Partitioning Graphs into Induced Stars
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Abstract. A pantition D = {V,..., Vi) of the vertex set V(G) of a graph G is said
to be a star decomposition if each V;(1 < i < m) induces a star of order at least two.
In this note, we prove that a connected graph G has a star decomposition if and only if
G has a block which is not a complete graph of odd order.

A star is a bipartite graph K , with n > 1. Several works have been done
on decomposing graphs into stars. For example, a 1-factor can be viewed as
a decomposition of a graph into K ;. In [1] Amahashi and Kano have con-
sidered a generalization of 1-factors. A spanning subgraph H is said to be a
{K11,K12,... Ky »}-factor if each component of H is isomorphic to one of
{K1,1,..., K1,,}. This is considered to be a decomposition of a graph into stars
of order at most n + 1. On this decomposition, they have proved the following
theorem.

Theorem A. ([1]). Let G be a graph and let n > 2 be an integer. Then G has
a{K,,..., K1 n}-factor if and only if i(G - 8) < n|S| forevery S C V(&®),
where i(G — S) is the number of isolated vertices in G — S.

It is easy to see that every graph hasa { K i,..., K »}-factor for some n > 1.

In this note, we also consider a decomposition of a graph into stars, but we puta
further requirement that each vertex set in the decomposition induces a star. If we
add this requirement, not every graph has a required decomposition. For example,
a complete graph of odd order cannot be decomposed into induced stars.

Let G be a graph. For § C V(G), we write G[S] for the subgraph of G
induced by S. Then a partition D = {V;,...,V,,} of V(G) is said to be a star
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decomposition if for each Vi(1 < 1 < m) G[V;] is a star. We consider that the
null graph (the graph whose vertex set is empty) has a star decomposition. In
this note we give a necessary and sufficient condition for a graph to have a star
decomposition.

A connected graph G is said to be an odd complete-cactus, or an OCC, if each
block of G is a complete graph of odd order. Note that every OCC has an odd
order. By the definition, if = is a non-cutvertex of an OCC, then the neighborhood
of z induces a complete graph of even order.

The result of this note is the following theorem.

Theorem 1. Let G be a connected graph. Then G has a star decomposition if
and only if G is not an OCC.

In this paper we write I'g(z) for the neighborhood of z € V(G) in G. For
other notation we refer the reader to [2].
In order to prove Theorem 1, we use the following two easy lemmas.

Lemma 2. Let G be an OCC of order at least three, and let z € V(G). Then
no component of G — z is an OCC. |

Proof. Each component of G — z has an even order.

Lemma 3. Let G be a 2-connected graph. Then for some ty € E(G), G —
{z,y} is connected.

Proof. Assume G — {z, y} is disconnected for an edge zy € E(G). Since G is
2-connected, G — z is connected, and y is a cutvertex of G — z. Let B be an end-
block of G — z and let ¢ be the unique cutvertex of G — z contained in B. Because
of the 2-connectedness of G,T'g(z) N (B —¢) # 0. Lety € Tg(z) N(B - ¢).
Then G — {z,y'} is connected. |

Proof of Theorem 1. First, we prove the necessity by induction on [V(G)|. Let
G be an odd cactus. Suppose G has a decomposition D. Since a complete graph
of odd order has no star decomposition, we may assume that G has an end-block
B with a cutvertex v. It is easy to see that D induces a 1-factor in B — {v}, so
the family obtained from D by removing this 1-factor is a star decomposition of
G — (B — {v}). However, G — (B — {v}) is an OCC and thus it has no star
decomposition by the induction hypothesis. This is a contradiction.

Next, we prove the sufficiency. Again we proceed by induction on |V(G)|.
Suppose G is not an OCC. If |[V(G)| < 4, it is easy to see that G has a star
decomposition. Therefore, we may assume |V (G)| > 5. We consider two cases.

Case 1. G is not 2-connected.

In this case G has a cutvertex c and let the components of G — cbe Cy,...,C,
(r>2).LetH;=GQICiU{c 1 (1 <i<r). Ifevery Hi(1 <1< 1) 1sanOCC
then G itself is an OCC, a contradiction. Therefore, we may asume that H is not
an OCC. We may also assume that C;, ..., C, are OCC’s and that C,.1,...,C;



are not OCC’s (1 < s < 7). Since G is connected, Ta(c) NC; # 0 (1 < i < 7).
Letz; € C;NI'e(C) andlet J; = C;—x; (2 < i < s). ByLemma2,if |Ci| > 3,
then no component of J; isan OCC.Let Ko = J2U- - -UCy1 U- - -UC,. (Possibly
it is a null graph.) By the induction hypothesis K has a star decomposition.

Let Ho = G[V(H,)U{za,...,2,}]. Then Hy is connected and G—V ( Ho) =
Ko. Since H, is not an OCC, Hy is not an OCC. Therefore, if K¢ is not a null
graph, by the induction hypothesis Ho has a star decomposition. Since both Ko
and Ho have star decompositions, G also has a star decomposition. Therefore, we
may assume that K is a null graph and G = Hy. This implies r = s.

Assume Cy = H; — c is not an OCC. Then by the induction hypothesis C;
has a star decomposition Do. Let Vo = {c, z2,...,2,}. Then G[Vp] ~ K1y
and this is a star since r > 2. Therefore, Do U {Vp} is a star decomposition
of G. Thus we may assume that C; is an OCC. Let z; € T'g(c) N C;. By
Lemma 2, no component of C) — z, is an OCC. Then by the induction hypothesis
C: — x; has a star decomposition D;. (Possibly C; — z; is a null graph.) Let
Vi = {c,31,12,...,7,}. Then G[V1] =~ K, which is a star. Thus D; U{V} is
a star decomposition of G.

Case 2. G is 2-connected.

ByLemma 3, G—{z, y} is connected for some zy € E(G). If G~ {z, y} is not
an OCC, then G — {, y} has a star decomposition D by the induction hypothesis.
Then {{z,y}} U D is a star decomposition of G. Therefore, we may assume that
G — {=z,y} isan OCC. In particular, [V(G)| = [V(G) — {z,y}| =1 (mod 2).

We consider two subcases.

Subcase 2.1. G — {z, y} is 2-connected.

Since G — {z,y} isanOCC and |V(G)| > 5,G ~ K3, forsomen> 2. If
ITe(v) N {z,y}| = 1,say vz € E(G) and vy ¢ E(G), for some v € V(G) -
{z,y}, thenlet Vo = {z,y,v}. Since |V(G) — Vo| =0 (mod 2), G — Vo is
not an OCC. Since G — {z, y} is 2-connected, G — Vj is connected. Then by
the induction hypothesis G — Vo has a star decomposition D. Hence {Vp} U D
is a star decomposition of G since G[Vp] =~ K),. Therefore, we may assume
ITe(v) N{z,y}| = 0 or2 forall v € V(G) — {z,y}. Let

Ui={ve V(G - {z,y}: ITe(v) N {z,y}| = i} (i=0,2).

Since G is 2-connected, |Uz| > 2. On the other hand, if Uy = §, then V(G) —
{z,y} = U,. This means G ~ K33, and hence G is an OCC. This contradicts
the assumption. Therefore, we have Up # 0.

Letv € Up and u € Us. Since G — {z,y} ~ K1, uv € E(G). Let
Vo = {z,u,v}. Since n> 2 and |Uz| > 2, G~ V} is connected. Since |V(G) —
Vo| =0 (mod 2), G — Vj is not an OCC. By the induction hypothesis G - V,
has a star decomposition. Since G[Vp] ~ K, 2, G also has a star decomposition.
Therefore, the theorem follows in this subcase.



Subcase 2 .2. G — {z,y} is not 2-connected.

In this case G — {z,y} has at least two end-blocks B; and B,. Since B; is a
complete graph of odd order, |B;| > 3 (i = 1, 2). Let ¢; be the unique cutvertex
of G contained in B; (i = 1,2). (Possibly ¢; = c3.)

Since G is 2-connected, (I'g(z) UTg(y)) N(B; —¢;) # 8 (i = 1,2). Then
by arguments similar to those in Subcase 2.1, we have

(B1 —ca) U(B2 — ) CTe(z) NTe(y).

Letv € By — ¢ and H = G — {z,v}. Then zv € E(G) and H is connected.

We claim that H is not an OCC. Assume that H is an OCC. Since H — y =
G - {z,y} — v is connected, y is not a cutvertex of H. Then H['y(y)] is a
complete graph (of even order). However, since I'g(y) D By — {c1,v} # @ and
Te(y) D Bz — ¢z # 9, this is impossible. Therefore, the claim follows.

By the induction hypothesis H has a star decomposition D. Then DU{{z, v} }
is a star decomposition of G.

Therefore, Case 2 is proved, and hence the proof of the theorem is complete. @
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