A PARTIAL SOLUTION TO A QUESTION
RAISED BY R. L. GRAHAM
David Bedford

Abstract. A group (G, ) with the property that, for a particular
integer r > 0, every r-set S of G possesses an ordering, sy, S5, *-+, S,
such that the partial products s,, 5,53, -+, §;5, - -s, are all different, is
called an r-set-sequenceable group. We solve the question as to
which abelian groups are r-set-sequenceable for all r except that, for
r = n—1, the question is reduced to that of determining which groups
are R-sequenceable.

The following question was raised by R. L. Graham [4].

“Given a group (G, ), of order n, for which integers 0 < r < n, does every
r-set of G have an ordering such that all partial products are different?”

For our discussion of this qucstion, we shall find it convenient to
make the following two definitions.

Definition 1. An ordering of the elements of a subset S of G, in which all
the partial products are different, is called a sequencing of S in (G, -).

Definition 2. A group (G, -) with the property that, for a particular positive
integer r, every r-sct of G possesses a scquencing, is called an
r-set-sequenceable group.

In terms of these dcfinitions Graham’s question is equivalent to
asking: "For which values of r is a given group r-set-sequenceable?"

In this paper we solve this question for abelian groups, for all r,
except that for r =n — 1 the question remains partly unsolved for some
groups, namely those groups for which it is unknown whether the group is
R-sequenceable. In particular, all groups are both 1l-set and
2-set-sequenceable. The only abelian groups which are 3-set-sequenceable
are the generalised Klicin groups. For 3 <r < n—2, no abelian group is
r-set sequenceable. The only abclian groups of order n > 4 which are
(n—2)-set-sequenccable are the gencralised Kicin groups. It is well known
that a group is n-set-scquenceable if and only if it contains a unique element
of order two. We will also show that a group is (n—1)-set-sequenceable if
and only if it is R-scquenceable. Regarding non-abelian groups we observe
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that, if (G, -) is a non-abelian group which contains a subgroup which is
isomorphic to an abelian group (H, ), then for those values of r for which
(H, ‘) is not r-set-sequenceable neither is (G, ).

We shall need the following further definitions and lemmas.

Definition 3. A finite group (G, +) of order n is said to be sequenceable if
its elements can be ordered in a sequence, a,, a,, a,, -+, a,, such that all of
the partial products b, = a), b, = a\a,, b3 = a,a,a,, --+, b, = a,a,a5--a,
are different.

Definition 4. A finite group (G, -) of order n is said to be R-sequenceable if
its elements can be ordered in a sequence, a), a,, a3, ---, a,, such that all of
the partial products by = @), by=aa, by;=aaa;--- b,_,=
a,a,a;3 - -a,_; are different and so that the product b, = a,a,a5 --a, = e.

Lemma 1 (Miller [S]). If (G, -) is an abelian group of order n, then
n

I—[g‘- = e, unless (G, -) possesses a unique element of order two, say g’, in
i=1

n
which case [ Jg; = g'.

i=1

[Lemma 1 has been rediscovered on several occasions. For an historical
note, see [1].]

Lemma 2. If e € S and S possesses a sequencing 5y, S3, -+ Sy, then s = e.

r

Lemma 3. If S is an r-set of G such that e € S and l_[s,- = e, then, in any
i=1

ordering of S, there must be a repeated partial product.

Lemma 4. An abelian group (G, -) of order n is n-set-sequenceable if and
only if it possesses a unique clement of order two.

Proof. By definition, (G, -) is n-set-sequenceable if and only if (G, -) is
sequenceable. By Gordon (3], an abelian group is sequenceable if and only
if it possesses a unique element of order two. O

Theorem 1. An abelian group (G, -) of order n is (n—1)-set-sequenceable if
and only if (G, -) is R-sequenceable.
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Proof. If (G, -) possesses a unique clement g’ of order two, then, by
Lemmas 1 and 3, the (n—1)-set G\{g'} possesses no sequencing. Thus, using
Lemma 4, if (G, -) is sequenceable, then it is not (n—1)-set-sequenceable.
Hence, if (G, ) is (n—1)-set-sequenceable, then (G, -) does not possess a

n
unique element of order two and so [ [g; = e, by Lcmma 1.

=1

Now suppose (G, -) is (n—1)-sct-sequenceable, then V (n—1)-sets S 3
an ordering, say s, §,, -+, S,_;, which forms a sequencing of §. If the
omitted element is the identity, then the ordering e, sp, §p, -, S, iS an
R-sequencing of (G, ). If, however, the omitted element s, is not the
identity, then the ordering s,, 3, « <+, S,_1, S, is an R-sequencing of (G, -).

Conversely, suppose (G,:) is R-sequenceable and let
a,, a, a,, -+, a, be one such R-sequencing. Then ay, a;,, @3 - Gy,
ay, -+ @, @ is also an R-scquencing of (G,.) for all i and so
ay, G, Gipg, o0y By @, -+, @ is @ sequencing for the (n—1)-set G\{a}.
To complete the proof we observe that ay, ay, ---, @, is a sequencing for

G\e}. O

Theorem 1 raises the question: which finite abelian groups are
R-sequenceable? We know that a necessary condition for R-sequenceability
is that the group does not possess a unique element of order two. It has been
conjectured that this condition is also sufficient. In [2], Friedlander, Gordon
and Miller showed that the following types of abelian group are
R-sequenceable:

(i) Cyclic groups of odd ordcr;

(ii) Abclian groups of odd order whose Sylow 3-subgroup is cyclic;

(iii) Abelian groups of orders which arc relatively prime to six;

(iv) Elementary abclian p-groups, except C,;

(v) Abelian groups of type C3XCy

(vi) Abelian groups whosc Sylow 2-subgroup S is one of the
following kinds:

(@ S=(CyPm, m>1butm=*3.
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(b) S =C,XC,, where h =2k and cither k is odd or else
k>2 is even and G/S has a direct cyclic factor of order
congruent to 2 modulo 3.

Also Ringel [6] has claimed that abclian groups of type C;XCy,, are
R-sequenceable.

It is easy to see that all groups are both 1-set and 2-set-sequenceable.
To consider r-set-scquenceability of abelian groups for 2 < r<n—1, we
examine several cases.

Theorem 2. If (G, -) is an abelian group of order n, where either n is odd or
(G, -) has a unique element n of order two, then it is not r-set-sequenceable
for2<r<<n-1.

Proof. For r odd, 2<r<n—-1, the r-set = {e, &), g1 )

82 8; v 0% Br—y2s g(,_l)ﬂ} (where if n is even, then n ¢ S) possesses no
sequencing, by Lemma 3.

For r een 2<r<n—-1, the rset §= (e, g1 82 (818071,
& g3 10 8yp 8,y 2} where if n is odd then $ N (gl s g2 y 8182 =D and
if n is even, then g1 =nand SN{g; 1, ng,) = @, possesses no sequencing,
by Lemma 3. [Note that for this conerucuon when #n is odd we require r <
n — 3 but, since n — 2 is odd, this is sufficiecnt for all even values of
r<n~-1]0

Theorem 3. If (G, -) is an abclian group of order n which possesses more
than one element of order two and at lcast one non-identity element not of
order two, then (G, ) is not r-set-sequenceable for2 <r<n-1.

Proof. (G, -) must possess at lcast n/2 non-identity elements not of order
two since the elements of order two, together with the identity, form a
subgroup of index at least two in (G, ).

For r odd 2Lr<n/2) + 1, the rset S = (e, g, gl y 82 g2 ,
s 8(r—1y/20 8 (s—1)2} POSSESSES NO sequencing, by Lemma 3, where none of
the elements oﬁ‘ as order two.

For r even, 2<r<(n/2) +1, the rset S= (e &), & 8182

8 g;l’ oy By 8 }2} possesses no sequencing, by Lemma 3, where g;, g,
and hence g,g, are of order two whilst the remaining elements of S are not.
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For r, when n/2 <r < n—1, the r-set S = (G\S") U {e), where S’
is an (n—r+1)-set of the appropriate one of the two types constructed above,
possesses no sequencing, by Lemmas 1 and 3. O

Theorem 4. If (G, -) is an abelian group of order n >4 in which every
non-identity element has order two, then (G, -) is 3-set-sequenceable.

Proof. Any 3-set S must possess a sequencing since, if we consider the
ordering s, s, s3, we obtain the partial products sy, 5,5, 5;5;5;. These
partial products must all be distinct since s, =s;5, 5, =€ and
515, = 55,83 &+ S3=e¢, but, by Lemma 2, s, =e when e€S. The
remaining possibility is s, = 5,553, but 5, = 5,5,5; & 5,5, = e, contrary to
the hypothesis that every element has order two. O

Theorem 5. If (G, -) is an abelian group of order n > 8 in which every
non-identity element has order two, then (G, ) is not r-set-sequenceable for
3<r<n—2andforr =n.

Proof. The proof is by induction on the size of a minimal generating set of
(G, -). We first note that, since every element has order 2, (G, -) must be
the generalised Klein group of order n = 2m, for some m. We denote a
minimal set of generators of (G, -) by {¢,, ¢5, -+, Cpa)-

As our starting point for the induction argument we take the
generalised Klein group of order eightt Now, for r =4, the set
S={e c,c;cc;) has no sequencing and, for r=35, the set
S = {e, ¢}, ¢, c3, €\C5¢5) has no sequencing, also, for r = 8, the group has
no sequencing, by Lemma 4. Thus for 3<r< 6 and r =8, 3 r-sets S
which possess no sequencing.

We now consider (G, -) to be an arbitrary generalised Klein group of
order 2™, m > 3, and assume that, for the generalised Klein group of order
2m-1, the theorem is true. That is, 3 r-sets S for which no sequencing is
possible when 3<r<2m1—-2 and r=2m1, Since the set
{en €3, -+ oy} generates a subgroup (H, -) of (G, ) isomorphic to the
generalised Klein group of order 2m-1, 3, by assumption, r-sets S of G for
which no sequencing exists V r when 3 <r < 2m-1—2 and r = 2m-1,
Furthermore, the product of all the clements in H is the identity element, by
Lemma 1. It follows that:

for r=2m-1_1, the set §= H\(c,, c3 €,;¢3} U (CoCm» C\C2€,)
possesses no sequencing, by Lemma 3;
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for r = 2m-1 — 2, the set S = H\(c), ¢,C;, €,C3, €;€3) U (C2Cpm, €1C2C)
possesses no sequencing, by Lemma 3.

Thus 3 r-sets S of G which possess no sequencing for 3 < r < 2m-1,
For 2m-1 L r < 2m=2, the set § = (G\S') U {e} possesses no sequencing,
where S8’ is an (n—r+l)-set of the appropriate one of the two types
constructed above.

We have shown that the generalised Klein group (G, ) of order
n=2m m2>3, is not r-set-sequenceable for r, when 3 <r < 2m -2,
Furthermore, since (G, ) is not sequenceable, by Lemma 1, it is not
n-set-sequenceable. OO

In [2], Friedlander, Gordon and Miller give the following construction
for an R-sequencing of the additive group of GF(pm) % Z,,
where £ = pm — 2 and « is a generator of the (cyclic) multiplicative group.

0 | ) o—o? e ol -t o -1
0 | 1—a2 1—of 0

Here the top row contains the sequencing whilst the bottom row
contains the partial "products”. Since we are dealing with the additive group
of a field the "products” are in fact sums in this case. We make use of this
result in the following theorem.

Theorem 6. If (G, ) is an abelian group of order n > 8 in which every
non-identity element has order two, then (G, -) is (n—2)-set-sequenceable.

Proof. For any given pair of non-identity elements {x, y} 3 a minimal set of
generators C such that {x, yyCC. Hence, given any R-sequencing
ay, 8y, -+ 4, ., a, ,, a, of (G, -), we can always find an isomorphism 6 of
(G, -) such that 6(a, ;) =x and 6(a,) =y. Then, since the ordering
6(a,), 6(ay), -+, 8(a,_;), 8(a,_,), 6(a,) forms an R-sequencing of (G, -), the
ordering 6(a,), 6(ay), -+, 6(a,_;) forms a sequencing of the set G\{x, y}.
To complete the proof we note that 6(ay), 6(ay), - -+, 6(a,_,), 6(a,_,) is a
sequencing of G\{e, y). O

The question of r-sct-sequenceability of the Klein group itself is

trivial, since, for r =1, 2, 3, we have that all r-sets possess a sequencing
whilst for r = 4 no such sequencing is possible, by Lemma 1.
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