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Abstract. Chvital [1] presented the conjecture that every k-tough graph G has a k-
factor if G satisfies trivial necessary conditions. The truth of Chvital’s conjecture was
proved by Enomoto et al. [2]. Here we prove the following stronger results: every
k-tough graph satisfying trivial necesary conditions has a k-factor which contains an
arbitrarily given edge if k > 2, and also has a k-factor which does not contain an
arbitrarily given edge (k > 1).

1. Introduction and Notations

We consider finite multigraphs G with vertex set V(G) and edge set E(G). We
denote by w(G) and o G) the number of connected components and the number
of odd connected components-of G, respectively. We also denote by \(G) the
connectivity of G. For v € V(G), we denote by dg(v) the degree of v in G. For
S C V(G), we denote by Ng(S) the set of vertices of G adjacent to a vertex in
S, by G[S] the subgraph of G induced by S, and by G — S the subgraph of G
obtained from G by deleting the vertices in S together with their incident edges.
For e € E(G), we also denote by G — e the subgraph of G obtained from G
by deleting the edge e. If S and T are disjoint subsets of V' (G), we denote by
Eg(S,T) the set of edges of G joining a vertex in S to a vertex in 7", and write
ec(8,T) = |Eg(S,T)|. For any integer k, a spanning subgraph F of a graph G
is called a k-factor of G if dp(x) = k forall z € V(G).

The toughness of a graph is an invariant introduced by Chv4tal [1]. A graph
G is t-tough if w(G — S) > 2 implies |S| > t-w(G — 8S) forall S C V(G),
where w(G — S) is number of connected components of G— S. A complete graph
is t-tough for any real number ¢. If G is not a complete graph, then there exists the
largest real number ¢ such that G is t-tough. This number is denoted by t(G) and
is called the toughness of G. Accordingly, t(G) = +oo if G is a complete graph,
and ¢(G) = min{|S|/w(G - 8) | S C V(G) and w(G — S) > 2} if Gisnota
complete graph.

Also in [1], Chvital conjectured that every k-tough graph G with |V(G)| >
k+1andk|V(G)| =0 (mod 2) hasa k-factor. The truth of Chv4tal’s conjecture
was proved by Enomoto et al. [2]. In this paper we give two better results (see
Theorem 1 and Theorem 2).
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2. Results
The following two theorems are our main results.

Theorem 1. Let G be a k-tough graph with |V (G)| > k+ 1 and k|V(G)| =0
(mod 2), where k is an integer and k > 2. Then for each e € E(G), G has a
k-factor which contains e.

Theorem 2. Let G be a k-tough graph with [V(G)| > k+ 1 and k|V(G)| =
(mod 2), where k is a positive integer. Then for each e € E(G), G has a k-
factor which does not contain e.

Note that the conditions that [V(G)| > k + 1 and k|V(G)| =0 (mod 2)
in above-mentioned theorems are trivial since they are necessary conditions for a
graph to have a k-factor. Moreover, the theorems are sharp in the sense that for any
positive integer k and any real number € > 0, there exists a (k — €) -tough graph
G with |[V(G)| > k+ 1 and k|]V(G)| = 0 (mod 2) which has no k-factors.
This fact was proved independently by Enomoto et al. [2] and Tsikopoulos [5].
However, Theorem 1 is not true for k = 1. This fact will be shown by the graph
H given in Figure 1, since H is a 1-tough graph with |V (H)| = 6 which has no

1-factor containing the edge e.

H

Figure 1.

In order to prove our theorems, we shall need some lemmas. But before
stating these lemmas it is necessary to make the following definitions.

Let G be a graph and k be a positive integer. Suppose that S and T are disjoint
subsets of V(G). A connected component C of G — (S U T) is called a k-odd
component or k-even component according as k - |V (C)|+ eg(V(C),T) is odd
or even. Assume that e is a cut edge of G — (SUT'), and C(e) is the connected
component of G — (S UT') containing e. Then we say that e is a k-important cut
edge or k-critical cut edge according as both connected components of C(e) — e
are k-odd components or k-even components of (G — e) — (S U T) (Note that
C(e) must be a k-even component of G — (S U T') in the both cases). We write

8c(8,T) = kIS|+ Y dg-s(z) — k|T| - ha(S,T)
z€T

for all disjoint subsets S and T of V(G), where ha( S, T) is the number of k-odd
components of G — (SUT).
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Lemma 1 (Tutte [3]). Let G be a graph and k be a positive integer. Then
(i) G hasak-factorifandonly if §¢(S,T) > O forall disjoint subsets

S andT of V(QG). .
(ii) 8¢(S,T) = k|V(G)| (mod 2) for all disjoint subsets S and T
of V(@).

Lemma 2 (Chen [4]). Let G be agraphand k be a positive integer. Then foreach
e € E(G), G has a k-factor which contains e if and only if §¢(S,T) > €1(S,T)
for all disjoint subsets S and T of V(G), where

(2 if one of the following conditions holds,

1. G S] has an edge,

2. G — (SUT) has a k-ciritical cut edge,

3.G — (SUT) has a k-even component C such that
eq(V(C),8) > 1,

L 0 otherwise.

€1(5,T) =5

Lemma 3. Let G be a graph and k be a positive integer. Then for each e €
E(G), G has a k-factor which does not contain e if and only if 6¢(S,T) >
€2(S,T) for all disjoint subsets S and T of V(G), where

(2 if one of the following conditions holds,

1. GIT] has an edge,

2. G — (S UT) has a k-important cut edge, ‘

3. G — (8 UT) has a k-even component C such that
ec(V(0),T) 21,

L 0 otherwise.

£2(5,T) =

Proof: For any e € E(Q), it is obvious that G has a k-factor which does not
contain e if and only if G — e has a k-factor. Thus it is sufficient by Lemma 1 (i)
to show that

(Jun, 86-o(5,T) = 6¢(8,T) - &2(5,T) @

for all disjoint S and T of V(G). Note that

> dig—o-s(z) =

z€T

EzeT dg_s(x) —1 ife€ Eg(T,V(G) —(SUT)),
Y zer de-s(2) otherwise,

{ Y zerde-s(z) —2  if eisanedge of G[T],
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and

( hg(S,T) +2 ifeisak-important cutedge of G — (SUT),
he(S,T) +1 ife € Eg(V(C),T) for some k-even
component C of G — (SUT),
hg(S,T) —1 ife € Eg(V(C),T) for some k-odd
' component C of G — (SUT),
\ he(S,T) otherwise.

hg_e(S,T) = +

Then we have

( —2 if one of the following conditions holds,
1. eis an edge of G[T'],
2. e is a k-important cut edge of G — (SUT),
3. e € Eg(V(C),T) for some k-even
component C of G — (SUT),
L 0 otherwise.

86-¢(8,T)—66(8S,T) = -

It implies (1) immediately.

Lemma 4 (Tutte’s 1-factor Theorem [3]). A graph G has a 1 -factor if and only
if o(G—8) < |S| forall S C V(G).

Suppose that e is a cut edge of a graph G, and C(e) is the connected compo-
nent of G containing e. Then e is called an important cut edge if both components
of C(e) — e are odd components of G — e. The following corollary can be derived
from Lemma 3. But it is also a simple consequence of Tutte’s 1-factor Theorem.

Corollary 1. Let G be agraph. Then foreach e € E(Q),G has a 1-factor which
doces not contain e if and only if o(G — S) < |S| — e3(S) forall S C V(G),

where . ,
2 if G — S has an important cut edge,

&(8) = { 0 otherwise.
Proof: It is easy to see that

[nax o((G —e) = 8) =o(G—5) +£3(5)

forall S C V(G). Thus we can obtain immediately the corollary from Lemma 4.

Lemma 5. Let G be a graph and k be a positive integer. Suppose there exists a
real number 6, and disjoint subsets S and T of V(G) satistying

1. 6¢(S,T) < 0,and

2. 6(S*,T)>0ifSCS*CV(G-T.
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Then eq({z},T) < k— 1 forall z € V(G) — (SUT).

Proof: Suppose eq({y},T) > kforsomey € V(G) — (SUT). SetS* =
S U {y}, then

86(5°,T) = k|S*| + ) dg-s(=) — kIT| - ha(8*,T)

zeT

< K(ISI+ 1) + ) dg-s() — ec({y},T) — kIT| - (ha(5,T) = 1)
z€T
< 8c(S,T)+ 1.

Since §g(S*,T) = 6¢(S,T) (mod 2) by Lemmal(u) weobtam that&a( S*, T) <
8¢(S,T) < 0, acontradiction.
Lemma 6. Let G be a non-complete graph. Then t(G) < IX(G’).

Proof: Let S be a vertex-cut setof G with |S| = \(G). Thent(G) < |S|/w(G—-
8) < MG)/2. ‘
Let G be a graph and k be a positive integer. We write

16(S,T) = kS| + ) dg-s(z) — kIT| — w(G - (SUT))
z€T

for all disjoint subsets S and T of V(G). Note that
16(S,T) < 6¢(S,T).

Lemma 7. Let G be a non-complete simple graph and k be an integer where
k > 2. Suppose that there exists disjoint subsets S and T of V(G) such that
SUT #0,76(S,T) <0,and eg({z},T) < k—1 forall z € V(G) —(SUT).
Then G is not k-tough.

Proof: Let S and T be given disjoint subsets of V(G) which satisfy

SUT#49, (V)]

ne(S,T) <0, (©)]
and '
ec({z},T) < k-1 @

forallz € V(G) —(SUT).
We shall prove that there exists a subset A of V(G) such that w(G— A) >2
and |A| < k - w(G — A) by induction on [V (G)|.
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Suppose |[V(G)| < 2k+ 1. Since G is not complete, there exist nonadjacent
verices u and v of G. Let A = V(G) — {u, v}, thenw(G — A) = 2 and |4| <
2k —-1< 2k = k-w(G — A). Hence we may assume that

V(O > 2k+2. ©)

Suppose dg(y) < 2k — 1 forsome y € V(G). Let A = Ng(y). Then w(G —
A) >2 and |A| = dg(y) < 2k < k- w(G — A). Hence we may assume that

de(z) > 2k ©)

forallz € V(Q).

Suppose T = @. Then S # @ by (2), and it follows from (3) that w(G — S) >
k|S| > k >2 and |S| < fw(G - 8) < k- w(G — S). Hence we may assume
that

T+#0. : Q)
We write
r=w(G-(SUT))

and
m = min{dg_g(z) | z € T}.

We shall consider two cases and in each case we shall find a subset A of
V(G) such that w(G — A) > 2 and |A| < k- w(G — A).

Casel: m>k
IfS = 0, then ¥,er dg_s(z) — KIT| = 3, r(dg(z) — k) > K|T| by ©).
Thus it follows from (2) and (3) that w(G — T') > k|T| > k > 2,and |T'| <
Iw(G-T) <k -w(G-T).

If S # 0, then we have by (3) that

r=w(G—(SUT)) > k|S|>k>2 ®)

since },p de-s(z) — k|T| > (m — k) - [T| > 0. Let Cy,Ca, - -+ ,Cr be the
connected components of G — (S U T'), and choose an arbitrary vertex y; of C;
foreachi (1 <1 < 7). Let R = UL Ng(y:) NT, I be a maximal independent
setof G[T — R],and A = SU RU Ng_g(I). Then every C; contains at least one
connected component of G — A, hence w(G— A) > r+|I| > r > 2 by (8). From
(4) we obtain that [R| < Y7 INe(v:) NT| < YL, ee({%:}, T) < (k= Dr,



and hence it follows from (3) that

|4l < IS|+ IR|+ ) dg-s(z)

z€l

< IS+ (k= D+ Y (de_s(z) — k) + k||

z€l

<IS|+ kr—r+ ) (da_s(z) — k) + k|I]
z€T
=16(8,T) — (k= D|S| + k(r + |I])
< —~(k=1)-|S|+k-w(G - A4)
<k-w(G-A).
Case2: m< k

Let z be a vertex in T such that dg_g(z) = m. Since dg_g(2) < k < 2k <
dg(2), there exists a subset R of V(G) satisfying |R| = k and

Ng_s(2) C RC Ng(2) C Ng_s(2) US. ©
SetG' =G —(RU{z}),8'=S—R,T' =T~ (RU{z}),p=|RN S|, and
g = |RNT|. Itis easy to see that dp_g(z) < dg_gs(z) forall z € V(G') — S'.
Moreover we note that
w(G@ - (S'UT") > w(G-(SUT)) — [RN(V(G) — (SUT)| .
=w(G-(SUT)) —(|R|-|RNS|-|RNT)
=w(G-(SUD) - (k-p-9),
p=k—m>1,
and
g=|RNT| < |Ng-s(z)| = m.
Then we have by (3) that
ne(S',T') = k|S'| + E(dcr-s'(z) —k) —w(G' - (S'uT))
z€T’
<k(IS|-p) + ) (dg-s(z)—k) — w(G~(SUT)) + (k—p—g)
zeT’
=ne(S,T) —kp— Y, (dg-s(z) —k) + (k—p—q)
zeT-T"

<—kp—(g+D(m—-k)+(k—p—q)

=—kp+pgt+k—gqg

=—(p—-D(k—-9)

<—(p—1(k—-m)

<0.
(10)
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If S’ = @, then S C R, and thus Ng_g(2z) US C R, which contradicts (9). Hence
sS40 (11)
(a) Suppose that G' is a complete graph. Setp’' = ||, ¢ = |T'|, and m' =
[V(G") — 8. fm' =0,ie. V(G') — S =@, thenT' = @, and we obtain from
(10) and (11) that w(G' — S") > k|S’'| > k > 2, which contradicts the hypothesis
that G' is complete. So we have

m >1, ' (12)

and hence w(G — (RU 8")) > |{z}| + 1 = 2. We now show that
|[RUS'| < k-w(G—(RUS)). (13)

As|[RU 8'| = k + |8'), it suffices to prove that |S'| < k. Since G' — §' is a
non-empty complete graph by (12), we have by (10) and (11) that

(m' =1—-k)-|T'| = Y dor_s(z) — k|T"|

z€eT’
< w(G - (S'uT)) —k|S|
<1-k
S —ls
which implies
m' < k. (14)
Note that

d =TI <(V(G) —(RU{z})) - S'|=m'.
Then we obtain from (10) and (14) that

k|S'| = w(G' = (S'UTY)) - ) (dg-s(z) — k)
zeT’
<m' —¢ —(m' —-1-k)q
=m'+ (k—m')d
<m'+(k—m)m

- 1 2,1 2

——(m—z(k+1)) +4(k+l)
1 2

< g (k+ 12,

and hence || = - (k + 1)2 < k since k > 2. Thus (13) follows.
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(b) Suppose that G’ is not a complete graph. Let H be the graph obtained from
G by joining every vertex u in S to every vertex in V(G) — (Ng(u) U {u}),
ie.V(H) = V(G) and E(H) = E(G)U{uv|u € Sandv € V(@) —(Ng(u)U
{u})}. Let H' = H—(RU{z}). Itis easy to see that when G is replaced by H, (3)
and (4) still hold, and hence (5)—(14) follow also. If H' is a complete graph, then
we have similarly as in (a) that w(H — (RUS")) >2 and |RUS'| < k-w(H —
(RUS")).Hencew(G—(RUS")) >2and |RUS'| < k-w(G-(RUS"))
since w(G — (RUS")) = w(H — (RU S')). Thus we may assume that H'
is not a complete graph. Since S’ # 0, na(S',T") = ne(S8',T") < 0, and
en({z},T'") < en({z},T) = ec({z},T) < k—1forallz € V(H') — (S'U
T"), there exists by induction a subset A’ of V(H') such that w(H' — A’) > 2
and |A'| < k-w(H'— A'). Let A= RU A'. Note that A’ must contain S’ by the
construction of H, and thus z is an isolated vertex of H —( RUA') ,butz ¢ V(H').
Then we have that w(H — A) = w(H - (RUA")) =w(H' - A")+1 >2 and
|Al=|R|+|A'| < k+ k-w(H — A') = k-w(H — A). Hence w(G — 4) > 2
and [A| < k- w(G — A) since w(G — A) > w(H — A).

Consequently, we can conclude that there exists a desired subset A of V(G)

such that w(G — A) > 2 and |A| < k- w(G — A). Namely, G is not a k-tough
graph.
Proof of Theorem 1: We may asume that G is a simple graph since a multigraph
has the same toughness as its underlying simple graph. The proof is trivial if G
is a complete graph. Thus we also assume that G is non-complete. Suppose the
theorem is not true for some k > 2. Then by Lemma 2 there exist disjoint subsets
S and T of V(G) such that §¢(S,T) < €1(S,T). Put 0 = &,(S,T). Then we
can choose a subset §' with S C 8’ C V(G) — T such that §5(S',T) < 0 and
8c(S*,T) > fforall &' C 8* C V(G) — T. Thus we have by Lemma 5 that
ec({z},T) < k—1forallz € V(G) — (S'UT). Since §¢(S',T) = k|V(G)|
(mod 2) by Lemma 1 (ii) and k|[V(G)| = 0 (mod 2) by the hypothesis of the
theorem, we have §¢(S’,T) = 0 (mod 2). Hence it follows that

n6(8',T) < 6c(S',T) < 6-2. 15)

Note that G is 2 k-edge-connected by Lemma 6, which implies &;(@,8) = 0.
Thus we have &' UT # 0 since otherwise 6 = 0 and we obtain from (15) that
w(G) > 2 which is a contradiction. Therefore we can conclude from Lemma
7 that G is not a k-tough gmph which contradicts the hypothesis, and hence the
theorem is proved.

Proof of Theorem 2: For the same reason as in the proof of Theorem 1, we may
assume that G is a non-complete simple graph, and shall consider two cases.

Casel: k=1
Let S C V(G). Suppose S = @. Note that G is 2-edge-connected by Lemma

63



6, and hence &3(@) = 0. Then we have o(G — @) = 0 = |@] — £3(0). Thus
we may assume that S # @#. Hence w(G — S) < |S| since G is 1-tough. If
o(G—-8) < w(G—-8) orw(G—8) < |5, then o(G — S) < |5, and hence
o(G-8) <|S|—-2as0(G—-S8)—|S|=|V(G)| (mod 2) and [V(G)| =0
(mod 2) by the hypothesis of the theorem. Otherwise o(G — S) = w(G — 8S) =
|S]. So G — S has no even components, which implies G — S has no important cut
edges, and £3(S) = 0. Hence o(G — S) = |S| — &3(S). Thus we can conclude
from Corollary 1 that G has a 1-factor which does not contain an arbitrarily given
edge.

Case2: k>2

Suppose that the theorem is not true for some k& > 2. Then by Lemma 3 there
exist disjoint subsets S and T of V(G) such that §¢(S,T) < &2(S,T). Put
0 = (8, T). As similarly as in the proof of Theorem 1 we can choose a subset
S'withS C §' C V(G)—T suchthat S'UT # 8,76(S',T) < 8¢(S',T) < -2
andeg({z},T) < k—1forallz € V(G) —(S'UT). Therefore we can conclude
from Lemma 7 that G is not a k-tough graph, a contradiction.
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