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Abstract. We give necessary and sufficient conditions for the existence of 2-colorable
G-designs for each G that is connected, simple and has at most 5 edges.

1. Introduction.

Let G and K be graphs with G simple; that s, G is a subgraph of K, the complete

undirected graph on n vertices. A G-design of K is a pair ( P, B) , where P is the
vertex set of K and B is an edge-disjoint decomposition of K into copies of the
graph G. A G-design of K, is also called a G-design of order n. For example, a
Steiner triple system of order n is a K3-design of order nand a block design with
block size 4 is a K4 -design.

For m < nlet K, \ K, be the subgraph of K, induced by E(K.) \ E(Km);
call K, \ K acomplete graph with a hole of size m.

Let X! be the complete t-partite graph with exactly z vertices in each part.

In recent years, much attention has been focused on G-designs and on G-designs
with additional properties. Perhaps the most natural question to ask about G-
designs is what is their spectrum (that is, for what orders do they exist?)? Surpris-
ingly enough, the spectrum for the decomposition of K, into relatively uncom-
plicated graphs, such as, for example, cycles, has yet to be determined, despite
having been considered for at least 25 years (see [10] for example). More re-
cently, the existence problem has been determined in the cases where G is a path
[14], where G is a star [13], and has nearly been settled when G is a graph with at
most 5 vertices [1].

Related to this problem is the existence problem for G-designs that satisfy addi-
tional properties, such as those admitting a 2-coloring. If ( P, B) is a G-design, a
subset X of P is called a blocking set of (P, B) if foreachg € B,V(g)NX #0
and V(g)N(P\X) # 0, where V (g) is the vertex set of the graph g. The partition
{X, P\ X} is alsocalled a 2-coloring. We shall use these 2 terms interchangeably.

It is easy to see that the only K;-designs admitting a 2-coloring have order 3
[11]. However, numerous papers have been written on determining the spectrum
for 2-colorable t-designs, (see, for example, [12]), 2-colorable projective planes
(2], 2-colorable symmetric designs [4] and 2-colorable block designs [S]. Re-
cently, a complete solution (modulo a few possib'e exceptions) of the problem of
constructing K4 -designs which can be 2-colored has been given by D.G. Hoffman,
C.C. Lindner, and K.T. Phelps [8, 9] (they also consider the problem of 2-coloring
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G-designs of XK ,) and the spectrum for 2-colorable ( K4 — e)-designs has also
been found in [7].

In this paper, we give a complete solution of the existence problem of G-designs
which admit a 2-coloring for each of the 12 graphs G that is connected, simple,
and has 5 edges (the result is formally stated in Theorem 2.1). We remark that the
same technique solves this 2-coloring problem when G has less than 5 edges [3]
and should do when G is disconnected.

As was mentioned, the existence problem (ignoring 2-colorings) for six of these
12 graphs has been considered previously [1]. However, the construction we use
here is not only a unified approach of settling the spectrum problem for all 12 of
the graphs, but also is extremely versatile, allowing for the 2-coloring property to
be easily considered at the same time.

The construction we use makes use of idempotent symmetric latin squares and
of symmetric latin squares with holes of size 2. A latin square of order n on the
symbols {1,...,n} is an n x n array, each cell of which contains exactly one
symbol and each symbol occurs exactly once in each row and in each column. A
latin square is idempotent if each cell (z, z) contains the symbol z. A latin square
is symmetric if the symbol in the cell (z, y) is the symbol in the cell (y, z) for all
zand y.

Define h; = {2i — 1,24} for1 <i< mandletS={1,2,...,2n}. A latin
square with holes of size 2 and of order 27 is a 2n x 2 n array in which

(1) for1 < i < m, the cells of h; x h; contain no symbols, and each other cell
contains 1 symbol; and

(2) for1 < i < n, each row and column in h; contains each symbol in § — A;
exactly once,

The latin squares we make use of in this paper are symmetric idempotent latin
squares and symmetric latin squares with holes of size 2. It is well known that
symmetric idempotent latin squares of order n exist for all odd n, and symmetric
latin squares with holes of size 2 having order n exist for all even n > 4 (see [6]).
LetZ,={0,1,...,n—1}.

2. Some small cases.

There are 12 connected, simple graphs with 5 edges. We begin with some notation
to describe these 12 graphs.

G1=({a, b, c,d}; {ab, bc, ac, cd, ad}). Denote this graph by G1 (s, b, ¢, d).
G2=({a,b,¢c,d,e}; {ab, bc, cd, de, ae}). Denote this graph by G, (a, b, ¢, d, €).
G3=({a,d,c,d,e}; (ad,bc, cd, ad, ae}). Denote this graph by G (a, b, ¢, d, €).
Ga=({a,b,c,d,e}; {ab, be, cd, ce, de}). Denote this graph by G4(a, b, ¢, d, €).
Gs=({a,b,c,d,e}; {ab, be, bd, cd, de}). Denote this graph by Gs(a, b, ¢, d, €).

Gs =({a,b,c,d,e}; {ab,ac, bc,cd, ce}). Denote this graph by Gs(a, b, ¢, d, e).
Gr=({a,b,c,d,e, f}; {ab, bc, cd, cf, de}). Denote this graph by G7(a, b, ¢, d, ¢, f).
Gs=({a,b,c,d,e, f}; {ac,bc, cd, de, df}). Denote this graph by Gg(a, b, c,d, e, f).
G9 = ({albtcﬁd!ei f}: {Gb, bc,cd, ce, Cf}). Denote this graph by Gg(ﬂ, b,C,d,B,f)-
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Gro=({a,b,c,d,e, f}; {nbr be, cd, de, df}). Denote this graph by Gio(a,b,c,d, €, n.
Gn =({a, b,c,d,e,f}; {ﬂb, be, cd,de, Bf})- Denote this BfaPh by Gu(a, b,C,d, evf)'
Giz =({0, b,c,d,e,]’}; {ab, bC, bdl bc' bf})' Deno!e lhis gmph by 012(01 bv = dvevf)'

Since 5 must divide | E(K,)| = %%, havingn= 0,1 (mod 5) is a neces-
sary condition for the existence of G;-designs of K ,. We will prove the following
result.

Theorem 2.1. For 3 < i < 12, there exists a 2-colorable G;-design of order n
ifandonly if n=0,1 (mod 5),ifi#5,thenn#5,andif i ¢ {4,5,6,8},
then n # 6. A 2-colorable G, -design of K, exists if and only if n = 1,5
{mod 10).

A complete solution of the existence problem of G -designs which admit a 2-
coloring was given by M. Gionfriddo, C.C. Lindner and C.A. Rodger [7]. So we
will restrict ourselves to considering G through G3.

We begin by finding some necessary small 2-colorable G;-designs, and some
small G;-designs of K, with a hole.

Lemma 2.2. There exists a 2-colorable G -design of K, for n€ {5,11,21}.

Proof: The following are 2-colorable G, -designs of K,,.

n=5: (Z5:{G2(0,1,2,3,4),(G2(0,2,4,1,3)}),
{0,2} is a blocking set.

n=11: (Z1;{G2(0,1,6,9,2) +i|i€ Zn}),
{0,3,6,9} is a blocking set.

n=21: (Z23{G2(0,1,10,20,4)+4,G2(0,7,5,2,8)+i | i€ Zn}),
{0,3,4,6,9,12,15,18} is a blocking set.

Lemma 2.3. There exists a G -design of K, for ne {10,11,15} anda G5 -
design of Ky \ K¢, each having a 2-coloring.

Proof: The following are 2-colorable G5 -designs of K,,.
n=10: ({00} UZ9{G3(0,1,5,2,00) +i|i€ Z}),
{0,3,6, 00} is a blocking set.

n=11: (Z1;{G3(1,5,2,0,6) +i|i€ Zu}),
{0,3,6,9} is a blocking set.
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n=15: ({o0}U 22 x Z7);
{Gs ((0,0),(1,0),(1,1),(0,2),00) + (0,3),
G ((0,0,(0,1),(1,2),(0,4),(1,5)) + (0,1),
Gs ((1,0),(1,2),(0,0),(1,3), c0) + (0,1) |ie z7}),
{00,(0,0),(0,2),(0,4),(1,1),(1,3)} is a blocking set.

The following is a 2-colorable G3 -design of K; \ K¢ with hole {00;]0 <i<5}.

K \Ks:({OO; |0 SfSS}UZs;
{(G3(1,3,2,4,0),G3(002,0,3,4,1),G3(0, 000, 1, 001, 4),
Gi3(2,1,003,0,001),G3(009,3,001,4,2),
G3(003,3,002,2,4),G3(004,0,005,1,2),
G3(00s,4,004,3,2)}),

{0,2, 001,004} is a blocking set.

Lemma2.4. Thereexistsa G4-designof K, forn€ {6,10,11,15,20,21,25}
and a G4 -design of K15 \ K, each having a 2-coloring.

Proof: The following are 2-colorable G4 -designs of K.

n=6: (Z6:{Ga(0,1,2,3,5),G4(3,0,5,4,1),G4(1,3,4,0,2)}),
{0, 2} is a blocking set.

n=10: ({00} U Zy;{Ga(00,2,0,1,4) +i|i € Z}),
{0,3,6,00} is a blocking set.

n=11: (Z1:{Ga(7,2,0,1,4) +i|i€ Zyn}),
{0,3,6,9} is a blocking set.

n=15: ({00} U Z; x Z7);
{G4((1,0),00,(0,0),(1,1),(1,2)) + (0,3);
Ga ((0,1),(1,5),(1,3),(1,0),(0,0)) + (0,4);
G4 ((0,6),(0,3),(0,1),(0,2),(1,0) ) +(0,i) | i € Z7}),
{,(0,0),(0,2),(0,4),(0,6),(1,0)} is a blocking set.
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n=20: ({00}UZ1s; {Ga(5,2,0,1,7)+i,Ga(0,0,8,13, 17) +ili€ Zis}),
{0,1,4,7,10,13,16, 00} is a blocking set.
n=21: (Z2:;{Gs(17,8,0,6,7) +i,Gs(14,4,0,2,5) +i|i € Zn}),
{0,3,4,6,9,12,15, 18} is a blocking set.
n=25: ({00} U2, x Z12);
{G4 ((0,4),(1,2),(0,0),(0,6),(1,7)) + (0,1),
G4 (00,(0,0),(1,0),(1,6),(1,7)) +(0,1),
G4 (00,(0,6),(1,6),(1,1),(0,0)) + (0,19,
G4 ((0,10),(1,8),(0,6),(1,0),(1,1)) + (0,9,
G4 (00,(1,8),(0,3),(0,1),(0,0)) + (0, ),
G4 ((1,6),(0,9,(0,4),(0,0),(1,3)) +(0,,),
G4 ((1,7),(1,5),(1,8),(1,0),(0,4) + (0,/)]
0<i<5,0<5;<11}),
{0} x Z,; is a blocking set.
The following is a 2-colorable G4 -design of K5 \ Ks with hole {o0;0 <i<5}.

Kis \ Ks : ({00i |0 £1<4}U (22 x Zs);
{G4 ((0,3),(0,1),(0,0),(1,0),(1,1)) + (0,5 for 0<i<3},,
G4 ((0,1),001,(1,2),(0,0),000)) + (0,4) for 0 <i< 4,
G4 ((0,1),003,(1,3),(0,0),002) + (0,1) for 0 < i< 4,
G4 ((1,2),(1,4),(1,1),(0,2),004) ,
G4 ((1,0),(0,4),(1,4),(0,0),004) ,
G4 ((1,4),(1,0),(1,2),(0,3),004) ,
G4 ((1,1),(1,3),(1,0),(0,1), 004) ,
G4 ((0,2),(0,0),(0,4),(1,3),004) }),
{000,002,(1,1),(1,2),(1,3),(1,4)} is a blocking set.
|
Lemma 2.5. There exists a G's -design of K, for n € {5,6,10,11,20,21},
having a 2-coloring.
Proof: The following are 2-colorable Gs -designs of K.
n=5:(2s;{Gs(0,2,4,1,3),Gs(1,0,4,3,2)}),
{0,2} is a blocking set.
n=6:( Zs;{Gs(0,5,1,4,2),Gs5(0,2,5,3,4),G5(2,1,3,0,4)}),
{0,2} is a blocking set.
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n=10: ( {o0} U Zy; {Gs5(00,0,3,1,5) +3|i € Z9}),
{0,3,6, 00} is a blocking set.

n=11:( Zu;{Gs(10,1,4,0,5) +i|i € Z11}),
{0,3,6,9} is a blocking set.

n=20: ( {00}UZ19;{G5(00,0,4,1,8)+i,G5(9,0,8,2, ) +ili€Z1y}),
{0,3,6,9,12,15,17,00} is a blocking set.

n=21:( Z2;{Gs(2,0,5,1,7)+4,G5(9,0,10,3,11) +ili € Zn} ),
{0,3,6,9,12,15,18,20} is a blocking set.

Lemma 2.6. Thereexistsa G designof K, forn€ {6,10,11,15,20,21,25}
and a G -design of K1s \ K, each having a 2-coloring.

Proof: The following are 2-colorable G -designs of K,,.

n=6:( Zs; {Gs(0,2,1,3,4),G¢(2,4,3,5,0),G6(0,4,5,1,2) }),
{0,2} is a blocking set.

n=10: ( {00} U Zs;{Gs(1,3,0,4,00) +i|i€ Z9}),
{0,3,6, 00} is a blocking set.

n=11:( ZII;{Gs(1,3,0,4,5) +i|i€ Zu}),
{0,3,6,9} is a blocking set.

n=15: ( {0}U(Z2 x Z7);{Gs ((1,0),(1,1),(0,0),(0,2),00)+(0,1),
Ge ((0,2),(0,3),(1,0),(1,3),00) +(0,1),
Gs ((0,1),(0,4),(1,0),(0,5),(1,2) +(0,9) |[i€ 27 }),
{(0,0),(0,2),(0,4), 00} is a blocking set.

n=20: ( {00}UZ19; {G6(1,4,0,5,00)+i,Gs(2,8,0,7,9) +ili€Zi9}),
{0,3,6,9,12,15,17, 00} is a blocking set.

n=21: ( Z2;{Gs(3,10,0,8,9) +4,G6(1,5,0,2,6) +i|i € Zn}),
{0,3,6,9,12,15,18,20} is a blocking set.
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n=25:( {00} UZ; x Zy3;
{Gs(0,0),(0,6),(1,1),(0,1),00) + (0,9,
G ((0,1),(1,0),(1,6),(1,1),(0,0)) + (0,19,
Gs((1,6),(0,7),(1,7),(0,0),00) + (0,19),
G ((0,6),(1,7,(1,0,(1,1),(0,7)) + (0,9),
G ((0,0),(0,4),(1,2),(1,4),(1,5)) + (0, ),
Ge((1,0),(1,8),(0,4,(0,9),(1,7)) +(0,/),
G ((0,0),(0,1),(0,3),(1,0),00) +(0,)
]0<i<5,0<5<11}),{0} x Z, is ablocking set. -

The following is a 2-colorable G -design of K5 \ K's with hole {oo; | 0 <1<4}.

Kis\ Ks: ( {00;]0 <1< 4}U Zyo;
{(Gs(1,2,0,3,9),G6(2,5,4,3,9),
G¢(3,7,6,5,9),G¢(1,7,8,5,9),
Gs(9,000,1,5,6),G6(0,7,000,5,6),Gs(3,8,000,2,4),
Gs(7,00,,2,6,8),G¢(1,4,00,6,8),G¢(3,5,001,0,9),
G6(6,002,0,5,8),G6(3,9,002,5,8),G6(4,7,002,1,2),
G6(5,003,9,2,7),G6(1,3,003,2,7),G6(6,8,003,0,4),
Ge(8,004,4,0,6),G6(2,3,004,0,6),G6(5,7,004,1,9) }),
{o00,001,0,3,7,9} is a blocking set.

Lemma 2.7. There exists a G7-design of K, for n € {10,11,15} and a2 G,
design of K11 \ K¢, each having a 2-coloring.

Proof: The following are 2-colorable G7 -designs of K.

n=10: ( {00} U Zy;{G7(4,1,0,2,6,00) +i |1 € Z9}),
{0,3, 6,00} is a blocking set.
n=11Z(Zn;{G7(4,1,0,2,6,5)+i|1:EZn}),
{0,3,6,9} is a blocking set.
n=15: ( {o0}U(Z2 x Z7);
{G7 ((0,0),(1,3),(1,0),(0,3),(1,5),(0,6)) + (0,4),
G ((0,5),(0,2),(1,0),(1,1),(1,3),00) + (0,1),
G7((0,1),(1,0,(0,0),(0,2),(0,3),00) + (0,i) [i € Z7 } ),
{00,(0,0),(0,2),(0,4),(1,1),(1,3)} is a blocking set.
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The following is a 2-colorable G -design of K1; \ K¢ with hole {o0;|0 <i<5}.

Ku\Ks:( {Oo,'lo <1< S}UZS;{G7(0,°°0,2,°°2,4;1)|
G7(001,0,002,3,2,1),G7(0,3,001,4,1,2),
G1(0,4,000,1,001,3),G7(1,0,004,2,4,3),
G1(1,3,003,4,004,0),G7(1,003,2,005,4,0),
G71(004,1,005,3,4,0) }),{0,2, 001,004} is a blocking set.

|
Lemma 2.8. There exists a G -design of K, for n € {6,10,11,15}, each
having a 2-coloring.
Proof: The following are 2-colorable G's -designs of K, .

n=6:( Zs; {Gs(0,4,5,2,1,3),G3(0,2,4,3,1,5),G3(2,3,0,1,4,5) b,
{0,2} is ablocking set.

n=10: ( {00} U Z9; {Gs(1,00,0,2,5,6) +i|i € 29} ),
{0,3,6,00} is a blocking set.

n=11:( Z1;{Gs(1,2,0,3,7,8) +i|i € Zu}),
{0,3,6,9} is a blocking set.

n=15: ( {00}U(Z2 x Z7); {Gs (o0, (0,1),(0,0),(1,0),(1,1),(0,2),),
Gs ((0,0),(0,1),(0,3),(1,0),(1,3),(0,6)) + (0,9 | i€ Z7 }),
{00,(0,0),(0,1),(0,3),(0,4),(1,0)} is a blocking set.

|
Lemma 2.9. There exists a Gy -design of K, for n € {10,11, 15} anda Gy -
design of K11 \ K¢, each having a 2-coloring.

Proof: The following are 2-colorable G -designs of X,,.

n=10: ( {00} U Z9;{G9(00,0,1,3,4,5) +i|i€ Z9}),
{00,0,3,6} is a blocking set.
n=ll:(le;{G9(0,1,3,6,7,8)+i|‘i€Z11}),
{0,3,6,9} is a blocking set.
n=15: ( {00} U(2Z2 X Z7);
{Gs (00, (0,0),(1,0),(0,1),(0,2),(1,3) ) + (0,3),
Gy (00,(1,0),(0,3),(0,4),(0,5),(0,6)) + (0,1),
Gy ((1,1),(1,0),(1,2),(0,0),(0,1),(0,6) ) + (0,4) |i€ 27 } ),
{00,(0,0),(1,0),(1,1),(1,3),(1,4)} is a blocking set.



The following is a 2-colorable Gy-design of Ky; \ K¢ with hole {o0;]0 <i<5}.

Kn\Keé: ({o0;|0<i<5}U2Zs5;{(Gy(3,1,000,0,2,4),
G9(4,0,002,1,2,3),G9(0,1,003,2,3,4),G9(0,3,004,1,2,4),
09(2,1,005,0,3,4),G9(003,0,001,1,3,4),
Gy(000,3,4,1,2,00),

G9(004,0,2,3,001,005) }),{0,1, 001,004} is a blocking set.

Lemma 2.10. There exists a Gio-design of K, for n € {10,11,15} and a
Gho -design of K11 \ Ke, each having a 2-coloring.

Proof: The following are 2-colorable Go-designs of K.

n=10: ( {00} U Zy; {G10(0,0,1,3,6,7) +i|i € Z5}),
{00,0,3,6} is a blocking set.

n=11:( Zn;{G10(0,3,1,2,6,7) +i|iEZ1|} ),
{0,3,6,9} is a blocking set.

n=15: ( {00} U(Z; x Z7);
{G1o (o0, (0,0),(1,0),(0,1),(0,2),(0,3) ) + (0,1),
Gro (00,(1,0),(0,2),(0,5),(1,1),(1,6))+(0,1),
G ((1,1),(1,0),(1,2),(1,5),(0,1),(0,3) )+(0,i)[i€Z; }),
{oo,(0,0),(l,O),(l,l),(l,3),(1,4)} is a blocking set.

The following is a 2-colorable G0 -design of K13\ K¢ with hole {oo; | 0 <i<5}.

Ku\Ke: ({000 <i<5}UZs;{(Gro(3,000,4,001,0,1),
Gh0(3,001,2,000,0,1),G10(3,002,4,003,0, 1),
G10(3,003,2,003,0,1),G10(3,4,0,004,1,2),
G10(2,4,004,3,0,1),
G1(2,1,0,005,3,4),G10(4,1,005,2,0,3) } ),
{0,2, 001, 004 } is a blocking set.
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Lemma 2.11. There exists a G -design of K, for n € {10,11,15} and a
G -design of K1, \ K¢, each having a 2-coloring.

Proof: The following are 2-colorable G, -designs of X ,.
n=10: ( {00} U Zy;{G11(00,0,4,7,8,1) +i|i€ 29} ),
{o0,0,3,6} is a blocking set.
n=11:(2Z1:;{Gnu(0,1,3,6,10,4)+i|i € Z11}),
{0, 3,6,9} is a blocking set.

n=15: ( {00} U(Z2 x Z7);
{G11 (o0, (0,0),(1,0),(0,1),(1,6),(1,1) ) + (0,9,
G (o0,(1,0),(0,6),(0,0),(0,3),(1,6)) + (0,1),
Gn ((0,0),(0,2),(1,4),(1,5),(1,1),(0,4) )+(0,9)|i€eZ: }) ,
{090,(0,0),(1,0),(1,2),(1,4),(1,6) } is ablocking set.
The following is a 2-colorable G -design of K1 \ K¢ withhole {oo; |0 <i<5}.
Kiu\Ke: ({o0;|0<i<5}UZs;{(Gn(000,4,1,2,0,3),
G11(001,3,1,0,4,2),G11(3,2,001,0,004,4),
G1n(4,3,000,2,003,1),
Gu(1,001,4,002,0,003),G1(1,004,2,003,4,005),
Gu(2,00s,1,003,3,004),Gn(1,000,0,005,3,002) }),
{0,2, 001,004} is a blocking set.
|
Lemma 2.12. There exists a Gy -design of K, for n € {10,11,15} and a
G2 -design of K1 \ Ke, each having a 2-coloring.
Proof: The following are 2-colorable G, -designs of K.
n=10: ( {0} U Z9; {G12(00,0,1,2,3,4) +i|i € Z9}),
{00,0,3,6} is a blocking set.
n=11:( 2Z1;{G12(1,0,2,3,4,5) +i|i€ Z1}),
{0,3,6,9} is a blocking set.
n=15: ({00} U(Z2 x Z1);
{G12 (o0, (0,0),(1,0),(1,1),(1,2),(1,3) ) + (0,9),
G2 (00,(1,0),(1,1),(1,2),(1,3),(0,3)) + (0,9),
G12((0,1),(0,0),(0,2),(0,3),(1,5),(1,6) )+(0,9)|i€Z: } ),
{090,(0,0),(1,0),(1,2),(1,4),(1,6) } is a blocking set.
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The following is a 2-colorable &2 -design of K1\ K¢ withhole {oco; | 0 <1< 5}.
Kiu\Keé: ({00;]0<i<5}UZs;:{G12(2,0,1,000,001,002),
G12(3,1,2,000,001,002),G12(4,2,3,000, 001, 002),
G12(4,3,0,000,001,002),G12(0,4, 1,000, 001,002),
G12(0,003,1,2,3,4),G12(0,004,1,2,3,4),
G12(0,005,1,2,3,4) }),
{0,2, 001,004} is a blocking set.

3. The main construction.

‘We now prove Theorem 2.1.

Proof: We can write nas 10z, 10z + 1,10z + 5 or 10z + 6. In the following
construction, we begin by finding 2-colorable G;-designs of K27*! and of KF,.
We also find 2-colorable Gj-designs of K2 for j € {3,7,9, 10 11,12}. We
then partition edges joining vertices thhm the parts, together with 0,1,5 or 6
further vertices (depending upon the congruence of n modulo 10), into G;-designs
by using the small G;-designs constructed in Section 2. This is done so that the
2-colorings of the small designs are compatible with the 2-colorings of K2=*!,
K§,,and K2=.

Throughout, let (Z2.+1,-) be an idempotent symmetric quasigroup, and let
(Z,%,0) be a symmetric quasigroup with holes of size 2. Recall that (2241, )
exists for all z and (23, o) exists forall z > 3.

For2 < i < 12, the following are 2-colorable G;-designs of K2**! forz > 1
and of K§, for z > 3, and 2-colorable G;-designs of K}‘ forj €{3,7,9,10,
11,12}andz > 1. Throughout, let H = {{0,1},{2,3},...,{2z-2,2z - 1}}.

1=2 . (ZS XZzzﬂ;{ G3 ((O,a),(O,b),(l,a),(3,a-b),(l,b))+(i,0)|
0<i<4,0<a<b<2z}) isaG,-designof K2=*!
with blocking set Z; x Z2z+1.
(Z5%Z22:{ G3((0,0),(0,b),(1,a),(3,80b),(1,b) )+(4,0)]
0<i<4,0<a<b<2z—1,{a,b} ¢ H}isaG,-designof
K7, with blocking set Z; x Za,.

=3: (25 x Zy;{ G3((2,0),(0,b),(0,0),(1,b),(4,b) ) +(4,0)|

0<i<4,0<a<b<y—1}) isaGs-designof K
with blocking set Z; x Z,,.
(Zs XZZ.:;{ Gs ( (210)1(01b)l(oaa);(l)b):(4ab) )+(130) ) l
0<i<4,0<a<b<2z—1,{a,b} & H } is aGs-design of
K{, with blocking set Z, x Zaz.
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: (ZS xz2:+l;{ G4 ((4,a),(2,b),(0,a),(O,b),(l,a-b))+(i,0)|

0<i<4,0<a<b<g2z}) isaGs-design of

K2**! with blocking set Z; x Z3.

(Zs xZ22:{ G4 ((4,0),(2,)),(0,0),(0,b),(1,a 0 b)) +(i,0)|
0<i<4,0<a<b<2z—-1,{a,b}gH}) isa

G4 — design of K3, with blocking set Z, x Z,.

: (ZS xz23+l;{ G's((3,a),(0,b),(1,a-b),(0,a),(3,b))+(i,0)|

0<i<4,0<a<b<2z}) isaGs-design of

K2=*! with blocking set 22 X Z3z41.

(Zs x Z2::{ G5 ((3,0),(0,b),(1,a0b),(0,a),(3,b) ) +(i,0)|
0<i<4,0<e<b<2zx—1,{a,b}¢H}) isa

G's — design of K, with blocking set Z, x Z,.

. (Zs XZZ:-H;{ Gs((0,0),(0,b),(1,0'b),(3,0),(3,b))+(i,0)|

0<i<4,0<a<b<2z}) isaGe-design of

K2=*! with blocking set Z> X Zz+41.

(25 x Z22;{ G6 ((0,0),(0,b),(1,a0b),(3,0),(3,b)) + (i,0)|
0<i<4,0<a<b<2z—1,{a,b}¢H}) isa

Ge — design of K7, with blocking set Z> x Z5,.

: (ZsxZy;{ Gr((2,0),(1,0),(0,b),(2,0),(4,b),(0,0))+(5,0)|

0<i<4,0<a<b<y—1}) isaGq-design of

K¥with blocking set Z, x Z,.

(Zs xZ25:{ G1((2,b),(1,0),(0,b),(2,a),(4,b),(0,a) ) +(3,0)]
0<i<4,0<a<b<2z—1,{a,b}¢gH}) isa

G7 — design of K, with blocking set Z; x Z,,.

: (Zs xzy;{ G8 ((130)3(3’0)’(03b))(oia):(l)b))(3)b))+(i)0)l

0<i<4,0<a<bgy—1}) isaGs-design of

K¢ with blocking set Z2 x Z,.

(25 xZ24:{ Gs ((1,0),(3,0),(0,b),(0,a),(1,b),(3,b) )+ (i,0)|
0<i<4,0<a<bg2x—-1,{a,b}¢H}) isa

G — design of K, with blocking set Z, x Z,.
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i=9: (Zsx2Z,:{Gs ((4,b),(3,0),(2,b),(4,a),(2,a),(0,a))+(i,0)]
0<i<4,0<a<b<y—1}) isaGoy-designof
K with blocking set Z; x Z,.
(Zs xZ35:{ Gy ((4,)),(3,0),(2,b),(4,0),(2,a),(0,a) ) +(4,0)]
0<i<4,0<a<b<2z—1,{a,B}gH}) isa
Gy — design of K, with blocking set Z; x Z3;.

i=10: (ZsxZ,:{ Gio ((4,0),(1,b),(0,a),(0,b),(1,a),(2,a) ) +(4,0)|
0<i<4,0<a<b<y—1}) isaG-designof
K¥ with blocking set Z; x Z,.
(25 xZ22:{ G10 ((4,0),(1,),(0,0),(0,b),(1,a),(2,a) ) +(4,0)|
0<i<4,0<a<b<2z—1,{a,b}gH}) isa
Gho — design of K{;, with blocking set Z; x Z,,.

i=11: (ZsxZ,:{ Gu((3,0),(1,9),(0,0),(0,b),(1,a),(3,))+(i,0)|
0<i<4,0<a<b<y-—1}) isaGy-designof
K?¥ with blocking set Z; x Z,.
(25 xZ22:{ Gu ((3,0),(1,5),(0,0),(0,b),(1,a),(3,0) ) +(5,0)]
0<i<4,0<a<b<2z—1,{a,b}gH}) isa
G111 — design of K, with blocking set Z; x Z,,.

1=12: (ZsxZ,:{ G2 ((0,a),(0,b),(1,a),(2,a),(3,a),(4,a))+(4,0)]
0<i<4,0<a<b<y—11}) isaGiy-designof
K? with blocking set Z; x Z,.

(ZS X Z2::;{ Glz((0,a),(0,b),(l,a),(2,a),(3,a.),(4,a))+(i,0)|

0<i<4,0<a<b<2z-1,{a,b} ¢ H}) isa
G2 — design of K, with blocking set Z; x Z;.

Unify these designs with the following notation. For 2 < i < 12, define
(Z5 X Z34+1, Bi102+5) t0 be a G;-design of K2%*! and (Zs x Zaz, B;0:) tobe
Gi-design of K§,. For j € {3,7,9,10, 11,12} define (Zs x Z2z, B} 0,) tobe
aGj-designof K2*. For3 < i< 12,i ¢ {4,5,6} let(Zs x {a, b}, Ci10(a, b))
be a G;-design of K? with blocking set Z, x {a, b}.

The names of the vertices in the small designs are now changed to suit the
construction: we introduce more unifying notation. (The following designs were
constructed in Section 2.) Fors € {2,5} let(Zs x {a}; B;5(a) beaG;-design of
Ks, with blocking set {0, 1} x {a}. Fori € {4,5,6,8} let ({00} U(Zs x {a});
B;¢(a)) be a G;-design of K, with blocking set {0,1} x {a}. For3 <1< 12
let (Zs x {a,b}; Bi10(a,b)) bea G;-design of K10, with blocking set {0,1} x
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{a,b}. For2 < i < 12 let ({00} U(Zs x {a,b}); Biu) be a G;-design of Ky,
with blocking set {0, 1} x {a,b}. Fori € {4,6} let ({o0; | 0 < { < 4}U(Z5 x
Z2); B1,15(a, b)) bea G;-design of K5, with blocking set {ooo , 003 JU({0, 1} x
{a,b}). For3 <4< 12,i ¢ {4,5,6} let (Z5s x {a,b,c}, B;15(a,b,c)) bea
Gi-design of K5 with blocking set Z x {a, b, c}. Fori € {4,6} let ({o0; |0 <
1 < 4} U(Zs x Z3); B;is\s(a, b)) be a Gi-design of K35 \ Ks, with blocking
set {oop, 001} U({0,1} x {a,b}). Fori € {3,7,9,10,11,12} let ({oo; |0
<1< 5}U(Zs x {a}); B;\e(a)) be a G;-design of Ky; \ K, with blocking
set {oop, 001} U({0,1} x {a}).

Finally, we put the small designs together with the designs of the relevant -
partite graphs. Notice that if i € {2,4,5,6} B0 is only defined for z > 3
(since there is no symmetric quasigroup with = = 2 holes of size 2).

For3 <1 < 12, define a 2-colorable G;-design of K, by taking the following
blocks B. (Consider the cases n= 10z, 10z + 1,10z + 5 and 10z + 6 in turn).

(1) n=10z. Ifz = lorifzx = 2 andi € {4,5,6}, then sece Lemma
2.i. Otherwise, let B = Utas}en Biio(a,b) UB; 0., with blocking set
Zy X Zyx.
(2) n=10z+ 1. Ifx=1orifzx = 2 andi € {4,5,6}, then see Lemma
2.i. Otherwise, let B = Uasyerr Bini(a,b) UB; 0., with blocking set
Zy X Z2z.
3) n=10z+ 5.
(@) Ifi = 5, then let B = U2Z%; B;s5(a)U B;10z+5, With blocking set
Z3 X Z2341.
() Ifi#5,then: ifx=10rz =2 andi € {4,6} then see Lemma 2.i;
otherwise
() ifi € {4,6},thenletB = Ulas)em\{o.1} B,"ls\s(a, b)U B;15(0, 1)U
B; 102, with blocking set Z; x Z;41, and
(ii) ifig{4,5,6} then letB=U{°_b}EH\(o'1} B;10(a,b)UB;5(0,1,21)
UO{S‘K;SZ‘ Cg.m(a,b) (where H' = HU {{0,2:1:}, {1,21‘}}) with
a,b}gH'
blocking set Z> X Z3z41.
4) n=10z+6.
@ Ifi € {4,5,6,8} (so there is G;-design of Kg), then B = U2Z,
B;¢(a) UB; 104+5 with blocking set Z; x 25,41, and otherwise
() B =U2% B;n\e(6) UBin (0) UBYy 4, with blocking set Z; x Za441.
We finally define 2-colorable G, -designs of K,. Since all degrees in G, are
even, the necessary conditions for the existence of a G, -design of K, aren= 1,5

(mod 10). We will show that these necessary conditions are sufficient for the
existence of a 2-colorable G, -design of K.
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n=10z+ 1: Ifz € {1,2}, then seec Lemma 2.2. Otherwise,

I Banu(a,b) UBZ,IO:)

({oo} U(Zs X Z22);
{a,b}eH

is a G5 -design of K, with blocking set Z; x Z3.

n=10z+ S: Ifz = 1, then sec Lemma 2.2. Otherwise, (Zs X Zz25+1: U2,
B 5(e) U B2 ,104+5) is a G2 -design of K, with blocking set Z2 X Z2z+1.
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