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ABSTRACT. A forest in which every component is path is called
a path forest. A family of path forests whose edge sets form a
partition of the edge set of a graph G is called a path decom-
position of a graph G. The minimum number of path forests in
a path decomposition of a graph G is the linear arboricity of G
and denoted by £(G). If we restrict the number of edges in each
path to be at most k then we obtain a special decomposition.
The minimum number of path forests in this type of decompo-
sition is called the linear k-arboricity and denoted by fax(G).
In this paper we concentrate on the special type of path decom-
position and we obtain the answers for £a2(G) when G is Kn n.
We note here that if we restrict the size to be one, the number
£a1(G) is just the chromatic index of G.

1 Introduction

A path decomposition is a special case of an edge decomposition and is
the type of decomposition we will study in this paper. There are many
interesting and important results and problems in this area. A good survey
of them is provided by Chung and Graham. [5] Among other things, the
chromatic indez (the minimum number of matchings required to decompose
a graph), the arboricity (the minimum number of forests needed to decom-
pose a graph), the linear arboricity (the minimum number of path forests
required to decompose a graph) or the tree number (the minimum number of
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trees needed to decompose a graph) have all been studied. [1,2,4,7,8,9,10] In
some cases, exact formulas for these numbers have been found. An k-path
coloring of G is an edge-coloring of G so that each component of each color
class is a path of length at most k. Let £axG) = min{c|G has an k-path col-
oring with ¢ colors}. The number £ax(G) is called the linear k-arboricity of
G. It is clear that £a;(G) = x’(G). In this paper, we completely determine
eaz (K n,n)o

2 Main results

A proper edge-coloring of a graph is an assignment of colors to its edges so
that no two incident edges have the same color. If a graph G can colored
by no more than k colors, then this graph is called k-colorable and the
number x'(G) = min{k: G is k-colorable} is the chromatic index of G.
As mentioned in Section 1, x/(G) is the minimum number of matchings
required to edge-decompose a graph G. Similarly, £a2(G) can be considered
as the minimum number of colors required to color the graph G so that each
component of each color class has at most 2 edges; call such an edge-coloring
a ps-coloring. If we focus on the p3-colorings of K », then we can use an
n X n array to represent the coloring. It is well-known that a K, , with
proper coloring can be represented by a Latin square of order n. But, if we
consider a ps-coloring, it is slightly different from a Latin square. Figure
2.1is an example of K¢ ¢ with £ay(Kgg) = 5. As can easily be seen, in this
array, L = [¢; ;], a number occurs in each row and each column at most
twice and furthermore if £; j = £y j+, i # ¢’ and 7 # j/, then £; j # 4; ; and

t’,J # fm

1(11212]3]3
313111122
214|13|5]1]4
ea2(K6,6) : 21513141115
412|513 |4}]1
5121413|5]1

Figure 2.1

We note here that the array in Figure 2.1 provides an upper bound on
£ay(Kg6) and that this upper bound equals the lower bound in Lemma 2.1.

The following results are necessary to obtain £az(Kn ).
Lemma 2.1. [3]. lax(Kpn) > [ "J]
Lemma 2.2. [3].

(1) laz2(Kyn) +1 > lag(Knn) > lag(Kn—1,n—1)-
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(2) faz(Kinin) <i-£az(Knn).

n(n—1
Theorem 2.3 [2,3]. laz(K,) = [—JT'E’_#]
The Lemma 2.1 gives the lower bounds of £ag(Ky »). The main result
in this paper is to prove that the equality holds, as is formally stated in
Theorem 2.12. The following propositions establish this fact.

Proposition 2.4. faz(Ki2v,120) = 9v.

Proof: By Lemma 2.1 and Figure 2.2, fag(Ki2,12) =9. Let L = [{;;] be a
Latin square of order v. By using direct product of L and M (Figure 2.2),
we obtain a 12v x 12v array which corresponds a ps-coloring of K2, 12-
Hence eaz(Klgv,uv) < 9v. Again by Lemma 2.1, eaz(Kuv,mv) = %u. O

1(112}12]|3|3|8|7]|5[4]6]9
814]4|5|5|1616|7]9]|3]|2]|1
41677889953 |2]1
469112 |2]3|3|[8]7]5
312]1]|814|4|5]516]|6]|7/|9
312(114[6]7]|7[8]|8]9]9]5
8175|4161 9]1]|1]2]2|3]3
617]9]3|2|1|8]4[4]|5]|5]6
919(51312]1)1416|7]|7]|8]8
213]3|8|7]|5]4]6]9]1]1]2
5|/5|6]6|7]19]3|211]|8|4]4
7181819191513 ]2|1]|4|6][7

Figure 2.2, M.

Corollary 2.5. fa(K12v+11,120+11) = v + 9.
Proof:

9 + 9 < fag(K120+11,12v+11)
< laz(Kiz(w+1),12(w+1)) = 9(v +1).

Proposition 2.6. faz(Ki29+1,120+1) = 9v + 1.

Proof: From Lemma 2.1, Figure 2.3 and Figure A.1 (see the Appendix),
fas(K13,13) = 10 and fag(Kas,25) = 19, respectively. For v > 3, we will
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construct a (12v + 1) x (12v + 1) array which corresponds to a p3-coloring
of Ki2y+1,120+1-

112233875 46 al9
8 4455 6 67 a3 2 9|1
4 6 118 8 aab53 2 9|7
4 6 a 99 2 2 3 3 8 7 1|5
3298115566 7 ald
32946778 8aallb
8 75 46 a 99113 3|2]|= Ay by
6 7 a 3 2 9 8 4455 6|1
aa b5 3 2941778 8|6
233875 41 a99 2]6
55 6 67 al 2 9 8 44]|3
78 8aa 512 946 73
9 977 4 436 221 5]a c1 a
Figure 2.3. fay(Ki313) = 10.
A, by
Ay by
Ppij

Ai bt

Ay | by

aglel...lagl ... |lela

Figure 2.4.

It is well-known that there exists an idempotent Latin square of order
n(n > 3) [6]. Let L = [¢;;] be an idempotent Latin square of order v. Now
using A, b; and c; defined in Figure 2.3, construct a (12v+1) x (12v41)
array as in Figure 2.4 where A,(3,j) = A1(4,7) if A1(5,5) = a, A:(5,7) =
A1(3,7) +9(t — 1) if A1(4,5) # a, by =b; +9(t — 1) and ¢; = ¢; + 9(t — 1)
and P, = M +9(t—-1),1 <t <w. Itis a routine matter to check that
Lax(Ki2u+1,12041) = v + 1. O

Proposition 2.7. fay(K12442,120+2) = v + 2.

Proof: From Lemma 2.1 and Figure 2.5, faz(K14,14) = 11. Since 20 <
ag(Kag,26) < 2 - lag(Ki3,13) < 2-10 = 20, £ag(Kae26) = 20. For v >
3, we use the same technique in the proof of Proposition 2.6 and then
Laz(Ki2v+2,12v+2) = v + 2. O
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8 82 233a75410Db9°€6
a 995566 705b3 2184
4 6 8 8 aabdis9 2137
4 6b 9 92 2334aea73815
321 a88556¢691Db74
321469 9aabdbd8T7SH5
a75 4655118833229
6 753 21a4495¢6758
b b53214877aat6?
233 a75485b19 261
556 67 b 8 91a4 432
7 aabbdbb589146723
117744369285 a}hd
9441177623285 %5ba

Figure 2.5. fag(K14,14) = 11.

Proposition 2.8. faz(K12y+3,120+3) = v +3, faz(K12v+4,120+4) = v +4,
and fag(K129+5,120+5) = £a2(K12v16,120+6) = 90 + 5.

Proof: From Lemma 2.1, Lemma 2.2, and Theorem 2.3, we have
9v + 3 < fap(K12v+3,12043) < £aa(K12v43) +1=9v +3;
v + 4 < lag(Ki2v+4,12v+4) < lag(Kizuia) +1=9v+4;

9v + 5 < fag(K12v+5,120+5) < €aa(K120+6,12v+6)
< laz(K12v+6) +1=9v +5.

Proposition 2.9. faz(K12v+7,1204+7) = 9v + 6.

11 2 2 3 3 6
3411 2 2 3
5 3 6 4 1 5 2
6 3 4 5 1 4 2
2 6 3 4 6 1 5
2 5 3 6 5 1 4
4 2 5 3 4 6 1

Figure 2.6. fay(K77) =6.

Proof: From Lemma 2.1 and Fi use 2.6, Figure 2.7, and Figure A.2,
Lay(K77) = 6, Lag(Ki9,19) = 15, and faz(K3;31) = 24, respectively. For
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v > 3, we use the same technique in the proof of Proposition 2.6 and then
Lay(K12047,12047) = v + 6. 0
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Figure 2.7. eaz(Klg,lg) =15. .

Pl‘OpOSitiOll 2.10. £a2(Kl2v+8,120+8) = ea2(K12v+g,121,+9) =9 +7.
Proof:

9v + 7 < Lag(K12v+8,12v+8) < €az(K12v49,12v+9)
< lag(Kizvt9) +1=9v + 7.

Proposition 2.11. faz(K 12v410,12v+10) = 9v + 8.

Proof: From Lemma 2.1 and Figure 2.8, Figure A.3, and Figure A4,
eaz(Klo'lo) =8, eaz(Kzz’gz) =17, and eaz(K34’34) = 26, respectively. For
v > 3, we use the same technique in the proof of Proposition 2.6 and then
P2(K120+10,120+10) = v + 8. a

From the above propositions, we have
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Figure 2.8. eaz(Klo,m) = 8.

2
Theorem 2.12. fay(Kn n) = [T%TJ]
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Appendix
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28 29 25 23 22 21 14 16 10 10 18 18 19 19 15 13 12 11 17
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24 26 27 27 9
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5
7
1

24 26 29 21 2
23 22 21 28 24
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28 27 25 24 26
26 27 29 23 2
29 29 25 23

22

24 5 26 26 27 29 13 12 11 18 10 10 15 15 16 16 17 19 14
27 282929251312111416 17 17 18 18 19 19 10 15
29 2222232318 171514 16 19 11 11 10 10 13 13 12
21 28 24 24 25 25 26 16 17 19 13 12 11 18 14 14 15 15 16 10
21 27 27 28 28 19 19 15 13 12 11 14 10 17 17 18 18 16
25 2921212212131318 1715141019 11111216
29 21282424 151516 16 17 19 10 12 11 18 14 14 13
25 23 22 21 24 26 27 17 18 18 19 19 15 10 12 11 14 16 17 13
13 18 17 15 14 16 19 11 11 22 22 23 23 28 27 25 24 26 29 21
18 14 14 15 15 16 16 17 19 13 12 11 28 24 24 25
14 16 10 10 18 18 19 19 15 13 12 11 24 26 17 17 9

14 16 19 11 11 12 12 13 13 18 17 10 24 26 29 21 2 22 23 23 28 25 15 27
13 12 11 18 10 10 15 15 16 16 17 19 23 22 21 28 425

7
9

5
8

25 26 26 27 29 23 10 21 22
2

212

1
2

28 29 25 23 22 21 27
1

5 26 26 27 29 24
8 28 29 25 15 29
12 12 23 23 22
24 25 10 26 25
27 27 28 28 26
29 21 21 22 26
2
2
2

1

4

13 12 11 14 16 17 17 18 18 19 19 10 23 22 21 24 26 27 27
18 17 15 14 16 19 11 11 10 10 13 13 28 27 25 24 26 2
16 17 19 13 12 11 18 14 14 15 15 16 26 27 29 23 22 21
19 19 15 13 12 11 14 10 17 17 18 18 29 29 25 23 22 21
12 13 13 18 17 15 14 10 19 11 11 12 22 23 23 28 27 25
15 15 16 1617 19 10 12 11 18 14 14 25 25 26 26 27 29 13
17 18 18 19 19 15 10 12 11 14 16 17 27 28 28 29 29 25 13
11 11 17 17 14 14 13 16 12 12 10 15 21 21 27 27 24 24 23

128 24 24 23
1 24 26 27 23
2 22 29 25 19

Figure A.1. fay(Kas25) = 19.
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7 3532333834353336313726 2 2824282523212722 8
4 223336343732363138352523232824272226215 3
8 3336343735383137323627 28 25252121 2422232326
3 313237333431353536 7 23212427252626272228 6
1 37313232333734 36353323 21 24 26 25 27 28 28 2226 38
2 3633383438323731373524 24 222823232126252721
2 3235373336383234313428262624272523212822 7
5 333834363536313832372628212122222723242425
8 363731313234383334322222272326242524212835
2 3734343535313338323331 21 25362324 28 272526 21 32
363834363537 31 383233252322282427232621252 7 1 2 3 3 78
323338343835 37 3137 6 26212721222228232427 7 8
343731313232 38 33343621272223242825252621 4 8
383634373536 31 37323327 7 2523 6 2422242128 5 3
373132323333 34 3635342324 2826252721282226 4 6
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333435353131 38 32333726282324282527212722 8
323336343735 36 31383828262324272526212822 6
353221273437 33 3631353822252223232426 6 24 7
383537333634 32 34313223242627252621272228 1
313237333427 35 35363124262425212128222323 3 5

DN Wwon R o
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Lomoawswe
BaBNERoRY

2523222527242322628213 8 4 6 5 7 1 8 2 6 3731353833373436323334
262823222528 27 2124276 7 1 1 2 2 8 3 4 4 32353133363832343734 5
232426282625 21 2727227 4 5 5 1 1 8 2 3 3 31323633343135353738 6
272524232121 28 2225233 6 4 7 5 6 1 7 2 8 3336323735383137343624
232428262725 21 2826224 1 2 8 3 3 4 6 5 7 33383236353631383437 1
262127242222 28 2321246 3 8 4 8 5 7 1 7 23633373438323731383523
282623222527 26 2124288 3 6 4 7 5 6 1 8 2 3833383437323631363537
242221272323 24 2622255 2 3 8 4 7 3 6 1 53532313834353336333728
222725282426 22 2423212 5 7 3 6 4 2 4 1 8 3637343132343833313235
372722212824 2525236 1 2 7 3 4 8 5 5261 3434333531333832353136
21 13323638 4 323526 7 3721 2 2628342325382731 6226 8 24 3 5 2522

Figure A.2. eag(Kgl,gl) =24.

15 15 22 22 23 23 20 27 25 24 26 21 11 16 16 11 13 12 19 18 17 14
20 24 24 25 25 26 26 27 21 24 22 28 14 15 11 15 16 16 11 13 12 19
24 26 27 27 20 20 21 21 2523 22 18 14 11 13 13 19 19 17 17 12 16
24 26 21 16 16 22 22 23 23 20 27 25 15 13 12 19 18 17 14 15 11 11
23 22 13 20 24 24 25 25 26 26 27 21 19 11 17 12 14 14 15 12 18 16
23 22 13 24 26 27 27 20 20 21 21 25 19 18 17 14 15 11 12 16 16 15
20 27:25 24 26 21 19 19 22 22 23 23 17 17 12 16 18 15 14 11 13 13
26 27 21 23 22 12 20 24 24 25 25 26 16 18 15 14 11 13 13 19 19 17
21 21 25 23 22 12 24 26 27 27 20 20 16 13 15 19 11 17 18 14 14 18
22 23 23 20 27 25 24 26 21 14 14 22 18 12 18 16 13 15 19 11 17 12
25 25 26 26 27 21 23 22 11 20 24 24 13 19 19 17 17 12 16 18 15 14
27 20 20 21 21 25 23 22 11 24 26 27 12 14 14 18 12 18 16 13 15 19
11 11 18 12 12 17 13 13 15 16 19 14 27 20 22 22 23 23 24 26 25 27
18 14 16 14 15 17 15 16 19 12 11 13 26 27 20 20 22 22 21 23 24 24
14 16 19 17 17 19 18 18 15 12 11 13 24 24 25 25 20 20 21 22 23 23
18 16 12 19 11 13 11 12 13 17 15 14 23 26 24 27 25 26 20 27 22 21
1312 1511 18 15 14 14 16 17 19 16 23 21 24 26 25 27 20 21 22 26
13 12 17 11 14 18 16 17 18 19 15 19 26 23 21 24 21 25 27 20 27 22
14 17 11 18 19 11 16 15 12 13 13 12 21 23 26 24 27 25 26 20 21 22
16 17 18 19 13 14 12 11 14 15 16 15 25 22 23 21 24 27 23 26 20 25
19 19 14 15 13 16 12 11 17 18 18 17 22 25 27 23 26 24 22 24 20 21
1213 14 31 18 16 17 15 19 11 12 11 20 22 27 23 24 21 25 25 26 20

Figure A.3. Zaz(ng’gz) =17.
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4 6 26313132323333383735343629 9 21 22 22232328272524
3 2 13834343535363637213332312824 24 25252626272923
3 2 13436373738382122353332312426 27 27282829292523
8 7 53436 6 3131323233333837352827 25 24262921212222
27 7 6 3332313834343535363637292322 21 28242425252626

95
233

5
78
11

4

Py

3332313436373738382929352322 21 2426 2727282825

3837353436 1 3131323233332627 29 23222129242425
63637273332313834343535362728 28 29292523222124
8 21 9 353332313436373738382929 25 2322 5 24262727
2 3233333837353436243131322525 26 26272923222128
4 3535363637 2 3332313834342223 23 26272524262921
4 6 7 373838252735333231343637242629021212222232328
2 38373534362921 6 2222232328272524269 1
383434 35 3536363725333231282424 1 2526262729232221 2
343637 37 3838 1 2 35333231242629212122222323282725 4
3436 5 31 31323233333837352426 7 272828292925232221 4
333231 38 34343535363637292322212824242525262627 9 3
333231 34 3637373838292035232221242627272828 5 9253
383735 34 36 8 313132323333282725242629 3 212222232321
363724 33 32313834343535362627292322212824 5 252526 6
22 9 35 33 323134363737383829292523 8 21242627272828 8
323333 38 373534362731313222232328 1 25242629212122 2
353536 36 372233323138343425252626272923 4 21282424 5
373838 28 26353332313436372728 6 2929252322 724527 7
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242125 29 2622279 2423239 8 3 7 2 2 4 8 546 3 13731 3232333334363537
262725 29 27232824262222219 2 8 3 4 6 7 5 6 7 2 13637 31 31323238333434
272526 25 29232824292121225 1 8 3 4 75 6 9 9 1 23434 35 35313138323333
272426 23 23282925212824223 8 9 8 5 7 4 6 1 3 4 23336 34 37353631373238
282627 22 22272925232426212 4 9 75 8 6 7 1 2 6 3 3338 34 36353731383236
282929 21 21252526222427231 4 556 8 9 9 2 1 7 33633 38 34383537313732
292123 24 28242326222527284 5 3 4 6 9 1 3 2 8 7 8 3833 36 34373536313832
20232223624262227212528276 5 2 6 7 9 1 2 3 4 8 7353233 38343733363135
252221 27 24292129232628257 6 1 9 9 5 2 1 3 4 8 53235 37 33363432343138
232228 27 25212423282625249 7 4 1 3 3 2 8 8 6 5 4 3132 37 33343835353631

Figure A.4. la3(K34,34) = 26.
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