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Abstract. Szemerédi’s density theorem extends van der Waerden’s theorem by say-
ing that for any k and ¢, 0 < ¢ < 1, there exists an integer ng = ng (k, ¢) such that
ifn > no and S is a subset of {1,2,...,n} of size at least cn then S contains an
arithmetic progression of length k. A “second order density” result of Frankl, Graham
and Rédl guarantees that S contains a positive fraction of all k-term arithmetic pro-
gressions. In this paper we prove the analogous result for the Gallai-Witt theorem, a
multi-dimensional version of van der Waerden’s theorem

Two of the central theorems of combinatorial number theory are the following.

Schur’s Theorem (Schur [9]). For each poitive integer r there exists a least
positive integer S = S(r) such that for any r-coloring of {1,2,...,8} there is
a monochromatic set of the form {a,b,a + b}.

van der Waerden’s Theorem (van der Waerden [12]). For any two positive
integers k and r there exists a least positive integer W = W (k,r) such that for
any r-coloring of {1,2,3,...,W} there is a monochromatic k-term arithmetic
progression.
Rado [7] found a profound generalization of the theorems of Schur and van der
Waerden. Rado considered the homogeneous system of linear equations:

k
Y ayz;=0, 1<ig, o))
j=1
with integer coefficients and investigated the following question: Under what con-
ditions on the matrix A = [a;;] is it true that for any positive integer r there exists
a least number R = R(A, r) such that for any r-coloring of {1,2,..., R} there
exists a monochromatic solution of (1) in which not all of the z; are the same?
Rado gave a necessay and sufficient condition for the existence of R( A, r). Since
we do not make explicit use of Rado’s condition and since it is fairly complicated
to describe, we do not give it here. The reader should see the original paper of
Rado, the introductory section of [3] or [1]. It is enough to note here that when
(Diszi+x23 —z3 =0 or T — 2a:j+1 +zj41=0,7=1,2,...,k—2, the
condition of Rado is satisfied, so that the theorems of Schur and van der Waerden
are special cases of Rado’s theorem.,
In [3] and [4], Frankl, Graham and R6dl proved a number of extensions and gen-
eralization of Rado’s theorem. The following is a quantitative version of Rado’s
theorem.
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Theorem 1. Let A be an x k integer matrix of rank | satisfying Rado’s condition
and let Ax = 0 be the corresponding homogeneous system, so that R(A, r) exists
for every positive integer r. Then there exists a number ¢ = c¢(r,A) > 0 such
that for some Np and all N > Ny and every r-coloring of {1,2,...,N} there
are at least cN*—' monochromatic solutions of Ax =0.

Rado’s theorem guarantees that if N > R(A,r), then there is at least one
monochromatic solution of Ax = 0. Theorem 1 says that there are many such
solutions.

Call Ax = O irredundant if it has a solution in which not all of the z; are the
same and call a solution proper if all of the z; are different. A second major result
of [3] and [4] is the following theorem.

Theorem 2. Let A be anl x k matrix of rank 1 for which Ax = 0 is irredundant
and whose row sums are zero. Then for any a > 0 there exists a number c =
c(a,A) > 0 and a number No = No(a,A) such that if N > Np and X is
a subset of {1,2,..., N} of size at least aN, then X contains at least cN*~
proper solutions of Ax =0.

The significance of Theorem 2 may be best appreciated if viewed in light of
Szemerédi’s density version ([11]) of van der Waerden’s theorem.

Theorem 3. Let o« > 0 and let k be a positive integer. Then there exists a
number ng = mo (o) such that if n> ng and X is a subset of {1,2,...,n} of
size at least an, then X contains an arithmetic progression of k terms.

Note that if Theorem 2 is applied to the system z; — 2441 + T2 = 0,1 =
1,2,...,k — 2, one gets as a consequence the following corollary.

Corollary 1. Under the hypothesis of Theorem 2, X contains at least cn? k-term
arithmetic progressions.

Theorem 3 was conjectured by Erdds and Turdn [2]. The special case k = 3
was settled by Roth [8] and Szemerédi [10] gave a proof for the case k = 4 prior to
his settling of the general case. Szemerédi gave a brilliant combinatorial proof of
Theorem 3. A different proof, using ergodic theory and topological dynamics, was
given by Furstenberg [5] and Furstenberg and Katznelson [6]. One may think of
Theorem 2 and Corollary 1 as “second order” density versions of Rado’s theorem
and van der Waerden’s theorem, respectively.

The theorem of van der Waerden may be generalized in yet another direction.
Let

C,f= {x:x =(=z1,22,...,%q),%; = integer,0 < z; < k—1}.

Thus C,f is the set of lattice points in a d-dimensional cube of side k. If a is a
positive integer and v = (vi1,v2,...,vq) is a vector with non-negative integer
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components, then by aC{ + v we mean the set
{(azl + vi1,az2 + V2,...,04T4 + vd) X = (2:1,2:2, :l:.i) € Ck}

Less formally, aC‘ + v is obtained from C’" by expanding by a factor a and trans-
lating by v. We call aC‘ +va (homothetzc) copy of C“ The following theorem
is due to Gallai (see Rado [71) and Witt [13].

Theorem 4. Let k,d and r be positive integers. Then there exists a least integer
G = G(k,d,r) such that if n > G and if the points of C¢ are r~colored then
there results a monochromatic copy of Cg.

Observe that van der Waerden’s theorem is the special case d = 1.
Furstenberg and Katznelson [6] established the following density version of
Gallai-Witt theorem.

Theorem 5. Let 0 < o < 1 and let k and d be positive integers. Then there
cxist.s'anumbcrno no(a, k,d) such that if n > ng and X is a subset of C2
of size at least an® then X contains a copy of Cg.

We can now state the main purpose of this paper. We establish an analogue
of Theorem 2 in the context of Theorems 4 and 5. That is, we show that under
the hypothesis of Theorem 5, there are many copies of Cff in C¢. Observe that
it is clear from Theorem 5 that there must be at least o/'n? copies of C{ for some
o > 0. We shall show that the number of copies of C¢ in X is of order of
magnitude O(n#*!), a result that is essentially best possnble

Theorem 6. Let 0 < o < 1 and let k and d be positive integers. Then there
exist a positive integer ng = no(a, k,d) and a number c = c(a,lc d) > 0 such
that if n > ng and X is a subset of Cd of size at least an?, then X contains at
least cn™*! copies of Cy.

In the proof of Theorem 6 we shall need the following result.

Theorem 7. Let k, d and n be positive integers, n > k. Then the number of
copies of C¢ contained in C2 is

n—k
Ak = 3 [2E5 | (s pé-a.
=0

Proof: Forl=1,2,...,n— ktheset 4; ofpointsofof,l on the union of hyper-
planes z; = [, 1= 1,2,...,d, has cardinality (! + 1)¢ — [4. For convenience, set
Ao = {0}. Letx = (z1,732,...,2q4) bea point of A;. Consider a copy C of C
which has x as its vertex closest to 0. Then the vertex of C diagonally opposite
to x must be one of the points x + t(k— 1,k—1,...,k—1),t = 1,2,...,r
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where 7 is the largest integer such that [+ r(k — 1) < n—1; thatis, r = [2255L].
It follows that the number of copies of C¢ having x as its vertex closest to 0 is

=d=1], Since this holds for all x € A;, the number of copies of C¢ whose vertex
closest to0 isin 4; is ["'f' ] 14;] and the desired result follows.

Corollary 2,

@) fy(n,2,d)=ld+24+---+gn-—l)d
@) (mk,d) = (1+0(1) i,
for fixed k, d, as n — oo.

Proof of Theorem 6: Let am? < | < n?. Let X be a subset of C2 of size I. Let
m > k be a positive integer whose value will be specified later. Let F((m, k, d)
be the size of a largest subset of CZ not containing a copy of C‘ Equivalently,
F(m, k, d) is the least integer such that every subset of C" of size F(m, k,d)+ 1
contains a copy of C“ Putt = F(m,k,d) + 1. For each mteger a satifying

1<a < ——

l
S TamAT ®

and any vector v in C2, let
Xoy =X N(aCE +v).

Call X,y good if | X,y| > t and bad otherwise. The choxce of ¢ ensures that
every good set contains a copy of Cf.

Let C be a copy of C¢. Then for any copy C' of C¢ in C& there is at most one
pair a, v that will map C’ onto C. Therefore, the number of good sets containing
C is at most the number of copies of C¢ in C4, namely 4(m, k, d).

Consider the bipartite graph whose parts are

= {Xoy : Xo is good }
and
Vi = {C: Cis a copy of C{ contained in at least one good set}

and in which there is an edge between X,y and Cif C C X, .

Denote by B(a) the number of v € C¢ for which X, is a good set. The
number of edges in the graph is at least ) | 8(a) where the summation is over all
a satisfying (1). This is just the observation that every vertex of V; has at least
one edge incident with it. On the other hand the number of edges of the graph is
at most |V [y(m, k, d). It follows that

IVl > —— k d)zﬂ(a) @
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For a satisfying (1) let
C,‘f,a ={x:x=(21,72,...,%Ta) € C¢,z; > ma}.
It is helpful to think of Cia as C¢ with a “border” removed. Now,

IX N CL,| > 1X| - (n* — (n— ma)?)
=]l- (nd—nd (l - ﬂnﬁ)d)
2l—u‘(1 - (1 -d?))

=1 —n*'mad.

From (1) we now get
l
d
|XnC,m|2 5 3

For each point x of X N CZ, there are m? points v such that x is in aCZ, + v.
Therefore, from (3), we get

Im¢
> Xenl 2 = @
veCs
Also,
3 Xanl < 7t + Bla)m?. )

vecd

The last inequality follows from the observation that there are at most n¢ points
v for which X, v is bad and each of these sets contain at most ¢ members of X
and there are B(a) points v for which X, v is good and each of these sets contains
at most m? members of X . Now, from (4) and (5) we get

ﬂ(a)m +ndt >-21— d

so that : P l (F(m. k. ) )
nt o m, +1
Blo) 2 5 — =5 — "
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Now it follows from this inequality and the inequality [ > am? that

omd a'nd

l
ﬂ(a)Z'z-— et ©)
From (1), (2), (6) and Corollary 2 (ii), we get

1 l. an?
V2l 2 T (and-‘) (T)

2(d+ 1)(k—-1
> (16(1315“2 )t 1(14 o(1))
> o(a, k,d)n?!

where c(a, k, d) is a constant depending only on «, k and 4. It now follows from
the definition of V5 that the theorem holds. _ [ ]

It is of interest to note that Corollary 1 of Theorem 3 is also a consequence of
Theorem 6; it is the special case of d = 1.

The constant ¢( a, k, d) obtained in Theorem 6 is very small. It would be of in-
terest to improve it. It would also be of interest to decide, for fixed k and d, whether
the largest constant c(a, k, d) for which the conclusion of Theorem 6 holds is a
continuous function of . Similar questions could be raised in connection with
the constants occurring in Theorems 1 and 2.
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