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Abstract. The notion of a regular tournament is generalized to r-tournaments. By
means of a construction, it is shown that if n | ("‘) and (n,7) = p", where p is a prime,
and k > 0, then there exists a regular r-tournament on n vertices.

Introduction

While a tournament [9] (2-tournament) models a tournament where each pair
of players plays once determining a winner and a loser, an r-tournament models a
race-like tournament where each r-subset of players competes once, determining
a ranking of the r players. The notion of an r-tournament has already been intro-
duced by several authors, (see [1], [3], [5], and [12]), however, it seems that not
much is known about r-tournaments for r > 2.

Let nand r be integers such that n > = > 2. An r-tournament T(" is a
pair (V, A) where V = {v1,v2,...,vs} is a set of cardinality n and A is a set
consisting of all (:‘) subsets of V where each such subset admits exactly one of !
possible orderings. An element of V is called a vertex and an element of A, along
with its ordering, is called an arc. Two r-tournaments (Vi, A1) and (V2, Az) are
called isomorphic if there is a one-to-one mapping ¢ from V; onto V, such that
(‘U,‘l yVigy- o Jvi') € Al iff(¢(vl'1)n ¢(U{2), ey ¢(vif)) € A2~

Let 4 be an integer such that 1 < ¢ < 7, and let v be a vertex of an r-
tournament (V, A). We define the i degree of v, denoted by d;(v) , to be the num-
ber of arcs of A for which v appears in the ith co-ordinate. Clearly, Z,eyd;(v) =
(%) for every 1 < i < r, and since every vertex appears in ("-}) arcs we get that
Il di(v) = ('r‘:ll) foreveryv € V.

Thus what is known to be the score vector of a 2-tournament, when general-
ized to r-tournaments, becomes an r x n matrix. The score matrix D is defined
as D;; = d;(v;) where 1 < i < rand 1 < j < n An r-tournament is said to be
regular if all the entries of its score matrix are the same. The problem of finding
a set of conditions on an r x n matrix D that are necessary and sufficient for the
existence of an r-tournament whose score matrix is D seems to be difficult for
r > 2. For r = 2 the problem is completely solved (see [8], [11], and [13]).

Of special interest are those r-tournaments which are highly symmetric or
regular. Such r-tournaments are closely related to r-homogeneous permutation
groups, originally known as k-homogeneous permutation groups; namely, there
exists an arc-transitive r-tournament if and only if there is a permutation group
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(G, Q) of order (’:) and degree m that acts regularly on the r-subsets of Q. The
k-homogeneous groups were classified by W. Kantor in [7]. From his work, it
follows that there are no arc-transitive r-tournaments for > 4. The arc-transitive
2-tournaments were previously described in [2].

In [1] we proved that there exists an r-tournament on n-vertices that admits
an automorphism of order = if and only if (n, r) = 1. Our work relates to the in-
vestigation of symmetry in r-person games, which goes back to the classic work of
Von Neumann and Morgenstern, [14, p. 255]. This was also the main motivation
for the study of k-homogeneous permutation groups which led to [7].

In this paper we restrict ourselves to regular r-tournaments. Note that in an
r-tournament on n vertices, n | (*). We consider the following problem:

Problem 1. Let n > r > 2 be positive integers such that n | (*). Does there
exist a regular r-tournament on n vertices?

We note that if r is a prime then an affirmative answer to the problem follows
from [1]. In the present paper we give an affirmative answer in the case where
r = p*, paprime and k > 0. This follows from our main result:

Theorem 5. If n> r > 2 are positive integers such that n | (%) and (n,r) = p
where p is a prime, and k > 0, then there exists a regular r-tournament on n
vertices.

The following $100 problem was proposed by R. L. Graham in [6].

Problem 2. We are given n and r such that n | (7). Is it possible to write a

sequence a1, 02, ... ,a(v), where a; € {1,2,... ,n}, such that the () consec-
utive r-subsets a;, a1, ... a4y, 1 < 4 < (7), are all distinct? The indices are
modulo (7).

Itis easy to see that an affirmative answer to Problem 2 implies an affirmative
answer to Problem 1, however, to our best knowledge, Problem 2 is still open.

Preliminaries

For an integer r > 2 let S, denote the symmetric group of order 7! acting on
theset {0,1,...,7—1}. Let

5 _{1 ifi=j,
Y7 1 0 otherwise.

Define a mapping m from S, into the set of all (r — 1) x (r — 1) matrices over
Z,, the ring of integers modulo n, as follows:
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If a € S, then m(a) = (a;;) where
aij = 8a(i)j — Ba(0) 5-

It was proved in [1] that the mapping m is an embedding of S, into the group of
invertible (r — 1) x (r — 1) matrices over Z,,. Let M = M(=n,r) denote the
image of S, under m. Next we consider a certain permutation representation of
M. Ifx € ZI-! (the Cartesian product of r — 1 copies of Z,) and a € S, then
the mapping x — m(«)x is a permutation representation of M on the set of all
vectors in Z] 1.

z1

x2
Let S = S(n,r — 1) denote the set of all vectors x = . inZr1

Ty-1
having the properties (a) z; # 0 forevery 1 < 1 < r — 1, and (b) z; # z;
foralll < i < j < r— 1. It was also proved in [1] that the set S is invariant
under this action of M. In the sequel we shall restrict ourselves to the permutation
representation of M on §. Definitions for group theoretic terms such as stabilizer,
orbit, etc., can be found in Rotman [10].

The Main Result

Henceforth nand r will denote integers such thatn > r > 2. Forx € Z!~!,
let My = {m(a) € M: m(a)x = x} denote the stabilizer of x in M.

Lemma 1. If m(a) € My forsome x € S and a = a)«ay - - - o IS the decom-
position of « info disjoint cycles, then each «;, 1 < 1 < 1, has the same length
r/l. Moreover, /! is a divisor of n.

Proof: If for some 1 and j the length of «; is different from the length of «; then
without loss of generality, we can assume that o; = (0,1,... ,kj—1) anday =
(ki,ki+1,... ,ki+ky), and that k; < kz. The fact m(a) € M yields the
equations:

-z + %) = I
-z + I3 = )
—I = Tky—1
-z + Tky+1 = Tk,
- + Tk +2 = Tk +1
—Z1 t Tk+ky—1 = Tky+ky-2
-z + T, = Tiy+ky-1
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Adding up the first k; — 1 equations we get kyz; = 0. Since k; < k3, adding
the next k; equations we get —k1T; + Tg .k, = Ty, , yielding za4, = 4., a con-
tradiction. Thus k; = k, and similarly each «;, 1 < i < [, has the same length,
k = r/l. We shall show that & | n.

Adding up the first k¥ — 1 equations of the system m(a)x = x we get
kzy = 0. Hence kz; = jnforsome j, 1 < j < k — 1, yielding z; = £.
Substituting the value of z; into the first equation we get z, = ykl and similarly,
T3 = yf, Tl = k‘,:) n

Let @ denote the least residue of @ mod n. Observe that since x € S, all the
numbers in the set {jl, 3’,‘3, ., 5"—',:211} are distinct, If (k,j) = dford > 1,
then Z2 and (1+ £) 22 are both in the set above but they are congruent (mod 7),
a contradiction.

Thus (k,j) = 1, and the equation kz; = jnimplies that k£ | n. This com-
pletes the proof of Lemma 1. 1

We shall denote the set of orbits of elements x € S such that My is the
identity by O, . This is precisely the set of orbits on which M has a faithful regular
permutation representation.

An assymetric oriented r-hypergraph is defined similarly to an r-tourna-
ment with the exception that not all of the possible (:) r-subsets need to appear as
arcs. The notion of assymetric means that if an r-subset does appear, then it ad-
mits a unique order. The corresponding score matrix is defined similarly as well.
If all the entries of its score matrix are equal to g, then the r-hypergraph is called
g-regular (or simply regular if we do not specify ¢).

Lemma 2. Suppose that Q,,2,... ,8, are q distinct orbits in O,. Let

R= {s(l),s(z),... ’s(q)}

be a set of representatives of the orbits, ,,$,, ... ,Qq, respectively, where each
s® has co-ordinates s\, s$° ... s\, . Define an oriented r-hypergraph(V, A)
by

v={0,1,...,n—1}
and
A={(z0,Z1,...,Tr-1)}

where o € Z, and(x1,... ,T,r—1) = (zo + s(li),:ro + sg’),... ,To + 35'31) for
i=1,2,...,q. Then (V, A) is assymetric and q-regular.

Proof: First we prove that (V, A) is assymetric.
Notice that if an r-tuple in A is a permutation of another one we can assume
that one of them has the form (s§”, {7, s3?,... ,s{,) for some 1 < i < g,

100



where we define s =0.Leta € S, and k € Z,,. In addition, assume that either
i#jork#0. 'I'hentheequahty

(50,88, 88 oo 81 = (kb + 8k + sk + $P)
yields m(a)s® = s, Now either i # j, implying that s” and s belong to
the same orbit of M, or i = j and m(a) stabilizes s*?, implying that Q; ¢ O, .
Both cases contradict our assumptions. Hence (V, A) is assymetric.

Finally, the fact that (V, A) is g-regular follows directly from its definition.
The proof of Lemma 2 is now complete. : [ |

For the remainder of this paper we will assume that (n, ) = p*
Lemma 3. The total number of elements of S(n,r — 1) whose stabilizer is not
2_1
the identity is (f 1) (r—=1)1.
14

Proof: Since (n,r) = p*, in view of Lemma 1, every element of S whose stabi-
lizer is not the identity subgroup is stabilized by some m(«) where « is a product
of disjoint % p-cycles. Hence we consider m( «) where

a=(0,1,...,p—(p,p+1,...,2p— 1) --- ((g- 1)p,... ,'r—l),

and count the number of points in S that are fixed by m(a).

As in the proof of Lemma 1, the system of equations m(a)X = X can be
divided into r/p sets of equations, corresponding to the r /p cycles of . Consider
the first set of equations. Observe that there are p — 1 possible values for z;, each

of which determines the values of z, , z3, ... , Zp—1. Next, consider the second set
of equations; there are n — p values of Z,, left for z,,, each of which determines
the values of Tp+1,Zps2, ..., T2p-1. Proceeding in this fashion we see that the

number of points fixed by m(«) is

(p—l)(n—p)(n—zm---( (——l)p)—@ 1),,,—1(£ )(——1)'

Note that the above number is also the number of points fixed by the group gen-

erated by m( ). Since the number of subgroups of M conjugate to the subgroup
rl!

(p— 1)p"/?(r/p)!

fixed by each such subgroup are disjoint, the total number of points fixed by the

union of these subgroups is

_ppii(r TNz r! (5 ) -
(p )p (g )( ) (p—l)p'/P('r/p)' r_1 (r )

generated by m(a) is (see [4]) and since the sets of points
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This is equal to the number of elements in S(x, r — 1) whose stabilizer is not the
identity. This completes the proof of Lemma 3. 1

Let R be a set of representatives of the elements of O;. Let Hg denote the
oriented assymetric r-hypergraph associated with R, as defined in Lemma 2, and
let H} = (V, E;) be the underlying r-hypergraph of Hg.

Lemmad4. Fori=0,1,... ,g— 1, let
2 -1
B;= {i,i-l- v 22 i u}.
P P P

Define the r-hypergraph (V, E,) as follows:
v={0,1,...,n—1} and

r/p n
= UB,-,|03.‘1<1'2<---<i,,,,g;—1 :

k=1

Then (V, E1 U E,) is the complete r-hypergraph on n vertices.

1) (r=1)1— (3 N e
Proof: It follows from Lemma 3 that |0, | = . Since each

representative in O; generates n edges of HS, g the total number of edges in Hp, 0is
given by the equation |E) | = n]O,| = (%) — ( 2
From the definition of (V, E3) it follows that |E2 | = (E) . A simple calculation
P

implies that | E | + | Bz | = (7). Hence it is left to show that E; N E; = 0.

Indeed, if for some 0 < i1 < i3 < --- < iy, < 2—1wehave that % B;, €
E;, then from the definition of Hp it follows that we can assume 41 = 0. Thus

rlp
-1 .. . -1
UB,.*={o,ﬁ,...,u,u,,ﬁﬁ,...,,,,,+<L>_"}eEl,
p Y4 P P

Hence

n (p—Dn . l)n) L]
x= —,...,— ’ ’1 +— ..,‘ O
(p D 2,82 P r/p 1.

Let

a=(0,1,...,0)(p+1,...,2p) ..-((g— Dp+1,...,r—1) €8,

Then m(a) € My, a contradiction. Hence E; N E; = @ and the proof of the
lemma is complete. |
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Theorem 5. If n> r > 2 are positive integers such that n | (*) and (n, 1) = p*
where p is a prime and k > O, then there exists a regular r-tournament on n
vertices.

Proof: The proof is by induction on k.

If k = 1 then the theorem follows from [1, Theorem 4]. We will combine the
oriented hypergraph Hp with a regular assymetric oriented hypergraph obtained
by ordering the edges of (V, E;) of Lemma 4.

Let V* = {By,Bi,... ,Bg_l} where the B;’s are defined as in Lemma 4.
Since (%, 1) = p*~!, by induction hypothesis there is a regular g;toumament T*
defined on the vertex set V* where each arc of T has the form ( By, , B;; , ... , Bi,,)
for some 1) < 12 < ... < y/p.

Next, in each arc of T* we shall order the elements of each B;,. Thus, com-
bining this order with the order of the B;,’s in each arc of T*, we shall get an
ordering of the set of edges of (V, E;). Since each B; appears in (E:;) arcs of

P
T*, it appears in the jth coordinate (37)2 = (2)2 = |E;|2 times for every
4 P
7=12,...7/p

Whenever B; appears in the jth coordinate, the elements of B; can be put in p
distinct orders corresponding to the powers of the p-cycle (1,2,...,p). Observe
thatsince n | (*) and since n | | E} |, it follows thatn | | E;|. Thereforep | | E»|2,
and hence it is possible to assure that each of the p distinct orders of B; will appear
the same number of times. This scheme results in a regular assymetric oriented
hypergraph. This completes the proof of Theorem 5. |

The following corollary is direct consequence of Theorem 5.

Corollary 6. Let r = p*, where p is a prime and k > O; then there exists a
regular r-tournament on n vertices if and only if | (7).

Examples

Example 1. Let n = 21 and r = 15. Since 21 | (%) and (21,15) = 3,
Theorem 6 can be applied to construct a regular 15-tournament on 21 vertices. By
Lemma 3, |O1| = 2,583 and there are 3 elements whose stabilizer is not the identity
subgroup. Choose a set of representatives from O;. Each such representative
generates 21 arcs, giving a total of 54,243 arcs. We shall construct the additional
21 arcs as in Lemma 5, giving a total of (33) = 54,264.

In this case, B = {0,7,14}, By = {1,8,15}, B, = {2,9,16}, B3 =
{3,10,17}, By = {4,11,18},Bs = {5,12,19},and B¢ =*{6,13,20}.
Let V* = {Bo, Bi,..., B¢} and let T* = (V*, A*) be a regular 5-tournament,
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where A* consists of the following 21 arcs:
(BOIBI)BZJB31B4) (BO,BZ,B3,B4,B6) (BolBl»B3)BS:B6)
(BlyBZ)B3yB4|B5) (BI)B3!B4sBS)B7) (31332134136337)
(Bs,Bo,B1,B2,B3) (Be¢,B1,B2,B3,Bs) (Bs,Bo,B2,Ba,Bs)
'We can now order the edges of E, as follows:

(0,7,14, 1,8,15, 2,9,16, 3,10,17, 4,11,18)
(1,8,15, 2,9,16, 3,10,17, 4,11,18, 5,12,19)

o
(6,13,20, 0,7,14, 1,8,15, 2,9,16, 3,10,17)
(14,0,7, 16,2,9, 17,3,10, 18,4,11, 20,6,13)
(15,1,8, 17,3,10, 18,4,11, 19,5,12, 14,0,7)
o:
(20,6,13, 15,1,8, 16,2,9, 17,3,10, 19,5,12)
(7,14,0, 8,15,1, 10,17,3, 12,19,5, 13,20,6)
) (8,15,1, 9,16,2, 11,18,4, 13,20,6, 7,14,0)
o
(13,20,6, 7,14,0, 9,16,2, 11,18,4, 12,19,5)
As indicatcd, in each of the three groups of seven arcs above, the sets By, ... , B

have been intemally ordered by the actions of the powers of the permutation
o = (123).

Example 2. The following example demonstrates the difficulty of extending the
method in the proof of Theorem 5 to the case where (=, 7) is not a prime power.
Letn=12 andr = 6. Since 12 | (162) the necessary condition for the existence
of aregular 6-tournament on 12 vertices is satisfied. However, since (12,6) = 6,
its existence is not assured by Theorem 5. Nevertheless, we shall construct such a
tournament by partially adopting our scheme. It follows from Lemma 1 that if the
stabilizer of an element in S(12, 5) is not the identity subgroup, then it contains
an m(«) where « is either a product of 3 disjoint 2-cycles or a product of 2 disjoint
3-cycles. A similar argument to the one used in the proof of Lemma 3 yields that
the number of elements of S(12,5) whose stabilizer contains an element m(a)
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where « is a product of 3 disjoint 2-cycles is (g’:ll )(6 — 1)! = 1200. Similarly,

the number of elements of S(12,5) whose stabilizer contains an element m( «)
12
where o is a product of 2 disjoint 3-cycles is (';‘_'11)(6 —1)! = 360. Elements of
S(2 12, 5) that belong to both of these sets are stabilized by a 6-cycle and there are
X
('g'__ll) (6 — 1)! = 120 such elements. Finally, we conclude that M (12, 6) has 4
different kinds of orbits in $(12,5):
(@) 75 orbits with the stabilizer of order 1.
(b) 3 orbits with the stabilizer of order 2.
(c) 1 orbit with the stabilizer of order 3.
(d) 1 orbit with the stabilizer of order 6.
Let R be a set of representatives of orbits from (a). The oriented r-hyper-
graph Hp as defined in Lemma 2 is regular and assymetric.
Consider the sets:
B®={i,i+6}, i=0,1,2,3,4,5
B® ={i,i+4,i+8}, i=0,1,2,3
B ={i,i+2,i+4,i+6,i+8,i+10}, i=0,1
The construction described in Lemma 4 can be carried over to our case,
namely, we get (), (3) and (3) hyperedges from the sets B{?, B{®, and B{®,
respectively. These hyperedges are disjoint from the hyperedges of H g; however

they overlap, and only 24 of them are distinct. We list these with the following
ordering;:

(6,0,1,7,2,8 (1, 7,3) (4,1,0,7,6,10)
(7,5,11,6,1,00 (O, 3,9) (10,4,6,2,0,8)
(0,2,8,6,5,11) (9,6,3,0,10,4) (3,5,9,11,0,6)
(11)410)10!5’6) (1)7)2l8’3)9) (10)2’7’4|8’l)

(8,7,5,1,11,2) (7,1,3,9,4,100 (9,3,7,5,1,11)
(11,10,4,5,7,1) (2,8,9,3,10,4) (2,8,5,11,9,3)
(4,10,8,2,11,5) (3,11,10,4,9,5) (5,9,4,1,8,0)
(5,9,1,10,6,2) (6,11,10,3,2,7) (8,3,11,0,4,7)

The hyperedges as ordered above can be combined with Hp to get a regular 6-
tournament on12 vertices.
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