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Abstract

Let G = (V, E) be a finite, simple graph. For a triple of vertices u, v, w of
G, a vertex z of G is a median of u,v, and w if z lies simultaneously on
shortest paths joining u and v, v and w, and w and u respectively. G is
a median graph if G is connected, and every triple of vertices of G admits
a unique median. There are several characterizations of median graphs in
the literature; one given by Mulder is as follows: G is a median graph if
and only if G can be obtained from a one-vertex graph by a sequence of
convex expansions. We present an O(|V|? log |V'|) algorithm for recognizing
median graphs, which is based on Mulder’s convex-expansions technique.
Further, we present an O(|V|? log |V|) algorithm for obtaining an isometric
embedding of a median graph G in a hypercube @, with n as small as

possible.
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1 Introduction and Preliminaries

By a graph we mean a finite, simple, and undirected graph. For a graph
G = (V,E) and vertices u,v € V, let dg(u,v) denote the distance, i.e., the
length of a shortest path, between u and v in G; we will omit the subscript
G if the reference is clear from the context. A median of a triple of vertices
u,v,w of G is a vertex z of G that lies simultaneously on suitably chosen
shortest paths joining v and v, v and w, and w and u respectively. G is a
median graph if G is connected, and every triple of vertices of G admits a
unique median. If S C V(G), then < S > will denote the subgraph of G
induced by S. A subgraph H of G is said to be an isometric subgraph if for
u,v € V(H), dg(u,v) = dg(u, v); clearly, an isometric subgraph must be a
vertex-induced subgraph.

Let {0, 1}" be the set of all binary strings of length n, where n > 1. For
z,y € {0,1}", let dy(z,y) denote the Hamming distance between z and y,
i.e., the number of bit positions in which z and y differ. A hypercube or
n-cube, denoted by @, is a graph whose set of vertices is {0,1}", where
two vertices are adjacent if and only if their Hamming distance is exactly
one. For graphs G, = (W4, E1) and G3 = (Va, E5), the Cartesian product of
G1 and Gy is denoted by G x G2, and is defined as follows: V(G x G2) =
V1 x V4, where vertices (u1,u2) and (vq,v2) are adjacent if and only if either
uy = v; and {uz,v2} € E3 or uz = vy and {u;,v;} € E;. It is easy to see
that the Cartesian product of graphs is commutative and associative (up to
isomorphism), and the n-cube @, is isomorphic to the Cartesian product
of n copies of K,. »

Median graphs have a rich literature; [B1,BB,BM,BV,M1,M2,MS,N]
is a sample of papers on this subject. All trees, n-cubes, and grid graphs
are examples of median graphs. Some simple properties of median graphs,
which will be useful in the sequel, are stated in the following lemma; we
have omitted the easy proofs.

Lemma 1.1 1. A median graph is a bipartite graph.

2. G is a median graph if and only if every biconnected component of G
ts a median graph in ils own right.

3. The class of median graphs is closed under Cartesian product.
4. A median graph does not contain Ko 3 as its subgraph. |

Since a median graph is a subgraph of a hypercube [M1,B1], the follow-
ing lemma applies to it.

Lemma 1.2 (Graham, [G1]) There ezists a fized small ¢ such that for
any subgraph G = (V, E) of a hypercube, |E| < c-|V|log|V|. |
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Let G = (V,E) be a connected graph, and W C V. IV is said to be
a convez subset of V (and the corresponding induced subgraph < W >
a convez subgraph of G) if for u,v € W, all shortest (u,v)-paths in G lie
entirely in < W >. Clearly, a convex subgraph of a median graph is itself
a median graph. Further, W is said to be 2-convez if for u,v € W with
dg(u,v) = 2, every common neighbor of u and v is in W. Note that by
Lemma 1.1(4), any two non-adjacent vertices in a median graph may have
at most two common neighbors. For subsets S, T of V, let [S, T] denote the
set of edges of G with one end in S and the other in T'.

Let W, W' C V be such that W W' =V, W W' # ¢, and
[W\ W', W'\ W] = ¢. The expansion of G with respect to W and W' is
the graph G’ constructed as follows:

1. replace each vertex v € W[ W'’ by two vertices u,, u;, which are
joined by an edge;

2. join u, to the neighbors of v in W \ W' and v/, to those in W'\ W;
3. ifv,w € WO W’ and {v,w} € E, then join u, to u, and u;, to uy,.

If W and W' are convex subsets of G, then G’ will be called a convez
ezpansion of G. An interesting and relevant feature of convex expansion is
given in the following theorem of Mulder; see [M1] for proof.

Theorem 1.3 (Mulder, [M1]) Let G’ be obtained from GG by convez ez-
pansion. Then, G is a median graph if and only if G' is a median graph.

In [B1, M1] Bandelt and Mulder have given two distinct characteriza-
tions of median graphs. The one by Bandelt is based on the concept of
retract while Mulder’s is based on the notion of convex expansion, and uses
Theorem 1.3. These characterizations are stated below; see the respective
papers for proofs.

Theorem 1.4 (Bandelt, [B1]) A graph is a median graph if and only of
it is a retract of a hypercube. |

Theorem 1.5 (Mulder, [M1]) A graph is a median graph if and only if 1t
can be obtained from a one-vertex graph by a sequence of convex expansions.

We have tried to make these interesting characterizations as bases for
two algorithms for recognizing median graphs. In [JS] we have constructed
an O(|V|%log |V|) algorithm for this purpose based on Bandelt’s approach
using retracts. This improved a previous O(|V|*) algorithm of Chung,
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Graham, and Saks [CGS1]. The algorithm starts with a subgraph G, (=
K3) of the given graph G and tries to build a sequence Gy, G, --- of
subgraphs of G such that (a) each G; is a median graph in its own right
and is isometric in G, and (b) G; is a proper subgraph of Gi;;, i > 1. The
algorithm reports success if and only if it succeeds in obtaining a subgraph
G, in the foregoing sequence such that G, = G. The construction we use
is a careful adaptation of Bandelt’s proof of his characterization stated in
Theorem 1.4,

In this paper, we present a recognition algorithm which is based on
Mulder’s characterization (Theorem 1.5). It has the same time complexity,
viz., O(|V|?log |V|) but is conceptually simpler. The main difficulty we
faced in applying Mulder’s approach was dealing with convexity. The naive
way of testing convexity of a subgraph seems rather time consuming and
could not be used to achieve even the O(|V|?log |V|) bound, let alone any
improvement. It turned out eventually (following a suggestion of Bandelt)
that rather than testing convexity, it is sufficient to test 2-convexity and
isometry. This development and the resulting algorithm are described in
sections 2 and 3. As stated earlier, the algorithm presented in this paper
(call it M) has the same asymptotic bound as the earlier one (call it B)
reported in [JS]. Both algorithms are interesting in their own right. Some
of their salient features are the following.

1. Algorithm B is based on the idea of retraction as developed in [B1]
while M is based on the completely different idea of convex-expansions
(or more appropriately, convex-contractions) as developed in [M1].

2. Algorithm B starts with a subgraph isomorphic to K- (i.e., an edge)
of the input graph G and atfempts to build a sequence of larger sub-
graphs of G such that the sequence eventually ends with G; on the
other hand, algorithm M starts with (the input graph) G and at-
tempts to build a sequence of smaller graphs (by appropriate contrac-
tion) such that a graph isomorphic to K3 is eventually obtained. Thus
the two processes work their way in opposite directions, but they are
not “reverses” of each other in any way.

An immediate corollary of Theorem 1.4 is that every median graph is
an isometric subgraph of a hypercube [B1]. In Section 4, we construct an
O(|V|?log |V]) algorithm for obtaining an isometric embedding of a given
median graph in the hypercube Q,, where n is as small as possible. We
make use of the theory of isometric émbeddings of graphs developed by
Graham and Winkler [GW]. The structure of our embedding algorithm is
quite similar to that of the recognition algorithm. In fact, we later argue
that any improvement in the efficiency of our recognition algorithm (based
on convex expansions) will lead to the same asymptotic improvement in
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our embedding algorithm. Finally in Section 5, we summarize the results,
and comment on some related research problems.

2 Theoretical Background

In this section, we present the theoretical machinery necessary for develop-
ing the recognition algorithm.

The following lemma is a slight generalization of an observation of Ban-
delt and Mulder. It was suggested to us (together with a proof) by Bandelt
[B2], and will be useful in the sequel.

Lemma 2.1 Let G = (V, E) be a connected, bipartite graph in which every
triple of vertices has a median. Let W C V. Then W is a convex subset of
V if and only if W is 2-convez and < W > is an isometric subgraph of G.

Proof. ([B2]) Let G and W be as in the statement of the lemma. Suppose
that W is 2-convex and < W > is an isometric (hence connected) subgraph
of G. We show that W is a convex subset of V. We do this by induction on
d(u,v), where u,v € W. For d(u,v) = 1, 2, the claim is immediate. Let
d(u,v) > 3, and pick a shortest path P = u—w — --- — v between u and
vin G. If P is not included in W, then we may assume that w ¢ W. Let
t be a neighbor of u on a shortest path between u and v in (the isometric
subgraph) < W >. Let z be a median of v, w and t. It is clear that z is
a common neighbor of w and ¢, and ¢ # u. Since d(t,v) < d(u,v), t € W,
and since z is on a shortest path between t and v, we have that z € W (by
induction hypothesis). Now, u,t,z € W, where t is a common neighbor of
v and z; also, w is a common neighbor of u and z in G. By 2-convexity,
w € W, a contradiction.

The converse is immediate. |

Let G be a connected, bipartite graph. Fix an edge {a,b} of G and
define

W, = {w € V | d(a,w) < d(b,w)} )
Wy = {w €V | d(b,w) < d(a, w)}
F = [W,, Wy (*)

U, = {u € W, | uis the end vertez of an edge in F'}

Uy = {u € W, | u is the end vertez of an edge in F}.

Note that {W,, W;} is a partition of V, and that < W, > and < W} > are
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connected subgraphs of G. The following theorem of Mulder [M1] states
some important properties that these subgraphs have when G is a median
graph. It will be very useful in the development of our algorithm.

Theorem 2.2 (Mulder, [M1]) Let G = (V, E) be a median graph. For
an edge {a,b} of G, define the sets W,, Wy, F, U,, and Uy as in (*). Then

1. Us and Uy are convex subsets of V, and hence so are W, and Wy.

2. F is a matching which defines an isomorphism between < U, > and
< Uy >.

3. If G' is the graph obtained from G by contracting the edges in F, then
G’ is a median graph, and G is the (convez) expansion of G' with
respect to W, and W. |

Let {Vo,---,V;} be a partition of W, such that if z € V;. then d(a, z) =
t,0 < ¢ < r. Define asimilar partition of W;. We call a vertex z of W, (resp.
W4) a square vertezif ¢ € U, (resp. Uy), and a circle vertez otherwise. Note
that a and b themselves are square vertices. If z € V;, y € V;, where j > i
and d(z,y) = j — 1, then we say that z is a predecessor of y; furthermore,
if j —1 = 1, then we say that z is an immediate predecessor of y. The
following lemma states some important properties of the square and circle
vertices that will be used by the algorithm. It is given in terms of U, and
W, but an analogous statement holds for U, and W;.

Lemma 2.3 IfU, is a convez subset of W,, then in W,, every predecessor
of a square verlez is a square vertez, and a circle vertex has at most one
immediate predecessor which is a square vertex.

Proof. Suppose that U, is a convex subset of W,. Let w,z be square
vertices and y a circle vertex. If y is a predecessor of w, then y must lie on
a shortest (a, w)-path; since a, w € U,, convexity of U, implies that y € U,.
Next assume that w # z and w, z are immediate predecessors of y. Since G
is a bipartite graph, w and = cannot be adjacent; thus y lies on a shortest
(w, z)-path contradicting the hypothesis of the lemma.

The next theorem (together with Theorem 2.2 and Lemma 2.3) pro-
vides the theoretical basis for the convex-expansions algorithm.

Theorem 2.4 Let G = (V, E) be a connected, bipartite graph. For an edge
{a,b} of G, define the sets W,, Wy, F, U,, and U, as in (*). Assume that

1. <Us > and < Uy > are connected,
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2. F is a matching which defines an isomorphism between < U, > and
< Up >, and

3. in W, (resp. W), every predecessor of a square vertez is a square
vertez, and a circle vertez has at most one immediate predecessor
which is a square vertez.

Let G’ be the graph obtained from G by contracting the edges in F. Then,
if G’ is a median graph, so is G.

Proof. Let G and G’ be as in the hypothesis of the lemma, and suppose
that G’ is a median graph. Recall that {W,, W,} is a partition of V(G).
Let Vo = Wo\ U, and V, = W, \ Uy, whence W, = V,JU, and W}, =
Vs UUs. Let U be the vertex subset of G’ corresponding to the contraction
of the edges in the matching F. Clearly, < U > is isomorphic to each
of < Uy > and < Uy >. We may write V(G') = V, JU Vs, where V,,
U, and V4 are mutually disjoint. Observe that there is a natural bijection
between the vertex subset V, [ JU (resp. Vi |JU) of G’ and the vertex subset
W, (resp. W;) of G such that the corresponding induced subgraphs are
isomorphic to each other under that bijection. We maintain the distinction
between square vertices and circle vertices in the graph G’ as we did in G;
in other words, a vertex z in G’ is a square vertex if z € U, and a circle
vertex otherwise. Note that the relative positions of square vertices and
circle vertices in G’ are similar to those in G, i.e., the natural isomorphism
between < W, > (resp. < W, >) and < V,|JU > (resp. < V,JU >)
“preserves the square and circle vertices.” It is clear that G is an expansion
of G’ with respect to V,|JU and V4| JU, and what remains to show is
that it is a convex expansion, i.e., Vo|JU and V;|JU are convex subsets
of V(G’). Since by hypothesis, G’ is a median graph, it would follow from
Theorem 1.3 that G is a median graph. To show that V,|JU and V;|JU
are convex, it suffices to show that U is a convex subset of V(G’), and for
this, using Lemma 2.1, it suffices to prove that U is 2-convex and < U >
is an isometric subgraph of G'.

Let c be the vertex of G’ corresponding to the contraction of the edge
{a,b} of G. Let {V4,---,V;} be the partition of V(G’) such that if z € V;,
then d(c,z) = ¢, 0 < i < r. This partition may be obtained easily from the
earlier partitions of W, and W, with respect to the vertices a and b in the
graph G. The definitions of predecessor and immediate predecessor remain
as before. We first show that U is 2-convex. Let u,v be square vertices
with d(u,v) = 2, where u € Vj, v € Vj, and j > i. Note that either j = i or
J=1+2. If j =i, then any common neighbor w of v and v will be either in
Vit1 or in V;_1, and hence w itself must be a square vertex, for otherwise
statement 3 (of the hypothesis) will be violated. If j = i 4+ 2, then any
common neighbor w of v and v will be in V;4;, in which case w will be an
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immediate predecessor of v, and hence a square vertex. We conclude that
U is 2-convex with respect to V(G’).

We next establish that < U > is an isometric subgraph of G’. Let u
and v be square vertices, i.e., u,v € U. We claim that there is a shortest
path between u and v in G’ which contains only square vertices. The cases
d(u,v) = 1, 2 are easy. In what follows, suppose that d(u,v) > 3. If <U >
is not isometric in G’, then there exist two square vertices such that every
shortest path between them contains a circle vertex. Among all such vertex
pairs, let u, v be as close to each other as possible. As before, w.l.o.g. we
assume that u € V;, v € V;, and j > i. Then every vertex (other than u
and v) on every shortest (u, v)-path in G’ will be a circle vertex. We shall
derive a contradiction.

Let = be a neighbor of u on a shortest (u,v)-path. By assumption, z
is a circle vertex, and hence cannot be a predecessor of u. Thus z € V;41;
in other words, u is an immediate predecessor of z. Let z be the median
of ¢,v,z. Since every shortest (c,v)-path contains only square vertices, 2
itself must be a square vertex. Also, since c is (trivially) a predecessor of
z, so must be z. Furthermore, since every vertex (other than v) on every
shortest (z,v)-path is a circle vertex (and since z must be on some such
path), we must have that = = v, i.e., v is the median of ¢, v, 2. This however
means that z (= v) is a predecessor of £ which together with j > ¢ implies
that v is an immediate predecessor of . This contradlcts condition 3 of
the hypothesis of the theorem. I

3 The Convex-Expansions Algorithm

In this section, we present and analyze a recursive algorithm (shown in
Figure 1) for testing whether or not a given graph G is a median graph. We
assume that G (i) is non-trivial, connected, and bipartite, and (ii) satisfies
the bound on |E(G)| as stated in Lemma 1.2. Note that these checks may
be performed in time linear in the size of G. If at any time, “REJECT”
is encountered, we will terminate the algorithm and report failure; in the
event of normal termination, we will report success.

In the next two theorems, we establish the correctness and bound on
the time-complexity of the recognition algorithm.

Theorem 3.1 The recognition algorithm terminates and correctly deter-
mines whether a given graph is a median graph or not.

Proof. Termination is obvious. For correctness, first recall Lemma 1.1(2),
viz., G is a median graph if and only if every biconnected component of G
is a median graph in its own right. Also note that K’ is trivially a median
graph. Now, let G; be a biconnected component of G, where G; % K». It
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procedure Median(G);
begin
1. Let Gy, - -, G, be the biconnected components of G;
2. fori:=11tordo
3. ifGi % K, then begin
4. Fix an edge {a,b} of G; and obtain the sets
Wa, Wy, U,,Us, and F;
5. Verify that
(i) < Uy > and < Uy > are connected;
(ii) F is a matching which defines an isomorphism between
< Ug > and < Uy >; '
(iii) every immediate predecessor of a square vertex is a
square vertex; and
(iv) a circle vertex has at most one immediate predecessor
which is a square vertex;
If any one of the foregoing statements is false, then REJECT;
6. Let G’ be the graph obtained from G; by contracting the edges
which are in F
7. Median(G’) (* recursive call *)
end (* if *)
end. (* Median *)

Figure 1: THE RECOGNITION ALGORITHM

suffices to show that G; is a median graph if and only if all four statements
in step 5 of the algorithm are satisfied and G’ (the graph obtained from G;
by appropriate contraction) is a median graph. This follows from Theorem
2.2, Lemma 2.3, and Theorem 24. 1

Theorem 3.2 The recognition algorithm runs in time O(|V |2 log |V]).

Proof. Let G = (V, E) be an input graph. As stated earlier, we assume
that G (i) is nontrivial, connected, and bipartite, and (ii) satisfies the con-
dition stated in Lemma 1.2, ie., |E| < ¢ |V|log|V|, where ¢ is a small,
fixed constant. Clearly, these checks may be performed in time linear in
the size of G.

Following step 1 of the algorithm, let G;,---, G, be the biconnected
components of G. It is clear that obtaining these components takes linear
time. Obviously, » < |V|. Thus it suffices to show that each iteration of
the “for” loop in step 2 takes linear time.

Let H = (X, D) be a biconnected component of G. Clearly, the check
whether H = K, or not may be performed in O(1) time. Suppose that
H % K». Let {a,b} € D. Let {Ao, -+, Ap} be a partition of X such that
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begin
1. First mark a and b as square vertices and then mark every other
vertex of W, and W; as a circle vertex;
U, :={a}; Uy := {b}; F := {{a,b}};
fori:=1tordo
for ve C; do
if v has a neighbor, say w, in D; then begin
U, := U, U{v};
Uy := Uy U{w};
F = FU{{v,w});
Mark v (resp. w) as a square vertex in W, (resp. W),
(* This overrides the earlier marking of v and w *)

end (* if *)

©® NS T W

end.

Figure 2: PROC

for v € A;, d(a,v) =14, 0 < i < p; see ([GM], pp. 48-49) for an algorithm
for obtaining such a partition in time O(|D|). Let {By, - - -, B;} be a similar
partition of X with respect to b. Note that Ay = {a}, Bo = {b}, p,q¢ > 1,
and |p— g| < 1. Let r be the largest integer such that A, (| B,41 # ¢, and
let s be the largest integer such that B, [ As41 # ¢. Note that » < p and
s<gq. Let Ci = Ai[V\Bit1, 0<i<r,and D; = BjnAj.H, 0<j<s.
It is clear that W, = |JI_, Ci, W = U;=0 D;, and that {Co,---,C,} and
{Do,:--, D} are partitions of W, and W, such that the following distance
constraints hold: v € C; if and only if d(a,v) =4, 0< i< 7,and v € D;
if and only if d(b,j) = j, 0 < j < s. Observe that W,, W, and their
partitions (as defined above) may be obtained in time O(|D|).

The procedure PROC in Figure 2 constructs the sets U/y, Uy, and the
matching F in time O(|D|); also, it marks the various vertices of H as
square and circle vertices. We assume that r < s. (Note that if » = 0, then
the “for” loop in step 3 is not executed at all.)

We maintain a representation of H based on the partition of W, and
W,, and the marking of the various vertices. Based on this representation,
we may now verify conditions (i) and (ii) of step 5 of the algorithm in time
O(|D]). Also, since conditions (iii) and (iv) are local, they too are verifiable
in O(|D|). The claim follows. I



4 Isometric Embedding of Median Graphs
in the Hypercube

In this section, we present an O(|V|?log |V|) algorithm for obtaining an
isometric embedding of a given median graph in a hypercube Q@ with n as
small as possible. It is well known that median graphs are isometrically
embeddable in hypercubes [B1, M2]. Our contribution is in providing an
efficient algorithm and achieving the minimality in the dimension. We shall
make use of the more general theory of isometric embeddings of graphs
developed by Graham and Winkler [GW] which is not restricted to median
graphs and hypercubes.

We first review the essential definitions and constructions. Let G be a
nontrivial, connected graph. Define a binary relation  on E as follows: if
e,e' € E, where e = {z,y} and ¢/ = {2’,y'}, then ef ¢’ if

d(z,2') + d(y,v) # d(z,¢) + d(2', y).

This relation is easily seen to be reflexive and symmetric, but in general,
it is not transitive. To see this, consider the graph Cs, a cycle of length 5.
Let § be the transitive closure of §. Then § is an equivalence relation and
the corresponding equivalence classes E, - - -, E, are called f-classes. Note
that r < |E|. The following lemma is a key fact in this theory.

Lemma 4.1 (Graham & Winkler, [GW]) For z,y € V, let P be the
set of edges on a shoriest path between z and y, and let Q be the set of
edges on any other path between z and y. Then for any i, 1 < i < r,

IPNE] < IQNE T

It follows from the lemma that removing the edges of E; from G will
disconnect G. The reason is that if {z,y} € E;, then every path between
z and y will contain at least one edge in E; and thus the removal of E;
will disrupt all paths between z and y. Now, for each E;, we construct a
graph G; from G as follows. First remove from G all the edges belonging
to E;. Let {C1,---,Cm,} denote the set of connected components resulting
from this operation. Define G; = (V;, E;), where V; = {C1.---,Cp,} with
Cj and Cj adjacent if and only if some edge in E; joins a vertex in C;
to a vertex in Cy in the original graph G. Corresponding to G;, define
a mapping ; : V — V; by setting a;(v) = C; if and only if v € C;.
Next, define an embedding @ of G into the Cartesian product of Gy, -+, Gy
given by v — (ai(v),--,ar(v)). This embedding is called the canonical
embedding. Graham and Winkler prove the following important property
of canonical embeddings.

Theorem 4.2 (Graham & Winkler, [GW]) The canonical embedding is
an isometric embedding. I

85



The graphs G, - - -, G, are called the canonical factors of G and r is called
the isometric dimension of G, denoted by dim;(G). Djokovic [D] was the
first to give a characterization of graphs isometrically embeddable in hy-
percubes.

Theorem 4.3 (Djokovic, [D]) G is isometrically embeddable in Q, for
some n if and only if G is bipartite and for every edge {a,b} of G, W, and
Wy are convez.

Another such characterization is given by Graham and Winkler in the
following theorem.

Theorem 4.4 (Graham & Winkler, [GW]) G is isometrically embed-
dable in Q,, for some n if and only if G is bipartite and the relation 0
(defined above) is transitive. 1

As noted by Djokovic [D], the smallest n satisfying the foregoing theo-
rem is equal to dimy(G), i.e., the number of -classes of E (if 6 is transitive,
then 6 = §). By Theorems 2.2 and 4.3, it follows that median graphs are
isometrically embeddable in hypercubes, and hence the relation 8 is transi-
tive for median graphs. Observe that an isometric subgraph of a hypercube
need not be a median graph (for a counterexample, consider Cs). In the
remainder of this section, G and G’ are arbitrary but fixed graphs with
characteristics stated below.

Let G = (V, E) be a nontrivial median graph. Fix an edge {a,b} of
G and define the sets W,, W, F, U,, and U as in (*) in section 2. By
Theorem 2.2, we may write F = {{e1,b1},---,{am,bm}}, where U, =
{a; |1 <i<m},and Uy = {b; | 1 < i < m} for some m > 1. Let
G' be the graph obtained from G by contracting the edges of F. Let
Va = Wa\ U, and Vy = Wy \ U, whence W, = V,|JU, and W, = V, |JU,.
Let U = {¢; | 1 < ¢ < m} be the vertex subset of G’ corresponding to the
contracted edges of F, i.e., ¢; corresponds to the edge {a;,b;} € F. Observe
that a; — b; — ¢; defines an isomorphism among < U, >, < Uy >, and
< U >. Thus we may write V(G') = V, U |J Vs, where V;, U, and V; are
mutually disjoint. We shall use V;,V; (resp. < V, >,< V} >) as vertex
subsets (resp. induced subgraphs) of both G and G’, and use the context to
resolve any ambiguity. As observed in section 2, G is the convex expansion
of G’ with respect to V,|JU and V, U.

The following two lemmas are useful in the development. of the embed-
ding algorithm.

Lemma 4.5 Lete € F, ¢’ € E(G). Then, efe' <= ¢' € F.

Proof. Let e = {a;,b;} € F, ¢’ € E(G) . First suppose that ¢/ € F
and let ¢/ = {a;j,b;}. By Theorem 2.2, F is a matching which defines
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an isomorphism between the (convex) subgraphs < U, > and < U, > of
G. Therefore, d(a;,a;) = d(b;,b;) = d(a;,bj) — 1 = d(a;.b;) — 1. Thus
d(ai, a;) + d(b;, b;) # d(as,b;) + d(aj, b;), whence ef e’

Conversely, suppose that ¢’ = {z,y} ¢ F. W.lo.g., assume that z,y €
Wa. Since W, is convex (recall Theorem 2.2) and G is bipartite, it fol-
lows that d(a;, z) = d(b;, z) — 1 and d(ai,y) = d(b;,y) — 1. Consequently,
d(ai, z) + d(bi, y) = d(as, y) + d(b;, ), whence e (=8) ¢’. 1

Lemma 4.6 dim[(G) = dim;(G') + 1.

Proof. By Lemma 4.5, F constitutes one #-class of E(G), and hence con-
tributes one dimension to the (minimum dimensional) hypercube in which
(the median graph) G has a canonical embedding. Thus, it suffices to show
that the number of §-classes of E(G’) is equal to the number of #-classes of
E(G) minus one.

Define a mapping f : V(G) — V(G') as follows: f(a;) = ¢; = f(bi)
for a; € Us, bi € Uy, and f(z) = z for z € V,|JV;. Consider edges
ei,ez in E(G)\ F, and let e; = {z;,yi}, i = 1, 2. It is clear that z;,y;
are either both in W, or both in W,. Let f(z;) = z!, f(3;) = y}. Then
e = {z},4}} € E(G'), i = 1, 2. 1t is straightforward to see that e, fe; in
G if and only if e} # €5 in G'. It then follows that the number of #-classes
of E(G’) is exactly one less than the number of 6-classes of E(G). |

A recursive algorithm for isometric embedding appears in Figure 3. It
has a structure similar to that of the recognition algorithm in section 3. G
is the input (nontrivial, median) graph. The procedure outputs a set L of
labels for the vertex set V(G), where each label is an n-bit binary string
corresponding to a canonical embedding of G in @, for some n > 1. As
stated earlier, we use V, and V; to denote the vertex subsets of G as well as
G'. This point is particularly apparent in steps 7 and 8 of the algorithm.

Theorem 4.7 The embedding algorithm terminates and correctly embeds
a given median graph G in Q,, where n is as small as possible.

Proof. Termination is obvious. For correctness, let G be an input (non-
trivial, median) graph. We claim that the set L of labels assigned to the
vertices of G by the algorithm defines an isometric embedding of G in Q,,
where n is as small as possible. We prove our claim by induction on the
number 7 of recursive calls to the algorithm. For i = 0, the claim is trivially
true.

It suffices to show that if (the median graph) G’ obtained from G (as in
the algorithm) satisfies the claim, then so does G. Observe that if u,v € W,
(resp. W) C V(G), and u/,v' are the corresponding vertices in V, JU
(resp. V3 JU) C V(G’) under the natural bijection between W, and V, JU
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procedure embedding(G, L);
begin
1. if G = K, then label the vertices of G by 0 and 1
else begin
2. Fix an edge {a,b} of G and obtain the sets W,, Wy, F, U,, and Uy;
Suppose that F = {{a1,b1}, -, {@m,bm}}, where
Us = {al, e ‘,am} and Uy = {b1,' ";bm}§

3. Let Vg := W, \ Us and V; := Wy \ Us;
4. Let G’ be the graph obtained from G by contracting the edges in F;
5. Let U := {e¢1,---,¢m} be the vertex subset of G, where c;

corresponds to the contracted edge {a;, b;}, 1 < i < m;
6 embedding(G’, L') (* recursive call *)
7. forv € Vg do L(v) := 0L'(v);
8. forv € Vy do L(v) := 1L/ (v);
9. fori:=1to m do begin
10. L(a;) := 0L/(ci);
11 L(b;) :=1L'(¢;)

end (* for *)

end; (* else *)

end. (* embedding *)

Figure 3: THE EMBEDDING ALGORITHM

(resp. Wy and V3 |JU), then dg(u,v) = dg:(u’, v'). Also, if u € W,,v € Wy,
and u’, v’ are the corresponding vertices in V, |JU and V; | U respectively
in G’, then dg(u,v) = dg:(v/,v') + 1. It is straightforward to see from
our construction (statements 7 through 11) that if G’ has an isometric
embedding in @y, then the set L of labels assigned to the vertices of G
by the algorithm defines an isometric embedding of G in @,,4+;. That the
embedding thus produced is in the smallest possible hypercube follows from
the induction hypothesis and Lemma 4.6. 1

By an analysis similar to that of the recognition algorithm in section 3,
we obtain the following result.

Theorem 4.8 The embedding algorithm runs in time O(|V|2log |V|). |

5 Concluding Remarks
In this paper, we have presented two algorithms of complexity O(|V|? log |V])

each which respectively do the following: (1) decide whether a given graph
is a median graph or not, and (2) produce an isometric embedding of a given
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median graph in a hypercube Q,, with n as small as possible. It is clear
that these two algorithms may be combined in that order to yield a single
O(|V|?log |V|) algorithm which will first tackle the recognition problem,
and then produce an appropriate embedding if the given graph is found to
be a median graph. Alternatively, it is also possible to carry out the em-
bedding procedure in conjunction with (i.e., as a part of) the recognition
procedure so that if the given graph is found to be a median graph, then
at the termination of the algorithm, its vertices will be suitably labeled by
uniform binary strings corresponding to an appropriate isometric embed-
ding. The resulting algorithm will have the same asymptotic complexity,
viz., O(|V|?log |V|). However, it will be somewhat complicated. In regard
to the embedding procedure, it is interesting to note that the size of the
hypercube (in which the embedding is prescribed) may be exponential in
the size of the given median graph. To see this, consider a tree T (which is
known to be a median graph) on n + 1 vertices. It is straightforward to see
that the smallest hypercube in which T has an isometric embedding is @,
whose size (|V(Qn)| = 2" and |E(Q,)| = n-2"~1) is clearly exponential
in the size of T. However, our embedding algorithm produces just the ap-
propriate labeling of the vertices of the given median graph, and does not
explicitly construct the hypercube.

One possible approach for improving the performance of our recognition
algorithm is that instead of choosing an arbitrary edge of the input graph
(step 4, Figure 1), we might look for an edge for which the corresponding
matching F' is as large as possible. Such a strategy will speed up the
recognition procedure in many cases, because we always split each graph
into its biconnected components (step 1, Figure 1). However, we could not
implement this idea to lower the asymptotic bound. As stated earlier, any
improvement in the recognition procedure (presented in this paper) will
lead to a similar improvement in the embedding procedure.

In Section 4, we noted that the class of isometric subgraphs of hyper-
cubes properly includes the class of median graphs. A natural question to-
ask is whether it is possible to construct a similar efficient recognition algo-
rithm for graphs isometrically embeddable in hypercubes. We shall briefly
discuss the problems we encountered in our attempts to resolve this ques-
tion. Let G be a connected bipartite graph. Fix an edge {a,b} of G and
obtain the sets W,, Wy, F, U,, and U, as in (*) in Section 2. If W, and W,
were guaranteed to be convex subsets of V(G), then we could construct an
algorithm for recognizing isometric subgraphs of hypercubes by using the
following two observations: (i) F is a matching under which < U, > and
< Uy > are isomorphic, and (ii) G, the graph obtained from G by con-
tracting F', is isometrically embeddable in a hypercube if and only if G is.
Thus, in order to construct an efficient recognition algorithm, we must have
an efficient (say, lineay time) way of testing the convexity of W, and W;.
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Now, Lemma 2.1 does not apply here since isometric subgraphs of a hy-
percube need not have medians (for every triple of vertices). Furthermore,
convexity of W, and W; does not imply the convexity of U and Us (in the
case of median graphs, U, and U, are convex, which implies the convexity
of W, and W;; recall Theorem 2.2). Therefore, our scheme for testing
convexity in median graphs does not carry over to a similar test here. Thus
an important open problem is to construct an efficient convexity test (doing
it via distance matrix of the graph would be inefficient). It is worthwhile
to point out here that if G is known to be isometrically embeddable in a
hypercube and G’ is derived from G as above, then Lemmas 4.5 and 4.6
still hold, and our embedding algorithm will work to produce an isometric
embedding of G in the smallest possible hypercube under the same time
bound. We should mention here that Wilkeit [Wil2] presented an O(|V[?)
algorithm that recognizes graphs that isometrically embeddable in Carte-
sian products of complete graphs. Her algorithm can be easily specialized
to isometric embeddings in hypercubes.

Median graphs have received renewed attention recently. For example,
Chung, Graham, and Saks [CGS1] have obtained several new characteriza-
tions of median graphs, one of which is the following: G is a median graph
if and only if windez(G) = 2, where windex is a graph invariant related
to some dynamic search problems in graphs. The graphs of finite windex
are natural generalizations of median graphs, and Chung, Graham, and
Saks [CGS2] proved that these are precisely the retracts of the Cartesian
products of complete graphs (cf. Theorem 1.4). This result was proved
independently by Wilkeit in her thesis [Will]. Finite windex graphs were
studied earlier by Mulder [M3] who called them quasimedian graphs. It is
interesting to note that median graphs are exactly the triangle-free quasi-
median graphs [M3]. An important extension of the results of this paper
would be to construct efficient recognition and embedding algorithms for
quasimedian graphs, i.e., graphs of finite windex. In fact, Mulder [M3]
characterizes quasimedian graphs in terms of what he calls quasimedian
ezpansions (cf. Theorem 1.5) and it would be interesting to see if our
convex-expansions algorithm could be generalized to tackle the recognition
and isometric embedding problems for the quasimedian graphs.
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