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Abstract
Using basis reduction, we settle the existence problem for 4-
(21,5,)) designs with X € {3,5,6,8}. These designs each have as
an automorphism group the Frobenius group G of order 171 fixing
two points. We also show that a 4-(21,5,1) design cannot have the
subgroup of order 57 of G’ as an automorphism group.

Introduction

In this paper, we assume all sets that are not obviously infinite, to be
finite. If X is a set, then P(X) denotes the set of all subsets of X and
Pi(X) denotes the set of all k-element subsets of X. A t-(v,k,)) design,
where ¢, v, k and )\ are non-negative integers with ¢ < k, is a pair (X, B),
|X| = v, such that B C Px(X) and for every T € P;(X), T is contained in
exactly A elements of B. We call the elements of X poinis and the elements
of B blocks. A t-(v,k,1) design is also commonly known as a Steiner system.

An isomorphism between two i-(v, k,)) designs (X1, B) and (X2, Bz) is

a bijection & : X; — X3 such that B{ = B (we identify o with its canonical
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extension to P(X1)). An automorphism of a t-(v,k,)) design (X, B) is
an isomorphism from (X, B) onto (X,B). The set of all automorphisms
forms, under functional composition, the full automorphism group of (X, B),
which is denoted Aut(B). Any subgroup H < Aut(B) is referred to as an
automorphism group of (X, B).

Prior to this paper, the existence problem for 4-(21,5,) designs was
completely open for all A’s [1]. Here, we settle the existence problem for
4-(21,5,)) designs with A € {3,5,6,8} in the affirmative by employing a
construction technique of Kreher and Radziszowski [7] called basis reduc-
tion. Each design will have the Frobenius group G of order 171 fixing two
points as an automorphism group. We also prove the impossibility of hav-
ing a Steiner system 4-(21,5,1) with the subgroup of order 57 of G as an
automorphism group. As the Kreher-Radziszowski construction is funda-
mental in obtaining these results, we briefly review this technique in the
next section.

2 Constructing Designs with Given Group

Let G < Sym(X). Then G also acts on the subsets of X by defining
S9 ={z9:z2€S}for SC X and g € G. The orbitof S C X is
S¢ = {89 : g € G}. Let Ay(G),...,AN,(G) and Ty(G),...,Tn,(G) be
complete lists of all orbits of t-element and k-element subsets of X under
G respectively. For any fixed orbit representative T of A;(G), the number
of elements K € T';(G) such that T C K is denoted by Aw(G)[i, j], and is
independent of the choice of T It was observed by Kramer and Mesner [3]
that a t-(v, k, ) design (X, B) exists with G as an automorphism group if
and only if there exists a (0, 1)-vector U satisfying the matrix equation

Ag},(G)U = AJ,

where J is the N;-dimensional vector of all 1’s.

Kreher and Radziszowski proposed in [5, 6, 7] an efficient and effective
algorithm for computing (0, 1)-vectors U that satisfy A;(G)U = AJ. Let
M be an integer valued matrix with columns ay,as,...,6,. The Z-module
or lattice generated by ay,as,...,an is:

ﬁ(M)={iCiai:Ci€Z,15iSm}-

i=1
Kreher and Radziszowski observed that if U is any integer vector satisfying

Aw(G)U = AJ, then (U

0) is a vector in the lattice L(M) generated by
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the columns of the matrix

M= (Au‘I(G) -?u)‘

They also made the observation that a (0, 1)-vector U satisfying A(G)U =
MJ is often a short vector in £(M). Lovdsz’ basis reduction algorithm (8]
with added enhancement is then used to obtain a reduced basis M’ for a
new lattice L(M’). This new lattice £L(M’) contains all the integer vectors
U satisfying Ay (G)U = d - AJ for some integer d > 0. In addition, the
reduced basis M’ contains relatively short vectors of L(M') and often a
(0,1)-vector U appears among them. This vector U gives a t-(v,k,d - X)
design.

3 Proving Non-Existence with Basis Reduc-
tion

The basis reduction algorithm described in Section 2 has been used with
much success in finding ¢-(v, k,\) designs [4]. However, since the basis
reduction algorithm is not an exhaustive search mechanism, its failure to
find a solution to A¢(G)U = AJ does not prove the non-existence of a
t-(v,k, ) design with G as an automorphism group. In this section, we
examine circumstances under which basis reduction can be employed to
prove non-existence results concerning t-(v, k, A) designs.

Let L = {|T4(G)] : 1 < i < Ni} be the set of lengths of orbits of k-
element subsets of X under the action of G. For each £ € L, let n; denote
the number of orbits of k-element subsets of X of length £ that appear
in a t-(v, k,A) design (X, B) with G as an automorphism group. Then by
considering the number of blocks in B, we obtain the following equation:

L= (W)

el

Now consider M’, the reduced basis computed by the algorithm of Kre-
her and Radziszowski. It follows from the discussion in Section 2 that if
my,...,my, are the columns of M’, then every (0,1)-vector U satisfying
A4(G)U = AJ can be written in the form

Ny
U= Z’h’fni.

i=1

where 7;, 1 < i < Ny, are integers. Thus ||U]|? = 0 (mod 2) if ||m;}[2 =0
(mod 2) for all 1 < i < Ni. By noting that ||U||? = 3, ne, we have the
following theorem.
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Orbit Representatives

012911

01478 014510 014611 0191115
0191112 013913 014514 014615 013616
012417 0136000 [0139000 | 014717 012900
014120090 | 01914000 | 0146003 |014900; | 0191800,
014 o009 00y

Table 1: A 4-(21,5,5) Design

Theorem 1 Let G < Sym(X) and let L be the set of lengths of orbits of k-
element subsets of X under the aclion of G. Further, let ng, £ € L, be non-
negative integers such that ), ; nel = /\(:)/(’:) Then a t-(v,k,)) design
(X,B) with G as an automorphism group does not exist if ), ne = 1
(mod 2) and ||m;||? = 0 (mod 2) for all1 < i < Ni, wherem,,...,my, are
the columns of the reduced basis M’ computed by the Kreher-Radziszowski
algorithm. O

4 The New Designs

Let X = Z)9 U {00g,00;} and let G < Sym(X) be the Frobenius group of
order 171 that is generated by the permutations

a:z—z+1 (mod 19),
B:xz— 4z (mod 19),

with the convention that oo; + 1 (mod 19) = oo; and 4 - co; (mod 19) =
o0;, for ¢ € {0,1}. The approach described in Section 2 was taken to find 4-
(21,5, A) designs with A € {3,5,6, 8} having G as an automorphism group.
We list in Tables 1, 2, 3, and 4 the orbit representatives for the blocks of the
designs that we have found. All the blocks in each design can be obtained
by developing the orbit representatives with permutations in G.

5 Results on Steiner System 4-(21,5,1)

The designs we presented in the previous section are actually byproducts
of an attempted search for the elusive 4-(21,5, 1) design that we have con-
ducted. Although we have not been successful in finding a 4-(21,5, 1) de-
sign, we manage to obtain the following result.
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Orbit Representatives

|

01269 01457 01236 01468 01478
014510 01469 012410 012910 014611
015911 014911 018911 012912 015913
0191114 014514 013916 012418 012918
0129000 0145 000 0138000 015900 01311 o009
01913000 | 01412000 | 019 14 000 012400 013800
014700 0191500 0159 00 01911 00; 01913 00y
0121600; | 013 000003 | 018000001 | 0112 000 001
Table 2: A 4-(21,5,5) Design
Orbit Representatives _]
01269 01456 01247 01458 01249 |
01469 01789 012910 014810 014710
015911 016911 0191113 015913 0191114
014514 012414 014615 012915 0191116
013916 012417 012418 012918 0145000
0136 o000 0179 o000 014900 0159000 0189000
0129o00; 01918000 | 01216000 | 0146 00 012400
01915 00; 0139o00; 0191100; | 01412001 | 019 14 003
013000001 | 012 000 001
Table 3: A 4-(21,5,6) Design
Orbit Representatives ]
01246 01236 01248 01368 01478
01249 012911 014510 01289 012910
014710 014611 013911 016911 0191115
0191112 012412 012912 015912 014613
014513 013913 015913 014614 014914
012915 0191118 0191116 014517 012417
014717 014618 0146 o009 012400 0136 o000
0138 o00 0148 o000 017900 0139009 015900
012900 01918 o009 01913000 01916 cop 01216 o000
013800 014700 014800 013900 014900
0191100 0141200 01913 00 019 14 o0; 0191800 -
0121600; | 013000001 | 014000003 | 018009003 | 0112000 001

Table 4: A 4-(21,5,8) Design
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Theorem 2 Let H < G, where H = (v,6),
y:zwz+1 (mod 19),

6:z2— Tz (mod 19).
Then H is not an automorphism group of any 4-(21,5,1) design (X, B).

Proof. A careful examination of the 117 x 369 matrix A4s(H) reveals that
132 of the 369 columns contain some entry A4s(H)[¢,j] > 1. Hence, none of
these 132 corresponding orbits of 5-element subsets of X under the action
of H can be part of a 4-(21,5,1) design with H < Aut(B). It is then clear
that if A4s(H) is the matrix A4s(H) with these 132 columns deleted, then
a 4-(21,5,1) design exists with H < Aut(B) if and only if there exists a
(0,1)-vector U satisfying Ass(H)U = J. The orbits corresponding to the
columns of Ags(H) are of two types: those with length 19 and those with
length 57. By considering the number of blocks in B, there must exist non-
negative integers z and y such that 19z + 57y = 1197. This implies that
z+y = 1 (mod 2). The algorithm of Kreher and Radziszowski was used

on the initial basis
( )
A45(H) -J /)’

All columns m of the final reduced basis were found to satisfy ||m||2 = 0
(mod 2). Hence, the theorem is proved by invoking Theorem 1. O

6 Conclusion

In this paper, the basis reduction algorithm of Kreher and Radziszowski is
used to construct new 4-(21,5,)) designs with A € {3,5,6,8}. This leaves
the existence problem for 4-(21,5, A) designs unsettled for only four values
of A\, namely A € {1,2,4,7}. The non-existence of a 4-(21,5,1) design
with the Frobenius group of order 57 fixing two points as an automorphism
group is also proven using the basis reduction algorithm. This is not the first
instance where non-existence results are established using basis reduction.
Chee and Royle [2] have earlier used it to prove that 2-(25,3,1) designs of
certain configurations do not exist. We are hopeful that basis reduction
will be useful in ruling out possible automorphism groups for other designs.
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