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Abstract. We give, among other results, a new method 1o construct for each positive
integer n a class of orthogonal designs OD(4™ ! m;4°m, 4% m, 4°m,4"m), m =
2°10%26° + 4" + 1, a, b, c, non-negative integers.

An orthogonal design of order k and type (s, s3,...5;), s; positive integers,
is a k x k real matrix X, with entries from {0, £z,,+x,,...,+13,} (z; indeter-

minates) satisfying
]
XXt = (E 8,'1:?) I,
i=1

where X* denotes the transpose of X and I, is the identity matrix of order k. If
the entries of X are only £1, X is called an Hadamard matrix. For the matrices
A = [ay;], B, the Kronecker product of 4, B, denoted A x B, is defined to be the
block matrix [a,-,-B] .

Let A = {a;,a2,...,08,} be a sequence of commuting variables of length n.
The nonperiodic auto-correlation function of the sequence A is defined by

Na() = { OE:'.___{ Q84+, ]:= 1,2,...,n—-1 .
' j2n

Two sequences A = {a1,02,...,an}, B = {b1,b2,...,b,} are called Golay
sequences of length n if all the entries are 1 and Na(j) + Ng(j) = 0 forallj >
1. Golay sequences exist for orders 2°10%26°¢, a, b, ¢, non-negative integers. See
Turyn [6] and Geramita and Seberry [2). Four sequences A; = {a;1,a:2,...,8i},
i=1,2,3,4 withentries +1, 0, are called T-sequences of length = if for each
i preciscly one a;; # O for each j and 2?,, N4, (7) = 0 for each integer j >
1. Four circulant (0,1, —1) matrices A1, A2, 43, A4 of order ¢ which satisfy
A;xAj =0 fori # j (x denotes the Hadamard product) and 3", A; A = t1,,
are called T"-matrices of order t. See [2] for details.

The matrices constructed in the next lemma are essential for our construction
of orthogonal designs.
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Lemma 1. Foreach positive integer k, there are 4% symmetric (1, —1) matrices

+C1,kCa, . .., xCar and a symmelric Hadamard matrix . H , all of order 4* such
that:

@ kC:kC] =0,i#j
(ii) z,_l kC" 42"14::
(iii) {xCi,xC2,...,xCyr, e H} is a pairwise commuting set of (symmetric) ma-
trices.

Proof: We use induction on k.

For k=1, let
F+ + + 4 + - 4+ -
+ + o+ o+ - % - 4+
16y = o+ o+ +].x02—|:+ - _].
L-y + o+ o+ -+ - +
I - + - - 4 + o+ o+ -
+ o+ - - -+ 4+ - + o+ = 4
1G= _ _ +],1C4—|:_ + 4 _:|.8ﬂd1H—|:+ - 4 +:|.
| - - + + + - — + -+ + +

where + means 1 and — indicates —1. Itiseasytoseethat,C,,1C>,1C3,1Ca 1 H
satisfy (i), (ii), (iii).
Suppose that for the positive integer k, there are 4 ¥ symmeltric matrices G, , ,Cs,
.., kCa+ and an Hadamard matrix ; H satisfying (i), (ii), (iii).
Let;,ﬂC;,- =,:C; % 1Cj,] <t1< 4k, 1<j<4andi 1 H=H x1H. Then
k+lcfj = (C; x le)t = xC! x 10} = C; X 1C; = +1C;; for each i, ;.
Furthermore,

®

k1G5 k41 Cem = (#Ci x 1C;) (kG X 1Cr) = C; Ce X 1Cj 1Cn
_{kCikCeX0=0, j#Em
" L 0x1Cj1Cn=0, i# £ by induction hypothesis),

(ii)

4 4k 4 4+

DD e Ch EZ(kc. x 1Gj) (4Ci X 1Cj) = Ezkcz x 1C}
j=1 =1 J=1 i=1 J=1 i=1

-(Ee)-(2)

= (by induction hypotheses) 42%I,x x 424 = 4%&+V [,
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(iii)

ket H 11Ci5 = (¢ H x 1 H)(£C; X 1Cj) =  HyC; x 1 HACj
= (by induction hypothesis) xC; ¢ H x 1Cj 1 H
= (C; x1Cj)) (¢ H X 1H) = 41Cjj k1 H.

By induction the construction is complete. |

For simplicity we shall omit the indices on the left when we apply the above
lemma.
Remark. It is obvious from the construction that for any set of matrices sat-
isfying (i), (ii), (iii) of the lemma, the rest of the construction follows.

Two sequences A = {A1,A42,...,A.}, B = {B1,Ba,...,B,} where A; and
Bis are commuting symmetric (1, —1) -matrices of order m, are called block Go-
lay sequences of length » and block size m if

@) > (A% + B}) = 2nml,,

i=1

n—j
Na(j) + Na(j) = ) (AiAisj + BiBis))

(ii) f=1
= 0 for every integerj=1,2,...,n—1

=0forj > n

As an application of Lemma 1, we have the following important theorem.

‘Theorem 2. For each positive integer k, there are block Golay sequences of
length 4% + 1 and block size 4%,

Proof: For positive integer k, let H,C,,Ca, ..., Cs: be the matrices constructed
inLemma 1. Let A = {A; = H, A; = G, A3 = Ca,..., A4ty = Cui},
B={By=—-H,B, =C\,B3s=0Ca,...,Bssyy = Cy+}. Then
®
4k
3 (A? + B?) = 2(4* + 1)4* s, by (ii) of Lemma 1,
i=1
(i)
Na(j) + Ng(j) = C;H — C;H =0, by (i) of Lemma 1.
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The remaining properties of block Golay sequences follows from Lemma 1. §

For convenience for the sequence A = {A;, Aa,..., A} let A= (A, As,...,
A,) be the corresponding circulant matrix, where asusual (4, , 4,, ..., 4,) isthe
first row of a circulant matrix.

There are many ways to use Theorem 2, as it is the case for the Golay sequences.
The following is the most immediate one; see also [6, lemma 7] and [7, Corollary
16].

Corollary 3. For each positive integer k, there is an Hadamard matrix of order
2(4* + 1)4* which is constructible from two block circulant matrices.

Proof: Let A= (H,Cy,C5,...,C4t), B=(—H,C,,Cs,...,Ca:) be the block
circulant matrices corresponding to the block Golay sequences of Theorem 2.
Then the matrix

o= [ A B ]

- Bt At
is the desired Hadamard matrix. [ |

Let A be a finite sequence of commuting variables. Let O, denote the sequence
of r zeros, Ay, = {On,A,On}. Then Na(j) = N;_(j) for every integer
J 2 1, n, m non-negative integers; see [2, p.146]. Consequently, A, B are Golay
sequences iff N, () + Np_ (j) = 0 forevery 7 > 1 and non-negative integers
n, m. The same is valid for bleck Golay sequences with obvious modifications.

Four block circulant commuting (0, 1, —1) matrices, say Ay, Az, As, As of
order mt and block size m which satisfy 4; x Aj = 0 fori # j, 35, A;Al =
mtIn are called block T-matrices of order mt and block size m. Now we are
ready for the main construction.

Theorem 4. For each positive integer k, there are block T -matrices of order
4%(4* + 1+ 7) and block size 4* where r is the length of a Golay sequence.

Proof: Let C, D be Golay sequences of length . For positive integer k, let A, B
be the block Golay sequences constructed in Theorem 2 and H the Hadamard
matrix for order 4 * constructed in Lemma 1.

Let Ay = {(S2) x H,04001 }, A2 = {(552) x H,04t41}. 43 = {Or, 42},
Aq = {Or, 2452}, where O is the zero matrix of order 4 %, Then the circulant ma-
trices corresponding to these sequences are the desired block T"-matrices. |

Corollary 5. For each positive integer n, there is an OD(4™ ! m;4"%m,4%m,
4"m,4"m), m = r+ 4™+ 1, r the length of a Golay sequence.

Proof: This follows from Theorem 4 and a result of Cooper-Wallis [1], noting that
the latter is valid for block T"-matrices. [ |

Let A = {1,1}, B = {1,—1} be the Golay sequences of length 2. Let
H,C,,C;,C3,Cs bethe matrices of Lemma 1 for & = 1. Then the block circulant
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matrices (H#,0,0,0,0,0,0), (0,H,0,0,0,0,0), (0,0,0,C,C>,C5,Cs),
(0,0, H,0,0,0,0) form the block T-matrices of order 28 and block size 4.
Now, the block circulant matrices

(aH,bH,dH,cC),cCa,cCs,cCs)
(-bH,aH,—cH,dC;,dC;,dCs,dCy)
(—cH,—dH,bH,aC,aCs,aC3,aCs)
(—dH,cH,aH,—-bC,,—bCs,—bC5,-bCs)

where a, b, ¢, d are commuting indeterminates, can be used in the Goethals-Seidel
array to obtain an OD(7-42,7.47.4,7.4,7.4).

Remarks

a)

b)

)

With some obvious modifications one can define block T"-sequences. It then
follows that Theorem 4 can be improved to provide block T'-sequences of
order 4%(4*% + 1 + r) and block size 4%,

For positive integer &, let H,C1, Ca,...,Cy: be the matrices of Lemma 1.
LetC = (14, C1,Ca,...,C4x), D = (=14, C1,Ca,...,Cyt). Let A, B
be Golay sequences of length ». Then the block circulant matrices corre-
sponding to the sequences

(452 smons)
((452) enoe).
fo.552) o 252).

canbeused to forman OD(4%*'m; 4*¥(m~1)+1,4¥(m—1)+1,4%(m—
1)+ 1,4%(m —1) + 1). Forr = 2, k = 1, for example, an OD(112; 25,
25,25, 25) isconstructed. Similar results can also be obtained by switching
H and I,.. See [5] for more possibilities of this kind.

Corollary 5 gives a large class of Hadamard matrices of order 4 ™! (r +
4*® + 1), where r is the length of a Golay sequence and n is a non-negative
integer. For n = 1, there is no Hadamard matrix of new order as for this
case the order is 42(r + 5) = 8(2r + 10) and Koukouvinos and Kounias
[4] already had constructed Hadamard matrices of order 4(r + ') where
r, 7' are the lengths of Golay sequences. However, for n > 2, there are
Hadamard matrices of new order. For example, the smallest known ¢ for
which there is an Hadamard matrix of order 2(10417) is 8. Our method
gives an Hadamard matrix of order 26(10417) = 26(26.4.102 +42 + 1).
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