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1. Introduction.

A long-standing conjecture of Guay [9] that a closed, simply-connected, 4-convex

set in the plane may be expressed as the union of four convex sets is finally settled
here. Guay proved that such a set that is not simply-connected is the union of five
or fewer convex sets, and the author, with Breen, proved in [7] that a planar, closed,
simply-connected 4-convex set can be written as the union of six or fewer convex
sets. Here, Guay’s conjecture is finally established for sets having 10 or more
points of local nonconvexity (defined below), and counterexamples are presented
for sets having 5, 6, or 7 such nonconvexity points.

2. Notation and definitions.

Notation common in the literature will be used: The topological closure, interior,

and boundary of S are denoted, respectively, by cl S, int S, and bd S. The dimen-
sion, convex hull, affine hull, and convex kernel of S are, respectively, dim S,
conv S, aff S, and ker S. The segment joining z and y (the convex hull of {z, y})
is denoted by [z, y] = zy, the line joining = and y (the affine hull of z and y), by
L(z,y), and the geometric ray eminating from z through y, by R(z,y).

A subset T of S is said to be visually independent relative to S provided that
each pair of points z # y in T is visually independent via S, thatis, zy € S.
For any integer m > 2 a set S is m-convex provided no m-pointed subset of
S is visually independent relative to S. If a point ¢ in S has the property that
every neighborhood of ¢ contains visually independent points in S, then q is called
a point of local nonconvexity (Inc point). Following Valentine [11], we let Q
designate the set of all Inc points of S, with |Q| = n denoting the cardinality of Q.

3. Preliminary construction for closed m-convex sets in R2,

The study of m-convexity is greatly simplified if S is closed and conv Q C S
prevails. The latter holds if S is 3-convex, or if § is a simply-connected 4-convex
set. Thus, we shall assume these two properties, and for convenience, let P =
conv Q. After Breen [1], the closures of the components of S\ P, {W;:i € I}
will be called the leaves of S. A theorem of Lawrence, Hare, Kennelly (see [3,
71) shows that in order to prove that S is the union of k convex sets, it suffices to
prove it for the special case when S is closed (hence, compact), has finitely many
leaves, and such that n = |Q| < oo. If we eliminate certain trivial cases (see [5]
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for example, where it is shown that if Q lies on a line then S is the union of m1
convex sets), we are left with what will be called an elementary m-convex set,

S=PUW T UWLU...UW, (P=convQ)

where each W; is convex, dim P = dim W; = 2 and bd P, bd W; are ordinary
convex polygons, 1 < ¢ < k. If it is agreed to allow a side of bd P not adjacent
to any leaf to be itself a leaf, then one can assume that £ = n. The notation will
then be (as oriented positively, using cyclic notation where needed):

Q={g:1<i<n}, bdP=qiqz U...Uqp1¢n,

no three vertices g; collinear, and, for each 1, ¢} = g;—1, W; = ¢jg; if dim W; = 1,
or

bd W; = ¢ip; Upipin U...U pi;p;i Upigi U gig}

otherwise, with no three vertices g}, p}, pik, p;,or g; collinear. The lines L( p’ ,q)
and L(p;, ;) divide S into three subsets: The two sides of W;, denoted U; and U,
which consist of those parts of S belonging to the open half-planes determined by
L(p;, ¢;) and L(p},q;) that lie opposite p} and p;, respectively, and the part of S
between and including the two lines, denoted V;. Thus, V; is aclosed set containing
Wi; (see an illustration for the case n = 9 in Figure 2). Note that the regions Uj,
Vi, and U} partition the vertices of P different from g;, g} into those g;’s for which,
respecnvely,1 <j<m,m<j<m,andm < j <norj < i-—1,forcertain
positive integers m; < mp (except in those cases when either @ N U;, Q N'V; or
Q NU; is empty). For convenience, let T; = W; U (V; N P), easily seen to be
closed, connected and locally convex, therefore convex.

A decompositon § = C; U....U C into convex subsets may be graphically
described as a k-coloring of its points, with the convex hull of all the points in the
same color class belonging to some C; for 1 < j < k. For convenience, we call
any two subsets A and B of S compatible via S if and only if conv (AUB) C S.
A k-coloring of S is strong if all the points of the leaf W; can be assigned the same
color,1 <1< n

The firstresult is a basic geometric principle valid for elementary m-convex sets
in general. The proof consists of a rather tedious argument involving the founda-
tions of geometry, but since it is intuitively obvious, the proof will be omitted.

Lemma 1. Foreach 1, W; C'V;, and foreach j # i, if ¢iq; C Tj and qjq; C T3,
then W; C V;, where it is assumed that W; and W; are 2 -dimensional.

Corollary 1. Suppose that W,... ,W, denotes a sequence of 2-dimensional
leaves of S such that for every 1 < i< j<rqiq CT; and q,q, C T;. Then
conv(WiU...UW,;) CS.
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Proof: It will be proved that

conv (Wi U...UW,) C (LrJW,) U (h’l‘.) =M
i=1

i=1

and, to that end, it suffices to show merely that the set M represented on the right
is convex. Let z, y be two points of M, to show zy C M. Ifz € W;andy € W
fori # j, then since W; and W; are 2-dimensional (and by Lemma 1 lie in V;), they
lie on opposite sides of P N V;. ‘The segment zy then cuts bd P at precisely two
points, z € g{g; and w € gjg;. Also, since gig; U gjq; C Ty forallk = 1,... 7,
and T}, is convex, we have zw C Tj. Thus,

r
zy=zzUzwUwy C W;U (ﬂTI,) UW; C M,
k=1

as desired. The other cases are similar. 1

The remainder of this section will be devoted to the special case m = 4, or
4 -convexity. Observe that for each 2-dimensional leaf W¥;, no point of the half-
open segment [ p;, g;) can see a point of U;, and no point of [p}, ¢/) can see a point
of U] via S, so both U; and U are 3-convex. Thus, all Inc points on either side
of W; belong to the convex kernel of U; or U]. This fact will be useful for later
arguments.

Lemma 2. Each Inc point ¢;, 1 < 1 < m, can belong to at most one of the sets
Ui,... ,Un, ortoatmostone of U{,... ,U,.

Proof: Suppose for some j < k, g; € U; N Ux. By our method of indexing
and previous definitions, g, € U; and there exists a non-trivial segment ugx on
Prgs belonging to U;. But ¢; € ker U; so g; can see u via S, contradicting our
observation above that v cannot see points of U,. The other case is similar. [ ]

4. Examples.

The case of 4-convexity is analogous to Valentine’s result [11] for certain classes
of sets in that, depending on the modular class of =, they are unions of either
three or four convex sets. A number of examples will illustrate this, as well as our
general method for leaf coloring. The reader is referred to [10] for an example of
a closed, connected 4-convex set that is not simply connected which is the union
of five, and no fewer, convex sets, and to [9] for Guay’s theorem that such sets in
general are the unions of five convex sets. In [10] is found an example of a non-
closed, connected 4-convex set that is not the union of a finite number of convex
sets.

The first three examples (Figure 1) show that an elementary 4-convex set may
not always be decomposed into the union of four convex sets. These examples
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are counterexamples of Guay’s original conjecture forn= 5,6, 7. Since the sets
being illustrated are self-explanatory, (always some polygonal region or a finite
union thereof) we do not provide detailed descriptions of these sets. It is important
in the case n = 5, however, that each of the leaves of S be congruent to W; and
that the points z and y shown belong to W (also, the boundary of W; must be
close enough to z and y in order for S to be 4-convex).

FIGURE 1

W '
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The next series of examples shown in Figure 2 illustrate a class of 4-convex sets
which are strongly 3- or 4-colorable. For comparison, several 3-convex sets which
are 2-colorable appear. Here, all leaves are 2-dimensional and there exists at most
one Inc point on either side of each leaf. Finally, a few 4-convex sets are shown
(Figure 3 and Figure 4) which have n > 7 and possess the maximal number of
1-dimensional leaves possible.

= 8

4-CONVEXITY
FIGURE 2

3-CONVEXITY
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Figure 3 shows sets having only one Inc point on either side of each leaf, and
Figure 4 shows sets having two on either side.

FIGURE 3
FIGURE &
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Except for proving that the coloring scheme shown is number-theoretically
compatible with the value of n, the examples in Figures 2-4 are general enough
to prove the three results below, because of Corollary 1. To show that the method
of coloring exhibited works for all sets of the type presented, suppose S is an el-
ementary 4-convex set such that no more than one Inc point lies on either side of
any leaf, as in Figure 2 or Figure 3. Consider the cases n = 0,1,2 (mod 3).
Clearly, if n = 3k, k a positive integer, the colors 1, 2, and 3 will suffice, and if
n=3k+1,simply add color4 forW,. If n=3k+2 andn > 5,thenn= 8+3m
for some integer m > 0 and we can use colors 1, 2, and 3 for all but the last 8
leaves, then for these last remaining 8 leaves use 1,2, 3, and 4 (as shown forn= 8
in Figure 2). For sets of the type shown in Figure 3, the case when n is even is
clear, and for n odd, the set may be divided into two parts “symmetrical” about a
line L which separates the two adjacent 2-dimensional leaves, W) and W,,. The
2-dimensional leaves lying entirely on one side of L are colored alternately 1 and
2;if n = 4k + 1 the subset conv(Wag+1 U gy ,q24) is colored 1. The reflected
part is then colored in the same manner, interchanging the colors 1 and 2. Finally,
the remainder of the set is colored 3. The coloring pattern for the sets shown in
Figure 4 is clear.

Theorem 1. If S is an elementary 4-convex set having at most one Inc point
on each side of any leaf, with all leaves 2-dimensional and |Q| # 5, then S is
strongly 3-colorable if |Q)| is a multiple of 3, and strongly 4-colorable otherwise.

Theorem 2. If S is an elementary 4-convex set having the maximal number of
1-dimensional leaves possible, with at most one Inc point on each side of any 2-
dimensional leaf, then S is strongly 3-colorable, except in the case |Q| = 5,6,
when S is strongly 4-colorable.

Theorem 3. If S is an elementary 4-convex set having the maximal number of
1-dimensional leaves present, with at most two Inc points on each side of any leaf,
then S is strongly 4-colorable.

In the final class of examples to be considered, the 1-dimensional leaves al-
ternate between consecutive pairs of 2-dimensional leaves, as in Figure 5. Here
again, there is a pattern to be observed. Necessarily, we must have n = 3k for
some positive integer k; if n = 9 k then S can be strongly 3-colored, and, other-
wise, S may be strongly 4-colored. An observation will aid in the proof of this
result.
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Remark: If W; is 1-dimensional then both W;_; and W;,; mustbe 2-dimensicnal,
and further, W; C V; forj >4 — 5 and for j < 1 — 5 (in order for g;, g to be Inc
points).

Theorem 4. Let S be an elementary 4-convex set such that n = |Q| = 3k for
some integer k > 3, and having the property that the set Us;.a contains three
Inc points for 0 < 1 < k, (3k = m). Suppose further, that the 2-dimensional
leaves of S all occur in consecutive pairs, separated by 1-dimensional leaves
(that is, W ,Wa , W4, Ws, ..., Wy-2, W, 1 are the 2-dimensional leaves and
Wi, We,Wo,..., Wy, 1-dimensional). Then S is strongly 3-colorable if n= 0

(mod 9), and strongly 4-colorable otherwise.

Proof: Foreachi =0 (mod 3) (when W; is 1-dimensional) it follows that W;, 1,
Wiss, Wiss, and Wi, g0 (if 1 + 10 < n— 2) are mutually compatible leaves by
hypothesis and the above Remark. If n = 0 (mod 9), the leaves of S may be
partitioned into the three color classes: ‘

1= (W, W3, Ws,Wio,Wi2,Wis,... ,Was,Wy6,Wna}
2 = (W, W1, Wo, Wi, Wie,... ,Wa1,Ws2,Wys}
3 = (Wa,Ws, W, W13, Wis,... ,Was,Wy3,Wp1}.

It is easy to see that all of S may now be 3-colored. Otherwise, the leaves may be
partitioned into four color classes (and S correspondingly 4-colored), as indicated
below:

Ifn=3 (mod 9),

1= {W),Ws,Ws, Wi, Wi2,Wia,... , Wa11,Wp-9,Waa}
2= (W2, W7, Wy, Wi, Wis,... , W10, Was, W3, Wy}
3= (W, Ws, W, Wi3,Wis,... ,Was,Wno6,Wn1}

4 = (W7, W2}

Ifn=6 (mod 9),

1= {W),W3,Ws,Wio, Wiz, Wia,... ,Wp12 ,Wep10,W,s}
2 ={W2,W7,We,Wn,Wi6,... ,Wn13,Was ,Wys,Wna}
3= {Wa, We,Ws, W13, Wis,... ,Wa11 , W9, Wai3,Wp1}
4 = {Wy7,Wp2,Ws}.

5. The four-color theorem for elementary 4-convex sets.

We are going to prove that a closed, simply-connected, 4-convex set S in the
plane is the union of 5 or fewer convex sets in all cases, and if |Q| > 10, it is the
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union of 4 or fewer convex sets (the four-color theorem for 4-convex sets). As
mentioned above, it suffices to consider elementary 4-convex sets.

Extensive use will be made of a theorem due to M. Breen (Theorem 1 in [7]),
adapted here for our purposes. An examination of the proof of that result reveals
that the decomposition mentioned in [7] actually corresponds to a strong coloring,
as long as the leaf W containing p and the two Inc points ¢; and g, on its boundary
is split into two convex sets W} = WiN conv (p U R(q1,9,)) and W3 = cl
(W1 \ W) and regarded as distinct leaves which correspond to the sets Uy and
U,, as defined in the proof in [7].

Theorem 5 (Breen). If S is an elementary convex set having a line of support
L containing a point p € ker S, then S may be (m — 1 )-colored, where the leaf
W) containing p on its boundary is split into two separate leaves W} and W,
receiving, if necessary, two distinct colors, and every W;, i # 1, receives one
color.

A special situation soon emerges in a careful study of elementary 4-convex sets,
one which we single out as a pivotal point in the arguments which follow. The idea
in these arguments is to remove a leaf from S and apply Theorem 5 to the closure of
the remaining set. However, there may not exist a leaf W; compatible with P such
that L(g}, ¢;) is a line of support for the set cl (S'\ W}). If such a leaf does exist
then in certain cases Theorem 5 can be applied to cl ( S\ W;) . For convenience we
shall call such a leaf removable. Obviously, no 1-dimensional leaf is removable
(otherwise, g} and g; could not be Inc points). It is actually possible to obtain a
strong 4-coloring of S in those situations when removable leaves do not exist, and
it is apparently impossible to do so in general when they do, the reverse of what
one might expect.

Remark: If more than three Inc points lie on one side of a leaf, say ¢2, ¢3, ¢4, g5,
lie in Uy, then since U; is 3-convex and the ¢;’s in U can see all points of U;,
W3 and Ws are compatible, W, is compatible with P, and W, is a removable
leaf. Hence, if removable leaves are excluded from consideration, we must have
U:inQ| <3 and |U/NQ| < 3 foralli.

Lemma 3. Ifat least one leaf of S has three or more Inc points on one of its sides
but S possesses no removable leaves, then S is strongly 4-colorable if n > 10
and strongly 5-colorable otherwise.

Proof: Without loss we may assume that {g2,¢3,94} C U;. Consider the case
when < five Inc points lie in U} U Us . Suppose first that exactly five Inc points lie
inUjuUs, withU;NQ = {g-1,90,q1} and Us NQ = {gs,ge } (see Figure 6; the
proof of the other case is similar and will be omitted). Observe that W> and Ws are
necessarily compatible with P. Thus, W, , W, and W3, Ws are compatible pairs.
Define the set T = cl( S\ W; \W3 \ W) and apply Theorem 5 with L = L(g2,43)
as line of support and p = g2 € ker T. Then T' may be strongly 3-colored, with
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1 assigned to the leaf W] = conv (W2 U g1go U W,,) and 2 assigned to W; =
conv (W4 Ugsqz) inT. All the leaves of T' assigned to 3 are compatible with W3
and we may assign 3 to Ws. If n > 10, W; and W must be compatible since at
most 3 Inc points can lie in U] or in Us, so we may complete the 4-coloring by
assigning 4 to W; and Ws. Otherwise, assign 4 to W) and 5 to W.

A similar argument applies to the cases |[Us N Q| < 2 and |Us N Q| £ 2 as
long as at least one Inc point lies in U; and one in Uy . Butif either U3 NQ = @ or
Us N Q = @ then it follows that W3 or Wy is removable, contrary to hypothesis.

The final case is |[U3 N Q| = |Us N Q| = 3. Since three Inc points lie in Us we
may rotate the entire set of subscripts backwards three units, with 1 replacing i + 3
for each 1 > 1, and it may be observed that unless |U3 N Q| = |[Us N Q| = 3 (new
subscripts), the preceding argument applies. Thus, by continuing to rotate, either
the preceding argument applies or at some stage we must have

3=|U3NQI=|UsNQ|=|Us NQI=[U7NQ|=...=|[U,nQI=]U1NQ)|.
Hence,n=0 (mod 3), and the leaves W>, Ws, ... , W, areall 1-dimensional
or compatible with P. In this case S is a set to which Theorem 4 applies, and hence
S is strongly 3- or 4-colorable. 1

¥

FIGURE 5
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Remark: It is not difficult to extend the result of Lemma 3 to the case n = 8,9
if S has the property that no leaf has a total of five Inc points on its two sides
(if n = 8), or that no leaf has six Inc points on its two sides (if n = 9). Thus,
counterexamples for n = 8,9, if such exist, must contain a leaf with five or six
Inc points, respectively, on its two sides.

Lemma 4. If all leaves of S have at most two Inc points on either side and there
are no removable leaves, then S is strongly 4-colorable if n > 8 and strongly
S-colorable otherwise.

Proof: In view of Theorem 1 we may assume there exists a leaf W, with two Inc
points on one side, say {g2,¢3} C Ui. As in previous arguments, we find W and
W, are compatible. By hypothesis, W3 is compatible with W; for7 <1 < n—1.
In the case when only one Inc point lies in U3, W3 is also compatible with W,,.
Otherwise, W, and W, are compatible. In any case, let Wy (k = 5 or 6) be the
remaining leaf besides W, Wa, Wa, and possibly W, not compatible with W3
(if both W5, Ws are not compatible with W3, then Wy, and W are compatible
pairs, and in this case we let k = 5). Again by hypothesis, if n > 9 then W and
W, are compatible. Let T = cl(S \ Wi \ W5 \ W;). With L = L(q2,¢3) and
p = g2, Theorem 5 implies T' may be strongly 3-colored, with 1, 2 assigned to the
first and last leaves of T in the clockwise direction. Depending on circumstances,
these first and last leaves of T may include up to four leaves of S. In any case, no
leaves of T that are not compatible with W3 are colored 3, except, possibly, go g1,
and g4 ¢s (which will be re-colored), so we may assign 3 to W3, and 4 to W; and
Wi. If n= 8 the hypothesis implies that opposite leaves are compatible, hence S
may easily be strongly 4-colored. Otherwise, assign the color 4 to W1, and 5 to
Wi (whenn < 8). |

Lemma 5. If S has a removable leaf Wy then S may be weakly 4-colored and
strongly 5-colored.

Proof: Because we cannot assume here that no more than three Inc points lie on
one side of a leaf, W and W,, = W, may or may not be compatible. By Lemma
2 there are at most two other leaves besides W, and W, which are not compatible
with W, say W; and Wi, j < k < n— 1 (there is no problem if only one other
leaf not compatible with W; exists). If W; and W are compatible, then we simply
take T = cl(S \ W1 \ W; \ W) with support line L(go,q1) and p = go ker T'.
The strong 3-coloring of T leads easily to a strong 4-coloring of S by assigning
W1 the color 1, 2, or 3 not used by Wy or W5, and assigning 4 to W; and W;.
Hence, assume that W; and W} are not compatible. Let p = go and define T" =
cl(S \ W1) NS,, where we use Sy, for the p-star of S: {z: zp C S}. In this case,
even though W; and W, are leaves of S, they need not be leaves of T'. However,
they correspond to convex sets which are: W; =WiNS,and W = W N S,.
Clearly, go € ker T and T is an elementary 4-convex set. Applying Theorem 5
withp = go and L = L(qo,q1), T may be strongly 3-colored, with 1 and 2 being
assigned to Wy and W, respectively, and distinct colors to W} and W, (itis clear
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that the incompatibility of W; and W}, implies that of W’ and W,:) If 3 has been
assigned to W, then we can complete the 4-coloring of S as follows: Assign 3
to W, and 4 to that part of W; U W} not contained in W’ or W[. This set has
the property that each pair of its points z, y cannot see the lnc point go via S and
hence zy C S by 4-convexity. If 3 has not been assigned to W then, necessarily,
2 has, and unless 3 has been assigned to W; we can easily complete the 4-coloring
of S as above (using 3 for W) and 4 for W; \ W/ and W, \ W}). The final case
is when 3 has been assigned to I/} and 2 to W,. Here, an examination of the set
= Cl(S\Wl) nS,y, wherep = ql,W W,nSﬂ,and w! = Wen Sy,

reveals that since T" and 7" differ only on W, and W, the same coloring can be
used for both T" and T" (since W’ is compatible with all leaves W; colored 3, so is
W/, which may therefore be assxgned thecolor 3 in T", and since W}, is compatible
w1th all leaves colored 2, so is W}', which may also be assigned the color 2). Then,
as above, we may assign 3 to W and 4 to (W; \ W}') U (W; \ WY). To strongly
5-color S, merely assign 3 to Wi, 4 to W;, and 5 to Wk. |

We can see that any elementary 4-convex set S is covered by the above three
lemmas. In all cases, if n > 10 then § may be 4-colored, and a strong 4-coloring
is possible if S has no removable leaves. For n < 10, S is strongly 5-colorable,
and preceding examples show that 5 colors are necessary if n = 5,6,7 (clearly,
S can be strongly n-colored in the trivial cases n= 3,4).

A simple way to guarantee that S has no removable leaves is to require that $
has no leaves compatible with P = conv Q, that is,

conv (WiUconvQ) ¢ S

for each 1. We have, thus, established the more general result (from the Lawrence,
Hare, Kennelly theorem mentioned previously):

Theorem 6. Any closed simply connected 4-convex set S in R? with |Q| > 10
is the union of four or fewer convex sets. If every component W; of S\ conv Q
is convex and has the property

coov(W;uQ) ¢ S

then 8 is strongly 4-colorable. If |Q| < 10, then S is strongly 5-colorable. The
numbers 4 and 5 are best possible in all cases except, possibly, |Q| = 8,9
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