a tree semilattice on
which D is represented by subtrees T1,...,Ty. Since T can be considered as an
acyclic digraph with zy an arc if and only if z is covered by y in the partial order,
the subtrees can be labeled so that m; < m; implies ¢ < j. By identifying v; with
m;, we get the required labeling of the nodes of D.

Conversely, suppose that D is a digraph whose nodes have a labeling satisfying
the conditions. If D is not weakly connected and the weak components of D can
all be represented on tree lower semilattices, then a tree semilattice representing D
is found by adjoining a unique minimum element to the union of these semilattices.
Thus we may assume without loss of generality that D is weakly connected. If
n= 1 or 2, the theorem is clearly true. Now assume that every weakly connected
digraph with less than n nodes having a labeling satisfying the conditions can be
represented as a subtree acyclic digraph on som tree semilattice.



From condition (jii) we easily see that v; is the unique transmitter in D. Let
Dy, ..., D; be the weak components of D — v;. Each D; inherits a node labeling
satisfying the conditions of the theorem so the induction hypothesis implies that
D; can be represented on a tree semilattice T;. So each node in {v,,...,v,} and
the arcs between them can be represented by subtrees in the forest Ty U - - - U T.
Each D; has a unique transmitter z;, and we can assume that the subtree of T}
corresponding to x; has greatest lower bound m;, the minimum element of T;.
Clearly viz; € Aforalli = 1,...,k. Let N = {v : vjv € A} and for each
z € D;NN, let m denote the greatest lower bound of the subtree of T} associated
with z. Then S; = {y : m; < y < m, for some z € D; N N} is a subtree of
T;. Now, using condition (ii), we can see that a node not in N cannot have the
greatest lower bound of its corresponding subtree be in any S;. Form the tree
lower semilattice T" by adjoining a minimum element mo to T} U - - - U Tk. To v;
we assign the subtree S; U - - - U Sk U {mo} of T'. We now have a representation
for D as the intersection acyclic digraph of subtrees of T'. 1

Analogous to the characterization of subtree graphs as those graphs with no
induced cycles of length greater than 3, we have the following result. Also note
that a graph G is chordal if and only if there exists an acyclic orientation of G
satisfying the conditions of the Theorem.

Corollary. Let D be an acyclic digraph. Then D is a subtree acyclic digraph if
and only if it does not contain the digraph in Figure 1 as an induced subdigaph.
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Figure 1. Forbidden induced subdigraph for a subtree acyclic digraph.
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