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1. Introduction and preliminaries.
The aim of this paper is to prove the following

Theorem. Let D be a symmetric block design (45,12 ,3) admitting an auto-
morphism of order 5. Then D is isomorphic to one of the 13 designs listed in
the Table 1. The generators and orders of their automorphism groups are listed in
the Table 2. All of the 13 designs from the Table 1 are mutually non-isomorphic.
However, there are dual isomorphisms among them which are presented in the
Table 3.

This result was obtained by means of combinatorial and group theoretical meth-
ods and with help of a computer.

At the beginning we recall some basic definitions and facts related with symmet-
ric block designs (see for example [1], [4]). We assume all sets under consideration
to be finite.

Let D = (P, B, I) be an incidence structure with point set P, line set B and
incidence relation I C P x B. For P € P,z € Bdenote (P) = {y € B |
(P,y) € I}, (z) ={Q € P | (Q,2) € I},|P| = [(P)], |z] = [{z)I-

Definition 1: A symmetric block design (v, k,)),v,k,L A €N, n=k-X1>0,
is an incidence structure D = (P, B, I) such that:
@ [Pl=IBl=v=Fk(k=1/)+1;
(ii) |z|=|P|=kforallz € B,P € P;
i) {z) Nn(y)l = KP)N{(Q}| = X, forallz,y € B, P,Q € P withz # y,
P#£Q.

The difference n= k — ) is called the order of D.

For two such designs Dy = (Py,B1,11) and Dy = (P2, B, L) an isomor-
phism from D, onto D; is a bijection which maps points onto points and lines onto
lines preserving the incidences. Similarly, dual isomorphisms are such bijections
which map points onto lines and lines onto points and preserve the incidences. An
isomorphism from D onto D is an automorphism of D. In the following we shall
use the term design for symmetric block designs.
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LetD = (P,B,I) ;be a (v, k, ))-design and G an automorphism group of D,
thatis G < Aut D. For z € B, P € P, g € G we denote by xg, Pg the g-images
of z and P, and withzG = {zg | g € G}, PG = {Pg | g € G} the G-orbits
of z and P, respectively. By a known result the number of point orbits equals the
number of line orbits.| Denoting this number by ¢ and the corresponding orbits by
B;, Py, 1 < 1,7 < t, we have:

B= UB., P= |_|1>,, 0]

| i=1

Denote |B;| = &, |P4| = w,. From (1) and the Definition 1(j), it follows immedi-
ately that
D=3 wr=v, @
[ r

Letz € B;, P € Py. Then |(z) N P;| = [(z)g N Prg| = |(xg) NPy, for all
g € G. As 2G = B;, we see that |(z) N P;| = ~;; depends on B; and P, only.
Similarly, |{P) N Bi| = T, does not depend on the choice of P. From (1) and the
Definition 1(ii), it follows that

Yote=) Tu=k 3)

The introduced cardinalities satisfy some important relations (see [11, [3], [5]):

Lemma 1. Let D = (P,B,I) bea (v,k ,\)-design, G < Aut D, and B;,
B;CB, Py, P C 'R some G -orbits of lines and points, mspectzvely With other

notation as above it !|'ollows that:
(l) Q'Ytr = wr trr

(ii) zr 'errjr = Qj + &y E, wYis = A Wy + 8psm, where 8:): 5ra
the Kronecker|symbols, and the indices ,r run over the set {1,2,... ,t}.
Because of (i), we can rewrite (ii) as:

(iif) Ef gf"ﬁr"jr "L' A Qj + 8:‘;‘ n’ E,‘ ‘%m'r'ﬁ'a = AWy + Bren.
Definition 2: We derilote

[BuiB)] = E'ﬁrrjr and [Py, Ps] = Erir'ﬁa
r i

and call these exprerions the orbit products.

Definition 3: Givena (v, k, \)-design D and G < Aut D, the matrices ( ;) and
(T, are called the orbital structures of D with respect 10 G, for lines and points,

respectively.
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Obviously, the orbital structures of D are uniquely determined up to the order
of rows and columns.

Let P, € P and P, = P,G. We denote the points of P, by P,, = P,, Py,...,
P, _, or, abbreviated in a customary manner, as ro,7y,... ,7, 1. Thus, ‘P, =
{ro,... ,7w,~1}. Now, for each orbit P, the automorphlsm group G is represented
as a permutation group on the indices 0, . — 1. The same holds for the line
orbits.

As an important step for what follows, we introduce canonical forms for lines
and designs.

Definition4: Suppose there is a given ordering among point orbits. Let z € Band
(z) = Uy=1 ({z) N'P;). The unique sequence z of points of (x) lexicographically
ordered in terms of point orbits and in terms of their indices within the same orbit
will be called the canonical form of z. In the following we shall identify % with
x.

Let 3,y be two lines with the same orbital structure and %, § their canonical
forms. Then z precedes y canonically if % precedes § lexicographically in terms
of indices.

Suppose, there are given orderings among point orbits and among line orbits.
Then there is a unique sequence D consisting of canonical lines D(3) of D such
that:

@ D(i) €B,for1 <i<t;

(b) D(4) precedes other lines in B; canonically.
Because B; = D(5)G, D and D are in a one-to-one correspondence. The sequence
D will be called the canonical form of D (with respect to {B;}, {P,}, G).

In the following we shall identify D with D.

Let D; and D; be two desngns wuh the same orbital structure. Then D, pre-
cedes D, canonically if D, precedes Da, lexicographically in terms of the canon-
ical precedence of their lines.

The concept of G-isomorphisms of designs will be very important for our con-
struction of designs (see [3]).

Definition 5: Let Dy = (P, B, ;) and D; = (P, B, I) be two designs and G <
AuDiNn AutD; < S = S(P) x S(B), where S(S) denotes the symmetric
group on the set S. A bijection a € S is a G-isomorphism of D, onto D, if:

(i) «is an isomorphism of D; onto D, ; and

(ii) there is an automorphism 7: G — G such that for each P, Q € P and each
9 €EG: (Pa)(g7) = Qa<=> Pg=Q.
IfI) = L, C P x B, ais a G-automorphism of D. It follows that

Lemma 2. The condition (ii) in the Definition 5 is equivalent to o € N,(G),
that is a normalizes G in S.
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Proof: From ( Pa) (ig7) = Qa and Pg = Q it follows that Pa (g7) = Pga.

Hence, a(gr) = ga, and, therefore, g7 = o' ga, for all g € G. Thus,

a'Ga=Gr=G a}nd s0 « € N,(G). The converse is now trivial. |
An immediate consequence of Definition 5 and Lemma 2 is

Lemma 3. Let D = (P,B,I) beadesignand G < AutD. LetS-= S(P) x
S(B) and a € N,(G). Then D is G-isomorphic to the design Da: = (P, B, 1,),
for which ( Pa, zar) ’e Lo+ (P,z) €L

2. Construction of d:esigns by means of automorphisms.

Here we sketch an aléoﬁthm for constructing all designs with parameters (v, k, \)
admitting a given auf[omorphism group, as presented in [3]. We shall use the pre-
viously introduced notation.

Algorithm. Let D |= (P,B,I) be a (v,k,)\)-designand G < AutD, § =

S(P) x S(B). Let Py,...,P; and B,,...,B; be the G-orbits of points and
lines in a given order and Q; = |Bi|, wy = |P;| for 1 < i, r < t. We build at first
the possible orbital structures I = (~y;,) and after that the designs themselves by
“indexing” the points (see [5]).
Step 1: By Definition 2 [B;,B]] = ¥, %lir = A% + n= Y, Jiq?, using
Lemma 1 (ii) and (i'}i), for each i, 1 < 1 < t. Recall that the solution vectors
(7ir)i, the outer inde:lt denoting the fixed index, are called the line orbital structures
of the line orbits B; Ksee Definition 3). For two line orbital structures (+;,); and
(~{); we say that they are of the same type, if there is some « € N,(G) such that
(B)a = B; and %'Lv: o, qr Where (P} = Pq, forallr, 1 < r < t. Asthe
type representative, we choose that line orbital structure, which is the first in the
reverse lexicographical order with respect to the usual ordering in N. We order
the types in the order of their representatives ordered by the same principle. We
apply the same ordering to the line orbital structures within the same type.

After finding all possible types for line orbits, we build the partial orbital struc-
tures. A jth layer paJrlial orbital structure is any matrix A (j) = (i), 1 <1< 7,
1 < r < ¢, satisfying the row conditions from Lemma 1 and not violating the col-
umn conditions from the same lemma. We order them in terms of the above or-
dering of line orbital structures. Denote the set of all “essential” partial structures
of the jth layer by A,

We construct these in the following way:

1) AO consists of all type representatives for the first orbit.

2) We construct /A’ from AU-" by joining to each A(j — 1) as the next

row all possiﬂ]e line orbital structures for B; such that the obtained matrix
A () is a jth layer partial orbital structure. We include such a matrix A ()
into the layer A7), if it cannot be eliminated by finding some o € N,(G)
such that A (j)a < A(J), in terms of the precedence of partial structures
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considered as parts of the whole structures. Since A « is G-isomorphic with
A, we eliminate in this way a lot of isomorphic designs, retaining only those
among them which are first in terms of the defined precedence.

At the end of this procedure A () will be the set of all possible orbital structures
for the given problem.

Step 2: Next, we deal with each orbital structure separately. Thus, let A = (1;,)
be the structure under consideration, For each row in A we construct orbit by orbit
all possible canonical lines. In this way we build the set A /) of jth layer partial
designs D(j), foreach 7,0 < j < t.

Let D be the null set. We construct DY from DU-D, 1 <j<tinthe
following way.

Toeach D(j — 1) € DU~V we join all possible canonical lines for the orbit B;,
which satisfy the design conditions from Definition 1 and the given orbit condi-
tions for B;. In such a way we obtain jth layer partial designs. We include such a
partial design D(;) into D', if it cannot be eliminated by finding an o« € N,(G)
with A = A, such that D(j)a < D(J) in terms of the precedence of partial
designs considered as parts of the assumed whole designs.

At the end of this procedure, D) will be the set of all possible designs with the
orbital structure A, admitting the given automorphism group G. Because of the
above eliminations they appear in the canonical form.

Carrying out this construction for all orbital structures A » we getall the required
designs. It can happen, that among the obtained designs there are isomorphic or
dually isomorphic ones. The identification and elimination of such designs is the
last step in solving the given problem.

3. Automorphisms of order 5 acting on (45, 12, 3)-designs.

Let D be a (45, 12, 3)-design and p € Aut D, |o| = 5. We shall determine first
the action of p on P and B. For this purpose, we use the following lemma proved
in [3].

Lemma 4. Let D be a symmetric (v, k, \) -design, p € Aut D and lol=p> A,

p a prime. Denote by f the number of points in P fixed by p. If there exists a p-
fixed line consisting of fixed points only, then k < f < v—(k—X)p. Otherwise, if
each p-fixed line contains at least + full nontrivial orbits of p, then (tp+1) f < v.

Applying this lemma to our case, we get

Lemma$. Let D bea (45,12, 3) -design and PEAWD, |p|=5. Then p acts
fixed point freely on both sets P and B.

Proof: Sincev—(k—M\)p=45-9.5= 0, each p-fixed line contains by Lemma
4 a nontrivial p-orbit and (5 + 1) f < 45. It follows that f € {0,5}. If f = 5,
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, which implies f < 5 and, therefore, f = 0.

<45

ts on P and B are of the length 5, and there are nine such

|

thent=2 andso(2-5+ 1) f

cm

Thus, all the p-orbi

orbits on each of th

,12,3) -designand p € Aut D, |p| = 5. Then there

¢ orbital structures of D with respect to p. We use the
21 possible orbital structures (~;j) for D with respect to

2

notation of paragraph
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Such an orbital structure must satisfy the conditions (2), (3) and Lemma

f:
1(iii). By Lemma 5 we have ¢t = 9 and Q; = w, = 5, forall j, s € {1,...

Alson=12 -3=9,
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Conceming (c) and applying Step 1 of our Algorithm, we can now construct the
orbital structures for the given group and parameters. We obtained with the help

of a computer as the only solutions up to isomorphism, the 21 orbital structures

Now 44 < w, = 5, for all 1, r. However, p does not fix any element and, thus,
listed in the statement of the Lemma.

% < 5. One can easily see that there are up to order exactly four solutions ( Yirki

for(a)and (b),namely:411111111,331111110,322211100,

and222222000.

. we denote P, = {ro,r1,72,73,74}
. Now, p acts on P, as r,p = 74+1,

<9

}forl1 <id,r

= 1g+1,fora € {0,1,2,3,4}, the sums a + 1 being modulo 5.

10,11,12,13,44

3

- We proceed by indexing the obtained orbital structures, and, thus, construct the
designs themselves. Refering to paragraph 2

and B; = {
andon B;as1,,p
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In the following we need some additional notation.

Let S;, ¢ = 1,...,s be disjoint ordered sets of the same cardinality c, and
Si(j).for1 < j < c, be the jthelement of S;. We define the blockwise symmetric
group S(Sy, ... , S,) overtheordered sets i, .. . , S, asthe group S(Si, ... , Se)
= {w(x) € S(UL; S) | 7€ 8(1,2,...,8) A(Si)7(m) = Six( 7)), for all
j»1<j<candalli 1< i< s} S(S) denoting the symmetric group over the
setS.

One can easily see that the normalizer N,(G) from Lemma 2 is the group

Na((ﬂ)) = (al)'" La9| Bll"' )B9t S(pln'°' ;P9)s S(BIJ“' 389): 0),

where

.....

ar = (rorim2mars), B = (fod1i213ia },

and

9 ‘ 9
o = [[(rirarars) [J(1%23a3).

r=1 =1
Applying Step 2 of our Algorithm, we get, again with the help of a computer,
as the only possible sgluﬁons 13 mutually non-isomorphic designs. They are pre-
sented in the Table 1, after translating points of P by therule r, — (r—1)-5+a,
thus, denoting the p&ints of the designs by 0,... ,44. Each of the line orbits
Bi,... B is represe{nted by only one line; the others are obtained by applying

the automorphism p, ‘which acts on the points 0, ... ,44 as the permutation

ip=;i—4 if 5]i+1, ip=i+1 otherwise.

Lemma 6 from which the designs are obtained. We see immediately, that there
are two designs for each of the structures 6 and 7, one design for each of the struc-
tures 1,2,4,5,10, lil, 13, 15 and 21, and none for the others.

In the Table 2 the automorphism groups of designs 1. to 13. are represented in
terms of their generators. These are presented in such a way that each generator
is the lexicographically first automorphism of the design which is not contained
in the group generatﬁ,d by previous generators. The generators are given as per-
mutations of the points 0, ... ,44 in their natural ordering. Construction of such
a basis of generators can be realized in a very effective manner and enables us to
determine the orders of the automorphism groups in an easy way (see [2]). More-
over, we present for each design its point orbits function, denoting the mapping of

each point to the ﬁrst: point in the natural ordering belonging to the same orbit.

The numbers in sqi'e brackets in Table 1 denote the orbital structures from
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The relations of dual isomorphism are given in the Table 3. With the exception
of Design 5 and Design 6, which are dually isomorphic, all other designs are self-
dual. The listed permutations are the dual isomorphic mappings from lines and
points of the first design onto the points and lines of the second. The obtained

results prove our Theorem. [ |
TABLE1.
t. [1] 2. (2]
0 1 2 3 51015 20 25 30 35 40 0 1 2 3 5101520 25 30 35 40
0 5 6 7 810 16 21 27 33 39 44 0 5 6 7 81116 22 29 30 38 44
0 510 11 12 13 17 24 26 34 36 43 0 610 11 12 14 18 20 26 32 39 43
0 612 15 16 18 19 22 29 31 35 43 0 613 15 16 17 19 24 26 33 37 40
0 6 14 17 21 22 23 24 25 30 38 41 0 710 19 20 22 23 24 28 31 36 41
0 7 1119 20 25 26 28 29 33 37 41 0 9 11 16 23 25 26 27 28 34 35 42
0 8 14 16 20 28 30 31 32 34 36 42 0 913 15 21 27 30 31 32 36 38 39
0 9 11 15 23 27 31 36 37 38 39 40 0 512 18 21 29 31 33 34 40 41 42
0 9 13 18 21 26 32 35 40 41 42 44 0 8 14 17 21 25 35 36 37 41 43 44
3. (4] 4. (5]
0 1 2 3 5101520 25 30 35 40 0 1 2 3 510 15 20 25 30 35 40
0 5 6 7 810 16 22 29 34 36 43 0 5 7 8 91116 20 27 33 39 41
0 510 11 12 13 17 21 26 33 39 44 0 610 11 12 16 18 19 23 29 32 35
0 6 12 15 16 19 23 24 25 27 31 33 0 6 13 14 16 22 24 25 28 40 41 42
0 711 18 19 20 21 24 35 37 41 43 0 5 12 14 20 21 24 31 32 36 38 43
0 9 11 15 17 27 28 29 36 38 40 41 " G 7 10 13 26 27 28 31 34 35 36 44
0 9 13 16 18 30 31 32 35 36 42 44 0 6 11 15 17 30 34 37 38 41 43 44
0 6 14 20 22 26 28 30 31 37 38 39 0 815 19 21 22 26 29 30 31 33 42
0 8 14 21 23 25 26 32 34 40 41 42 0 917 18 21 23 25 26 36 37 39 40
5. 6] 6. [6]
0 1 2 3 510 15 20 25 30 35 40 0 1 2 3 5101520 25 30 35 40
0 5 6 7 1113 14 15 21 29 32 38 0 5 6 810 11 14 16 22 29 32 38
0 6 1116 17 19 20 23 24 27 33 40 0 613 17 18 19 21 22 24 25 31 40
0 8 91115 16 25 28 37 41 42 44 0 7 910 16 18 26 27 36 40 43 44
0 7 916 18 20 31 32 35 36 39 43 0 7 8 15 17 21 30 34 36 38 39 41
0 5 8212226 27 28 31 34 39 40 0 5 6 20 23 26 27 28 31 34 39 42
0 6 10 12 21 23 30 34 36 42 43 44 0 911 13 20 21 32 33 35 41 42 44
0 10 14 17 18 26 29 30 31 33 37 41 0 11 12 15 19 26 29 30 31 33 37 43
0 12 13 19 22 24 25 26 35 36 38 41 0 12 14 16 23 24 25 28 35 36 37 41
7. [7) 8. (7]
0 1 2 3 510 15 20 25 30 35 40 0 1 2 3 5101520 25 30 35 40
0 5 6 71013 16 17 21 24 29 33 0 5 6 810 12 16 17 23 24 26 34
0 5 810 11 12 28 34 36 37 &1 44 0 5 710 11 13 29 31 36 37 43 43
0 6 71519 22 26 28 36 38 39 40 0 6 7 16 19 21 25 27 35 38 39 43
0 6 917 22 23 30 31 35 41 43 44 0 8 9 16 20 22 30 31 38 41 42 44
0 913 16 18 25 26 27 32 34 40 41 0 614 15 17 27 28 29 31 33 40 41
0 8 14 20 21 27 29 30 31 32 36 38 0 911 20 21 26 28 32 33 34 35 37
0 11 12 16 18 19 20 31 33 35 39 42 0 11 12 15 18 19 23 30 32 36 39 41
0 11 14 15 21 23 24 25 26 37 42 43 0 13 14 18 21 22 24 25 26 36 40 42
9. (10} 10. [11]
0 1 2 5 6 81015 20 25 30 35 0 1 2 5 6 81015 20 25 30 35
0 510 11 13 16 17 18 22 26 34 40 0 1 7 10 12 17 18 21 28 40 41 %3
0 6 14 15 21 22 24 26 27 28 37 43 0 211 12 15 21 24 32 33 34 38 44
0 2 9111220 23 34 37 42 43 44 0 213 16 19 27 28,32 35 36 39 43
0 112 13 16 25 28 32 36 37 39 41 0 8 9 22 26 31 34 35 37 40 43 44
0 218 19 21 22 29 30 32 33 36 44 0 512 13 20 21 23 26 29 30 37 42
97 81719 25 26 31 38 41 43 44 0 715 15 22 23 25 27 29 31 33 41
5 6 10 12 23 26 29 31 32 33 39 43 5 7 11 13 14 18 25 26 32 33 35 40
5 7 1115 18 20 21 33 37 38 39 41 S 6 11 15 17 18 22 23 34 36 39 43
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