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Abstract

We provide graceful labelings for prisms G2y, X P, with even cycles, for alln > 2,
and prisms Cym+1 X P, with odd cycles when 3 < m < 12. Further, we verify that the
windmill graph K s"') is graceful for m < 22, and that the square of a path P,% is graceful
forn < 32.

1 Introduction

Let G = (V, E) be a simple graph with |V | nodes and |E| edges. Let
f : V—>0,1,...,|E| be an injective map function. Define an induced
functiong : E — 1,2,...,|E| by setting g(p,q) = |f(p) — f(9)|
for all (p,q) € E.If g maps Eonto 1,2,...,|E|, then f is said to be a
graceful labeling [6] or B-valuation [9] of G. A graph is graceful if it has
a graceful labeling.

The prism P, , (n > 2) is defined as the Cartesian product Cp, X Py,
of a cycle of length m and a path with = vertices. Frucht and Gallian [3]
have shown that C,, x P, is always graceful, and Jungreis and Reid [8]
found graceful labelings of Czy, X P2y and Cam X Payne1. In this paper,
we complete the analysis showing all prisms with even cycles are graceful.
For prisms with odd cycles, we show Cam+1 X Py is graceful forn < 12.

Let v;j, where0 < i< m—1and0 < j < n— 1, denote the mn
vertices of the prism C,, x P,, and let f(4,7) — {0,1,2,...,(2n—
1)m} denote a graceful labeling of Cr, X P,. We use the notation §(z) =
z(mod 2) [4] to represent the parity of a non-negative integer and further
denote v;; as an odd or even vertex depending on the parity of 1 + ;.
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2 Prisms with Even Length Cycles

Our labelings for prisms are based on the graceful labelings of the grid
graphs P,, x P, [1]. A graceful labeling for grid graphs is described by

£G, ) = Gine 3]+ LED8G+ 7+ 1

+ (Z'mn— (m+mn) —in+ [z; lJ - I_%J) 8(i+j)

All of our labelings for prisms in this paper start from a labeling for grid
graphs, and are based on the following idea. The prism Cy, x P, contains
exactly n more edges than the grid P,, x P,, and hence the maximum
vertex number for prisms and grids are (2n— 1)m and (2n— I)m —
n, respectively. In the grid labeling given above, the edge labels of the
rightmost |m/2 | columns range from 1 to (2 — 1)m/2 — ninclusive.
Adding 7 to the labels of all odd vertices in the leftmost [m /2] columns
of the grid raises the edge labels they define so they range from (2n —
1)m/2+ n+ 1 to (2n— 1)m inclusive. The missing edges labels from
(2n—1)m/2 —n+1to(2n— 1)m/2+ nremain to be defined between
the first and the last columns, and the centermost two columns. The edge
labels 1 to 6 n—3 are defined in the last three columns of the grid graph, and
hence are independent of m. Therefore, by modifying the labels of the last
one, two, or three columns, we gain additional freedom to accommodate
the missing edges.

Theorem 1 The prism graph Cp, X P, is graceful if m = 0 (mod 2)

Proof : Jungreis and Reid [8] proved C,, x P, is graceful when m =
0(mod 4), ie. Cap X P, (p > 1,n> 2) We define an alternate labeling:

£G, ) = G 30+ |LDaG+ 5+ 1

. ((Zn— ym — in+ [iiz—lj - L-;ij —nl%']) 8Gi+ )

When m = 2(mod 4), there are two cases depending on the parity of
n. Forn = 0(mod 2), ie. Capr2 X Pag(p > 1,9 > 1), Jungreis and
Reid gave the following labeling:
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Figure 1: The last two columns of Cypi2 X P24+1, With edge and vertex
labels.
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0O 48 5 43 10 38 18 33 24 23
50 3 45 8 40 16 35 21 31 25
1 47 6 42 11 37 19 32 36 28

0 162 17 145 34 128 60 111 78 77
170 9 153 26 136 52 119 69 103 85
1 161 18 144 35 127 61 110 120 92
169 10 152 27 135 53 118 70 101 86
2 160 19 143 36 126 62 109 121 91
168 11 151 28 134 54 117 71 100 87
3 159 20 142 37 125 63 108 122 90
167 12 150 29 133 55 116 72 99 88
4 158 21 141 38 124 64 107 123 97

Figure 2: Graceful labelings of Cjo x P; and Cjo x Py

The last two columns define edge labels from 1 to 4 n— 2, so the edge
labels in the rightmost | m /2 | columns range from 1 to (2n—1)m/2 —n.
The edge labels in the leftmost [/2 ] columns range from (2 n— 1) m/2+
n+ 1 to (2 n— 1) m. Between the first and last column are defined the edges
H—-—n+1,H—-n+3,...,H—2,H, where H — n+ 1 is defined on
the first row and the others on even rows, and H + 2, H + 4,...,H +
n—3,H+ n—1, where H + n— 1 is defined on the last row and the
others on odd rows. The edges between the centermost two columns are
H—n+2,H—n+4,..., H+n—2,H+n. Soall (2n—1)m edges have
distinct labels. Figure 1 illustrates the last two columns of this construction,
and Figure 2 provides some examples. Jj

3 Prisms with Odd Length Cycles

For the case of Cy x+1 X P,, we use an identical labeling as in the even case,
for the first n— 3 columns. For 3 < n < 12, we have identified appropri-

ate labelings of the last three columns by computer search. Unfortunately,
we failed to identify a general pattern underlying our construction, but it
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appears for any specific value of nthis method gives a solution for arbitrary
odd cycle lengths m = 2k + 1.

Theorem 2 The prism graph Cy, X P, is graceful if m =1 (mod 2) a
2<n< 12

Proof : Frucht and Gallian [4] gave a graceful labeling when n= 2. Here

we give graceful labelings for 3 < n < 12. In each case, the following
formula labels the first m — 3 columns for sufficiently large prisms:

£G, ) = G |51+ L2D8G+j+ 1)

2:+1

((2n— 1ym — in+ L-——J-[EJ- nl J) 5Gi+ )

In each case, the labelings of the last three columns w1ll be defined by
a table. The (m — 3)rd column in the tables is starred if the entries are
identical to the default labeling.

Casel.n=3 andm=1(mod2), ie. Cp1 X Ps3
Form = 3 andm = 5, see Figure 3 for graceful labelings. Form > 7
and i > m — 3, use the following tables to define the last three columns:

m=1(mod4), s.e. m=4p+1,p>2

i | m-3 m—2 —l
J
0 10p—-5 | 10p+6 | 10p+5
1 10p+7 | 10p+11 | 10p—2
2 10p—1 | 10p+2 | 10p+4

m=3(mod4), 1.e. m=4p+3,p>1

i1 | m=-3 m-—2 m—1
J
0 10p+1 10p+9 | 10p+ 13
1 10p+11 | 10p+8 | 10p+6
2 10p+2 10p-3 | 10p+ 12

To demonstrate correctness, note that the last three columns define edge
labels from 1 to 15, so the edge labels in the rightmost |m/2 | columns
range from 1 to 10p + 2. The edge labels in the leftmost [m /2] columns
range from 10p + 9 t0 20p + 5. The edges between the first and the last
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columns are 10p + 3, 10p + 5, and 10p + 7. The edges between the
centermost two columns are 10p+4, 10p+ 6, and 10p+ 8,s0all 20p+5
edges have distinct labels from 1 to 20p + 5. A similar analysis holds for
4 < n< 12 and has been omitted for the remaining cases.

Case2.n=4 andm =1 (mod2), i.e Crpr1 X P4
For m = 3, see Figure 3 for a graceful labeling. For m > 5 and
i > m — 3, use the following tables to define the last three columns:

m=1(mod4),1.e.m=4p+1,p>1
i | m-3 m-—2 m-—1
] __|
0 | 4p—7 | lap—11 | 14p+7
1 14p+10 | 14p+3 14p+2
2 14p—-6 14p 14p+ 11
3 14p+6 14p+ 8 14p-2
m=3(mod4),1.e.m=4p+3, p> 1
1 | m—3* m-—2 m-—1
J
0 | 14p Tap+7 | l4p+ 18
1 14p+17 | 14p+19 | 14p+5
2 |14p+1 |14p+11 | 14p+14
3 14p+16 | 14p+15 | 14p+9

Case3. n=5andm=1(mod2), i.e. Copr1 X Ps
For m = 3, see Figure 3 for a graceful labeling. For m > 5 and
i > m — 3, use the following tables to define the last three columns:

m=1(mod4), 1.e. m=4p+1,p>1

i | m—3* m-2 m-1
J
0 18p—-9 18p+9 18p+ 11
1 18p+13 | 18p+19 | 18p+2
2 18p—8 18p+3 18p + 10
3 18p+12 | 18p—2 18p-—5
4 18p—-7 18p—6 18p+ 7
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m=3(mod4),ie.m=4p+3,p>1

1 | m-—3* m-—2 m-1
]
0 18p 18p+16 | 18p+23
1 18p+22 | 18p+ 4 18p+6
2 |18p+1 |18p+5 | 18p+20
3 18p+21 | 18p+18 | 18p+9
4 18p+2 18p+12 | 18p+17

Case4.n=6 andm =1 (mod2), ie. Crpe1 X Ps
Form = 3 and m = 5, see Figure 4 for graceful labelings. For m > 7
and 1 > m — 3, use the following tables to define the last three columns:

m=1(mod4), i.e. m=4p+1,p>2

i | m=-3 m-—2 m-—1
J
0 2p-11 | 2p-17 22p+ 14
1 22p+16 | 22p—-13 | 22p—-5
2 22p—-10 | 22p+10 | 22p+ 12
3 22p+15 | 22p-3 22p-2
4 22p+5 2p-19 | 22p+9
5 22p—17 | 22p-12 | 22p
m=3(mod4),1.e.m=4p+3,p>2
1| m—3* m-—2 m-—1
J
0 22p 22p+16 | 22p+28
1 2p+27 | 22p+20 | 22p+9
2 2p+1 22p+21 | 22p+18
3 22p+26 | 22p+34 | 22p+13
4 2p+2 22p+ 17 | 22p+23
5 2p+25 | 22p+3 22p+5

CaseS.n=7andm=1(mod2), ie. Crpr1 X P
For m = 3, see Figure 5 for a graceful labeling. For m > 5 and
i > m — 3, use the following tables to define the last three columns:
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m=1(mod4), i.e.m=4p+1, p>1

i | m—3* m-—2 m-—1
J
0 26p—13 | 26p+13 | 26p+ 7
1 26p+19 | 26p—-1 | 26p—6
2 26p—12 | 26p+9 | 26p+ 12
3 26p+18 | 26p+2 26p+3
4 26p—11 | 26p+4 26p+ 15
5 26p+17 | 26p+21 | 26p—4
6 26p—10 | 26p—2 | 26p+ 20
m=3(mod4), i.e.m=4p+3, p>1
i | m—3* m-2 m-—1
J
0 26p 26p+21 | 26p+25
1 26p+32 | 26p+12 | 26p+ 6
2 26p+1 26p—1 | 26p+22
3 26p+31 | 26p+14 | 26p+ 11
4 26p+2 | 26p+28 | 26p+ 33
5 26p+30 | 26p+20 | 26p+ 8
6 26p+3 | 26p+27 | 26p+ 26

Case6. n=8 andm =1 (mod2), i.e Crp1 X Pg
For m = 3, see Figure 5 for a graceful labeling. Form > 5 and
i > m — 3, use the following tables to define the last three columns:

m=1(mod4), 1.ee. m=4p+1, p>1
i | m—3* m-—2 m—1

]

0 30p—-15 | 30p+14 | 30p+ 16
1 |30p+22 | 30p+3 |30p+6
2 30p—14 | 30p—6 30p + 12
3 |30p+21 |30p+8 |30p-8
4 30p—-13 | 30p—-9 | 30p+ 17
5 30p+20 | 30p—10 | 30p—5
6 |30p—12 | 30p+11 |30p+23
7 | 30p+19 | 30p+26 | 30p—1
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m=3(mod4),1.e.m=4p+3,p>1

1 | m—3* m-2 m-1

30p 30p+30 | 30p+ 38
30p+37 | 30p+8 | 30p+20
30p+1 | 30p+29 | 30p+33
30p+36 | 30p+9 | 30p+10
30p+2 | 30p+16 | 30p+25
30p+35 | 30p+19 | 30p+ 14
30p+3 | 30p+13 | 30p+39
30p+34 | 30p+32 | 30p+15

NNV A WN = O

Case7.n=9 andm =1 (mod2), ie. Crps1 X Py
For m = 3, see Figure 5 for a graceful labeling. For m > 5 and
i > m — 3, use the following tables to define the last three columns:

m=1(mod4),s.e.m=4p+1,p>1

1 | m-3* m—2 m-—1

]

0 |34p—17 | 3p+17 | 3dp+ 11
1 34p+25 | 34p-8 34p—-4
2 |34p—16 | 34p+6 |34p+16
3 | 34p+24 | 34p-5 |34p-7
4 |[34p—15 | 3d4p+12 | 34p+21
5 34p+23 | 34p-1 34p+2
6 |34p—14 | 34p—2 |[34p+28
7 34p+22 | 34p—-10 | 34p-3
8 34p—13 | 34p+8 34p+ 13

m=3(mod4),i.e.m=4p+3,p>1
i | m-3* m-—2 m-—1

J

0 34p 34p+34 | 34p+ 43
1 34p+42 | 34p+9 | 34p+ 14
2 | 3ap+1 | 34p+15 | 34p+30
3 | 34p+41 | 34p+23 | 34p+19
4 |34p+2 |34p-1 |[34p+29
5 | 34p+40 | 34p+27 | 34p+10
6 34p+3 34p+5 34p+ 36
7 | 34p+39 | 34p+12 | 34p+13
8 |34p+4 |34p+24 |34p+45

Case8. n=10 and m =1 (mod 2), i.e. Cap+1 X Pro
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For m = 3, see Figure 6 for a graceful labeling. For m > 5 and
i > m — 3, use the following tables to define the last three columns:

m=1(mod4),s.e.m=4p+1, p>1

i | m—3* m-2 m-—1

J

0 38p—19 | 38p+19 | 38p+22
1 38p+28 | 38p—-9 | 38p—7
2 38p—18 | 38p+8 | 38p+29
3 38p+27 | 38p—-5 | 38p—6
4 |38p—17 | 38p+1 | 38p+13
5 38p+26 | 38p+10 | 38p+2
6 38p—16 | 38p+6 | 38p+ 16
7 38p+25 | 38p+30 | 38p—4
8 38p—15 | 38p 38p+23
9 |[38p+24 | 38p+31 | 38p—2

m=3(mod4), 1.e. m=4p+3,p> 1
1 | m—3* m-—2 m—1

]

0 38p 38p+38 | 38p+42
1 38p+47 | 38p+10 | 38p+ 17
2 38p+1 | 38p+37 | 38p+36
3 38p+46 | 38p+ 14 | 38p+ 12
4 38p+2 | 38p+11 | 38p+33
5 38p+45 | 38p+31 | 38p+ 18
6 38p+3 | 38p+20 | 38p+51
7 38p+44 | 38p+26 | 38p+21
8 38p+4 | 38p+16 | 38p+50
9 38p+43 | 38p+8 | 38p+24

Case9.n=11and m =1 (mod2), i.e. Cip1 X P11
For m = 3, see Figure 6 for a graceful labeling. For m > 5 and
i > m — 3, use the following tables to define the last three columns:

235



m=1(mod4),s.e. m=4p+1,p>1

i | m-—3* m—-2 m-—1

J

0 |42p—21 | 2p+21 | 42p+11
1 42p+31 | 42p—-10 | 42p+4
2 42p—-20 | 42p+20 | 42p+26
3 42p+30 | 42p+1 42p-11
4 42p—-19 | 42p+9 42p+25
5 42p+29 | 42p-6 42p—-8
6 42p—-18 | 22p+17 42p+ 16
7 42p+28 | 42p+33 | 42p-1
8 42p—17 | 42p+22 | 422p+ 19
9 42p+27 | 422p+23 | 42p-4
10 | 42p—-16 | 42p+2 42p+34

m=3(mod4), i.ee m=4p+3,p>1
i | m-3* m-2 m-—1

J

0 | 42p 2p+a2 | 42p+53
1 |42p+52 | 42p+11 | 42p+14
2 |42p+1 | 42p+41 | 42p+40
3 |42p+51 | 2p+43 | 42p+15
4 |42p+2 | 42p+38 |42p+47
5 |42p+50 | 2p+65 | 42p+28
6 |42p+3 | 42p+36 | 42p+46
7 | 42p+49 | 42p+32 | 42p+25
8 |42p+4 | 42p+10 | 42p+45
9 |42p+48 | 42p+34 | 42p+22
10 | 2p+5 | 42p+18 | 42p+56

Case 10. n=12 andm =1 (mod 2), i.e. Crps1 X Pr2
For m = 3, see Figure 6 for a graceful labeling. For m > S and
1 > m — 3, use the following tables to define the last three columns:
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0 13 1
15 3 6
1 9 2

Figure 3: Labelings of C3 x P5,Cs x P3,and C3 x Py

0
25
1

Bwl

5 13
20 7
6 2

0

12 21
14 1
11 20

m=1(mod4), i.e.m=4p+1,p>1
i | m—3* m-—2 m—1

J

0 46p—23 | 46p+23 | 46p+ 13
1 46p+34 | 46p—11 | 46p—5
2 46p—22 | 46p+22 | 46p+ 35
3 46p+33 | 46p—10 | 46p+7
4 46p—21 | 46p—14 | 46p+28
5 46p+32 | 46p+ 17 | 46p—9
6 46p—20 | 46p—8 46p + 27
7 46p+31 | 46p+12 | 46p+3
8 46p—19 | 46p+ 11 | 46p+ 25
9 46p+30 | 46p+19 | 46p—4
10 | 46p—18 | 46p+21 | 46p+ 37
11 | 46p+29 | 46p+26 | 46p—1

m=3(mod4), i.e. m=4p+3, p> 1
1| m—3* m—2 m-—1

]

0 46p 46p+46 | 46p+ 58
1 46p+57 | 46p+ 12 | 46p+ 21
2 46p+ 1 46p+ 45 | 46p+ 51
3 46p+56 | 46p+ 13 | 46p+ 16
4 46p+2 | 46p—-3 | 46p+ 39
5 46p+55 | 46p+15 | 46p+ 22
6 46p+3 46p+29 | 46p+ 42
7 46p+ 54 | 46p+27 | 46p+ 31
8 46p + 4 46p+35 | 46p+ 60
9 46p+53 | 46p+ 14 | 46p+ 24
10 | 46p+ 5 46p+ 33 | 46p+ 48
11 | 46p+52 | 46p+ 11 | 46p+ 10
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0 18
27 5
1 24
26 15
2 23

Figure 4: Labelings of C;

39 17
1 25
38 8
2 35
37 12
3 17

Figure 5: Labelings of C3 x P7,C3 x Pg,and C3 x Py

0 38
57 10
1 37
56 11
2 36
55 12
3 35
54 6
4 48
53 31

6

22
21
11

15
36
32
10
22
21
11

18
24
40
51
32
47
34
13
50
41

9

0
33
1
32
2
31

22
6
21
4
27
19

0
45

1
44
2
43

3
42

0
63
1
62
2
61
3
60
4
59
5

3
12
25
14
28
26

X Ps,C3 x Pg and Cs x Ps

30
8
29
9
40
7
26
10

42
11
41
12
40
13
39
14
57

8
27

12
11
25
36
31
33
20
35

44
45

25
15
23
46
35
21
16

53
18

0
55
1
54
2
53

50
6
49
7
48
8

11
44
12
43
13
42

51

rBwB 08 -

0
69
1
68
2
67
3
66
4
65
5
64

30
21
14

15
28
24

34

9
33
10
32
11
31
46
39

46
12
45
13
44
14
43
15
42

7
54
41

27
47

32
18
29

26
38
37
47
41
22
36

21

56
62
53
32
47
51
25
27
28
48
59
16

Figure 6: Labelings of C3 x Pig, C3 x P11 and C3 X Pj3
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4 Windmill Graphs and P?

By computer search, we have provided evidence to support conjectures that
two additional classes of grag)hs are graceful. Bermond [2] has conjectured
that the windmill graph K,™ is graceful forall m > 4, where the windmill
graph is defined by jommg K to each vertex of m vertex disjoint instances
of K3. Windmills were known to be graceful for m < 8, ([4] p. 496), but
the following table provides labelings for 4 < m < 22. In each labeling,
the central vertex is labeled 0.

T. Grace [7] conjectured that P? is graceful, where P2 is the square
of the path on = vertices. Previously, P2 was known to be graceful when
n < 12 ([4] pp. 497-498), but we provide labelings for n < 32.

5 Conclusion

We have proven that all prisms with even cycles are graceful, and provided
graceful labelings for prisms defined by odd cycles and short paths. Fur-
ther, we have extended previous bounds on the number of graceful wind-
mills and squared paths.

It is frustrating that these special cases do not appear to lead to more
general results. The gracefulness of prisms with odd cycles, windmills,
and squared paths remain open problems.
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KD 0.22,24,5) (0,16,10,23) (020,12,21) (0,154,18)

;! J (0,29,30,7) (0.26,8,28) (024,27,13) (0,19.25,10) (0.1721,5)
K, (0,35,36.2) (027,32,10) 02431,11) (0,26,30,12) (02329,.8)
(0,25,28.9)

K{’) 041,422) (032.38,17) (027,37,18) 0,29.36,13) 0,31.35,11)
02634,12) 030.33.5)
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(034,52.30) (031,51.28) (029,50.24) (04349.7) (0.3548,16)
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(0,5845,14) (0,57,35,30) (0,56,36,32) (0,55,48,15) (0,54,46,17)
05347.28)

(KD | omm2) 0521 (061541 (0665018 (065519
4

(0644338)  (0633430)  (0624723)  (0614441)  (0.605225)
(0.59.37,31) (0.5851.9)

078772  (07462,13)  (07359,15)  (0725320)  (0,71,60,17)
©704236) (069473  (068,5045)  (0.675121)  (0,66,5726)
(0.654138) _ (0,64.39,35) (0.63.56.8)

K3 (084,832) (080,67,14) (0,79,64,16) (0,78,58.22) (0.77,6527)
(0765752)  (0754741)  (0744235)  (073,6229)  (0.72,5518)
(0,71,61,31) (0,70,49,45) (0,69,46,43) (0,68,60,9)

Ky (0.90,89.2) (086,72,15) (0,85,69,17) (0,84,66,62) (0,83,7024)
(0825348)  (0816023)  (080,6125)  (079,6728)  (078,47,40)
(0,77,5042) (0,76,65,20) (0,75,49,43) (0,74 44 41) (0,73,64,10)
Fotd 096952)  (09277,06)  (091,7418)  (0907124)  (089,7521)
(0886255  (087605T)  (0866423)  (0857220)  (0,84,59,49)
(0834440)  (0827032)  (081,5345)  (0805146)  (079,4842)
(0,78,69,11)

kg7 | 01021012) (08821 (OST719)  (0967621)  (0958026)
(0947066)  (09364,56)  (0926761)  (09L7742)  (0.90,6832)
(0895950) (0884845  (087,5346)  (0867423)  (0855247)
(0847127) (0837311

K9 | 01081072)  (010457,18)  (0,1038420)  (0,102812)  (0,1018527)
(0,1007572)  (09973,68)  (0986660)  (0978230)  (0.96,63,55)
0957134) (0945450  (0937923)  (0925747)  (091,7829)
(0905142)  (0895346) _ (088.77,12)

K 19 (0,114,1132) (0,110,92,19) (0,109,89,21) (0,108,86,23) (0,107,90,28)
(0,106,77,71) (0,105,80,27) (0,104,74,66) (0,103,87 31) (0,102,76,69)
(0,101,67.58)  (0,1006461)  (099,8424)  (0985744)  (097,8332)
(0965949)  (0955550)  (094,5248)  (09382,12)

K29 | 01201192) (01169720  (O1159422)  (01149124)  (0,113,9529)
©1128276) (01118580  (011073,70)  (01099228)  (0,108,61,52)
0,1077533)  (0,10663,55  (010589.27)  (0,1047969)  (0,103,65,58)
(0,102,88,34) (0,101,57,53) (0,100,87,41) (0,99,60,49) (0,98,86,15)
x}z" 0,1261252)  (0,122,10221)  (0,121,9923)  (0,1209625)  (0,119,100,30)
(0,118,87,79) (0,117,90,29) (0,116,84,34) (0,115,97,43) (0,114,77,68)
(1138580) (0112655  (0111,69,58)  (0,1109435)  (0,109,83.73)
(0,108,63,57) (0,107,93,15) (0,106,66,62) (0,105,67,64) (0,104,56,49)
(0,103,91,17)

K (22) (0,132,131,2) (0,128,107,22) (0,127,104,24) (0,126,101 26) (0,125,105,31)
01249286 (012395300  (0122,8981)  (0121,10234)  (0,120,70,59)
(0,119,90,83) (0,118,76,73) (0,117,99,35) (0,116,77,67) (0,115,88,37)
(0,114,71,66) (0,113,69,60) (0,112,72,57) (0,111,98,14) (0,110,58,54)
(0,109,63,47) (0,108,96,17)

Table 1: Graceful Labelings for Windmill GraphsK{™,4 < m < 22.

240



PI[Ly Lz L3 Ls Ls L L1 Ls Lg Lo Lu Liz L3 L4 Lis Lis
Ly7 Ing Lyg Lao Ly Lz Las Loa Los Las Loy Los Lag Lao La Lx

P2l 0 3 2

7& 0 5 4 2

P2l 0 7 6 3 1

P 0 4 9 7 1 8

P; 0 3 11 10 1 5 7

sz 0 2 13 5 1 10 11 4

Pl 015 14 6 1 3 13 9 2

212* 0 17 16 11 1 4 15 6 2 14

P2 0 19 18 5 1 17 12 2 90 11 3

P, 0 21 20 15 1 4 19 12 2 14 18 35

P,zs 0 23 2 9 1 12 21 6 2 18 20 13 3

PL] 0 25 24 6 1 17 23 9 2 19 22 7 20 16

Pol 0 27 26 15 1 6 25 22 2 9 24 7 3 13 21

Pﬁ; 0 29 28 8 1 23 27 15 2 12 26 21 3 S5 22 16

Plz-, 0 31 30 23 1 13 29 16 2 11 28 22 3 7 27 25
4

Plzs 0 33 32 9 1 18 31 21 2 14 30 25 3 23 29 8
4 22

Fl{ 0 35 34 26 1 14 33 12 2 16 32 27 3 9 31 24
4 7 30

P,?o 0 37 3 10 1 22 35 27 2 16 34 19 3 13 33 11
4 28 32 9

Pzzl 0 39 38 15 1 11 37 30 2 14 36 23 3 18 35 29
4 31 34 13 5

Pzzz 0 4 40 9 1 11 39 32 2 18 38 27 3 22 37 10
4 33 30 8 12 25

Pzzs 0 43 42 14 1 32 41 29 2 25 40 23 3 17 39 9
4 28 38 12 5 37 26

P& 0 45 4 11 1 26 43 29 2 34 42 21 3 19 41 13
4 33 40 9 5 35 24 12

P,z_; 0 47 4 13 1 24 45 28 2 31 44 12 3 27 43 29
4 35 42 15 5 33 41 11 6

P226 0 49 48 13 1 17 47 36 2 22 46 24 3 32 45 35
4 29 44 12 5 38 43 15 6 33

Pzz-, 0 51 50 39 1 22 49 20 2 33 48 25 3 28 47 14
4 40 46 12 5 21 45 41 6 11 43

T’%e 0 53 52 14 1 3 51 39 2 30 50 3 3 20 49 28
4 23 48 41 5 15 47 17 6 40 46 13 ,

P229 0 55 54 15 1 17 53 22 2 40 52 18 3 26 51 23
4 33 50 29 5 16 49 43 6 13 48 39 7

Pszo 0 57 56 14 1 17 55 43 2 20 54 40 3 13 53 21
4 23 52 30 5 3 51 15 6 39 50 11 46 41

Pg'l 0 59 58 16 1 25 57 43 2 23 56 40 3 30 55 33
4 35 54 28 5 41 53 45 6 17 52 47 7 13 51

szz 0 61 60 15 1 19 59 46 2 21 58 37 3 14 57 40
4 32 56 34 5 25 55 13 6 4 54 39 7 42 48 9

Table 2: Graceful Labelings for P2,3 < n< 32.
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