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Abstract
A set S is called k-multiple-free if SNkS = @, where kS = {ks,s € S}.
Let Nn = {1,2,..,n}. A k-multiple-free set M is maximal in Ny if for
any k-multiple-free set A, M C A C Ny, implies M = A. Let

A(n, k) = {|{M|,M C Ny is maximal k-multiple-free}.

Formulae of A(n, k) = max A(n, k) and p(n,k) = minA(n, k) are given.
Also the condition of p(n, k) = A(n, k) is characterized.

1. INTRODUCTION

Sum-free sets have been studied a lot. One can find that in the comprehen-
sive survey of Wallis et al [3]. However the study of sets of integers satisfying
conditions weaker than that of being sum-free is just at the beginning. Wang
([4]) has studied double-free sets. A set S of integers is called double-free if
z € S implies 2z ¢ S. Particularly, he gave two formulae of the cardinality of
a maximum double-free set. For the purpose of further applications, we found
it necessary to generalize the case of double-free sets. More precisely, for a pos-
itive integer k > 1, we call a set S of integers k-multiple-free if SNkS = @,
where kS = {kz,z € S}. We shall find out how to construct a maximum k-
multiple-free set and give a formula of cardinality of maximum k-multiple-free
set. We shall also discuss some other properties of k-multiple-free sets. Actually,
not only are the k-multiple-free sets applicable, but also they are interesting in
their own. For the application of k-multiple-free sets, see [4].

We use N to denote the set of positive integers. Let N, = {1,2,...,n}.
Thoughout this paper, ¥ > 1 is a fixed integer. A k-multiple-free set S is
maximal in N, if for any k-multiple-free set A, S C A C N, implies S = A,
and a k-multiple-free M is maximum in Ny, if for every k-multiple-free A C Ny,
|A] < |M]. Define

A(n, k) = max{|A|, A C Ny is k-multiple-free}.
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It is obvious that any subset of a k-multiple-free set is k-multiple-free. On the
other hand, any k-multiple-free set in N,, can be extended to a maximal k-
multiple-free set in N,. Also if ¥ > n, Ny, is k-multiple-free. If k = n, then
N, — {n} and N, — {1} are k-multiple-free.

Il. THE CONSTRUCTION AND THE FORMULA

Here we use “—” for the deletion in the set operations. For a subset A C N,
we use A to denote the complement of A with respect to N,,. For a fixed in-
teger k > 1, let A(n,k) be a set obtained from N, by deleting all numbers
of the form k%**!a, where a,i € N and k is not a factor of a. For instance,
A(8,2) = {1,3,4,5,7} and A(10,3) = {1,2,4,5,7,8,9, 10}.

We use | | and [ ] to denote the floor and ceiling function respectively. Also
we write a | b if a divides b and a [ b otherwise. We shall show that A(n, k) is
maximum k-multiple-free in N,,. Upon this result, we shall prove

Theorem 1
=) n
A(n, k) = Z(—l)‘ I‘FJ
=0
First let us study closely about the construction of A(n, k).
Lemma 1 For positive inlegers n, k > 1,
A(n,k) = (.((N —EN)UK2N) = kEN)UK*N) —..) N N,.
and
00 .n
G, )] = Y (-1 L)
=0
Proof. To obtain A(n,k), we may first delete all the numbers which are di-
visable by k from N,. That is (N — kN) N N,. But then we also delete
those numbers which are divisable by k?. Hence we add k2N back. That is
((N - kN)UKN)N N,. But now we also add those numbers which are divis-
able by k3. Again we remove all the numbers which are divisable by k3. That
is (N — EN)Nk3N) — K3N)N N,. Keeping on this process, eventually we

only delete all numbers which are in the form of a = k%+!a,, where a;,i € N
and k } a. But then we must have

A(n,k) = (.((N = kN)UK®N) = ki3N)UK'N) - ..) N N,.

Now we prove the second part of the lemma.
Since there are exactly | #| numbers which are less than or equal to n and
divisable by k¥ in Ny, kN N N,| = | £]. Also one can see

EENN(..((N—kN)UK?N) - ..) - k*"'N) =9,
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for if a € k%N N (...((N — EN) U k?N) — ...) — k*~1N), then a = k¥a, since
a € k¥ N. This implies that a = k%~(ka,). It follows that

a @ (..((N — EN)UK?N) —..) — E¥~IN,

a contradiction.
Therefore we have

A, Bl = Y (-1 5] @

=0

Actually when k™ < n < k™1, K"+ NNN, = 0 and | ;%] = 0, for all integer
i > 0. Hence the series has only finitely many nonzero terms. Of course the
series converges absolutely. It is not danger to keep both A(n, k) and |A(n, k)|
in the infinite form.

Now we are able to prove the following.

Lemma 2 A(n,k) is mazimal k-multiple-free in Ny,.

Proof. First we show that A(n, k) is k-multiple-free.

By way of contradiction, we assume that there exists a € A(n, k) such that
b = ka € A(n, k). By Lemma 1, b € k¥ NNN,, for some even i € N. Without loss
of generality, we may further assume that { is maximal. Then b = k‘b, for some
b;. Since i is maximal, k f b;. Assume § = 2j. Then b = ka = k% b, implies
that @ = k% ~1b,. By the definition, a € A(n, k), contrary to the assumption.

Now we show that A(n, k) is maximal.

Also by way of contradiction, we assume that A(n, k) is not maximal k-
multiple-free in N,. Since every k-multiple-free set in N, can be extended
to be maximal, there exists at least one number b € N, — A(n, k) such that
A(n, k)U{b} is still k-multiple-free. By Lemma 1, b & A(n, k) implies b = k%+1b,
for some integer i > 0 and k Jb;. However since k /by, k%b; must be in A(n, k).
Then both b = k(k%b,) and k%, are in A(n,k) U {b}. A(n,k)U {b} is not k-
multiple-free, a contradiction. Hence A(n, k) must be maximal.O

Corollary 1 A(n,k) is k-multiple-free.0

Define a relation ~; in N,, say, for any a,b € N,,a ~; b if b = ka or
a = kb for some integer i > 0. It is routine to check that ~; is an equivalence
relation.

First we have

Lemma 3 For any mazimal k-multiple-free set M in N,, M and N, have the
same number of ~; equivalence classes. In particular, A(n,k) and N, have the
same number of ~; equivalence classes.
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Proof. Suppose that a and b are in N,. Then a and b are not k multiple
of each other if and only if they are from two different ~; equivalence classes
respectively. Hence a maximal k-multiple-free set in N, must contain at least
one number of each ~} equivalence class. Thus it must have the same number
of ~ equivalence classes as N,.0

Let b € N, and S C N,,. Let
Es(b) = {a,a ~; b and a € S}.

That is, Es(b) consists of the elements of S k-equivalent to . Note that b may
not bein S.

Lemma 4 For any mazimum k-multiple-free set M € N, and any b € M, we

have
|Ep ()] < |Ea(n 1))

Proof. Let M be a maximum k-multiple-free set in N, and let b be in M. We
may assume b = k'b;, where k [ b;. Let

H = {k'b,k'b € M and i > 1}

and let ) )
L={kb,k'byeMand 0<i<I}.
Then
Ey(d)=LUH » (1)
and LN H =0.

Assume that j is maximum such that kb € N,,. Let
H(b) = {k?b, k%, ..., k%b}.
Also assume that m is maximum such that k?™b; < b. Let
L(b) = {b1, kb1, ..., E>™b; }.
One can see
Ea(n1)(b) = L(b) U H(b) (2)

and L(d)N H(b) = 8.

Now consider the pairs of numbers in Ny: [kb, k2b), [k3b, k*8], ..., [k ~1b, k% b).
Since M is k-multiple-free, M contains at most one number from each pair. If
for some integer 1 < h < j,k?*b € M, then either every subsequent element of
M is of the form k¥b,h < i < 7, or neither term of some pair is an element of
M. In either case, |H| < j.

Similarly, we argue on the doubletons in N,:

(b1, kby], [K2by, k3b1], ..., [K2™ =2y, 2™ 10,
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If b= k?™d, then |L| < m—1+41=m. If b = k?™+1}; then by considering the
additional doubleton [k?™b;, k?™+1b,], we still have |L| < m. In both cases, we
can yield |L| < m = |L(b)|.

By (1) and (2), we conclude that the lemma is true.0

Lemma 5 A(n,k) is mazimun k-multiple-free in N,.

Proof. If M is a maximum k-multiple-free set in N, then by the Lemma 3,
M and A(n, k) have the same number of ~ equivalent classes. By the Lemma
4, the number of elements of each ~; equivalent class in M will not exceed the
number of elements of the same class in A(n,k). Hence |M| < |A(n, k)| and
A(n, k) is maximum in N,.O0

By the results of Lemma 1 and Lemma 5, we can see that Theorem 1 holds.

As we expected, if k¥ = 2, the formula of Theorem 1 is exactly the same as
the first one given by Wang in [4]). Actually we have given another proof of that
formula. For the completeness, we write Wang’s formula below.

Theorem 2 A(n,2) = [3] + A(|4],2), where A(0,2) = 0.0

1. MAXIMALITIES

Street and Whitehead ([1], [2]) have studied properties of locally maximal
sum-free sets for groups of small order. As we can find below, the properties of
maximal k-multiple-free sets are clearer even when n is large.

Let

A(n, k) = {{M|,M C N, is maximal k-multiple-free}.

Clearly A(n, k) = max A(n, k). Let pu(n, k) = min A(n, k).
Theorem 3 Forn € N and k > 2, p(n, k) = A(n, k) if and only if n < k2.

Proof. <=. If n < k, then u(n, k) = A(n, k) = n.

If n = k, then pu(n,n) = A(n,k) =n—1.

Suppose k < n < k2. Let D be a subset of N, subjet to the following: only
when both a and ka are in N,, both a and ka are in D. If m is in N, — D, then
neither k divies m nor km is in N,. Hence the set N, — D is k-multiple-free

and
|No — D] =n—2|kN N Nyl

By the construction of D, we know that every element of N, — D belongs to
a distinct k-equivalence class. Hence every maximal k-multiple-free set in N,
must contain all the elements in N, — D. Since every maximal k-multiple-free
set in N, must also contain one number from each doubleton of

(1,8),[2, 28], ..., [k = 1, k(K — 1))
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whenever they are in N,, by the proof of Theorem 1, we have
A(n,k) = |A(n, k)] = n— [kN N Np| = n = 2[kN N Ny| + kN N Ny | < p(n, k).

Obviously u(n,k) < A(n, k). Therefore u(n, k) = A(n, k).

=. Suppose n > k2. Since p(n, k) < A(n, k), all we need to show is that
u(n, k) < A(n, k).

Choose the smallest number b € A(n, k) such that 3k <n < bk®and k /b.
Since n > k2, such b exists. By Lemma 1, b,bk? € A(n, k). By Theorem 1, we
have :

I(A(n, k) — {b,5E}) U {bk}| = | A(n, B)] — 1 = An, &) — 1.
Since b is smallest and k [ b, there are only three elements in the ~; equivalent
class b. That is b = {b, bk, bk?}. Hence (A(n, k) — {b,bk?}) U {bk} is maximal
k-multiple-free in Ny, one can see that

p(n, k) < |(A(n, k) — {b, bk} U {bk}].
Hence p(n, k) < A(n, k).0
Corollary 2 pu(n,2) = A(n,2) if and only if n € {1,2,3,8,9,10,11}.
Proof. If n < 11, it is easy to check.
Suppose n > 12. There exists a smallest number a € N, such that 4a <

n < 8a and 2 fa. Then by an argument similar to the one of Theorem 3, we
conclude that p(n,2) < A(n,2).0

We establish some formulae of u(n, k).

Theorem 4 Suppose k | n.

(i) If1< i<k, then p(n+i,k) = p(n, k) +i.

(ii) Suppose n + k = bk and k [ b. If a = O(mod 3), then

p(n+k k)= p(n, k) +k

otherwise p(n + k, k) = p(n, k) + k—1.
Proof. (i) First we show that p(n +1,k) < p(n, k) +1.

By definition, Npyi = NoU{n+1,n+2,..,n+i}. Suppose that A C N,
is maximal k-multiple-free such that u(n,k) = |A|. Since k | nand 1 < i < k,
kfn+1,n+2,..,n+i Thus AU{n+1,n+2,..,n+i}is k-multiple-free..

We claim that AU {n +1,n+2,..,n + i} is maximal in Np4;. If it is not
true, then there is at least one number, say, a € N, — A, such that

Au{n+1,..,n+i}U{a}

is k-multiple-free. Then a < n and a € N,. This in turn implies that AU {a} is
k-multiple-free. It contradicts to the fact that 4 is maximal in N,. Therefore
we have

u(n+1i,k) <|Al+i=p(n.k) +i. (3)

22



Now we show that p(n +i,k) > pu(n, k) +i. Suppose that B C Ny, is
maximal k-multiple-free such that u(n + i,k) = |B|. Since k | nand 1 <
i<k {n+1,.,n+i} C B. An argument similar to above indicates that
B —{n+1,...,n+ i} is maximal k-multiple-free in N,,. Hence we

p(n, k) < Bl —i=p(n+i,k)—i. (4)
Combining (3) and (4), we prove (i).

(ii) Suppose n + k = bk®, where k 4 b and a = 0(mod 3). Consider b the
~ equivalent class of b in Ny4i. Since k [ b, b is the smallest element in b, say,

b= {b,bk,bk?, ..., bk® = n + k}

Also @ = 0(mod 3) => a > 3. By Lemma 3, any maxmimal k-multiple-
free subset must contain some elements from each ~; equivalent class. If B
is a maximal k-multiple-free subset in Ny4: and p(n + k, k) = |B|, then by
inspecting, we find o

[eNB| = [(e+1)/3] = -§-+1.

If B’ is a maximal k-multiple-free subset in Npyr—y and pu(n+ k —1,k) = |B'|,-
then since Npyr—1 = Npyr — {0k°},

2N B'| = [(e —1+1)/3] = /3.

We may choose B’ so that B’ and B have the same elements except those in 5.
Therefore
pn+k—-1,k)=p(n+kk)-1.

But by (i)
p(n+k—-1,k)=p(nk)+k—-1.

Hence p(n + k, k) = pu(n, k) + k.
If a # 0(mod 3), then by employing the same B and B’ as abéve, we have
[5n B = [(a +1)/3] = [a/3] = [5n B’|.
This implies that
pn+kk)=pn+k-1,k)=p(n,k)+k-1.0
Theorem 5 Let k,m > 2.

m-1
p(E™ k) = [(m +1)/3] + (k= 2)[m/3] + Y k='(k = 1)*[(m - i)/3].

i=1
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Proof. Let B be a maximal k-multiple-free subset in Ni= such that
u(k™, k) = |B|.

We consider the number of elements of each ~; equivalent class in B.
First we have |1 N B| = [2#1].
For each 1 < b < k, [5N B| = [2]. There are k — 1 such b’s.
Let k' < b < k'*! where 1 <i < m and k [ b. There are k*~!(k — 1)? such
b’s. For each of them, _
6N B| = [(m —1)/3].

Summing up, we obtain the formula of (k™ k).0

Remark. We actually find out a formula of p(n, k) for any arbitrary n > 1.
If n is not a multiple of k, then we can apply Theorem 4 (i) to reduce u(n, k)
to the case in which n is a multiple of k. Then either we apply Theorem 4 (ii)
to reduce pu(n,k), or in the case when n is a power of k we use the formula of
Theorem 5 to find out u(n, k). ’

Hence p(n, k) is completely determined.
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