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ABSTRACT. In this paper the existence of the 12140 non-iso-
morphic symmetric (49,16,5) designs with an involutory ho-
mology (this is a special kind of involution acting on a design)
is propagated. The automorphism groups are cyclic of orders
2, 4, 8, or 10. 218 designs are self-dual. The 40 designs with
an automorphism group of order 10 were already given in [2].
A computer (IBM 3090) was used for about 36 hours CPU
time. According to [2,4] now there are known 12146 symmetric
(49,16,5) designs.

1. Preliminaries

Definition 1: An involutory homology T acting on a symmetric (v, k, )
design is an involution (i.e. an automorphism of order 2) with k + 1 fixed
points and (therefore) k+ 1 fixed blocks such that there is one fixed point—
called the center—being incident with all fixed blocks excepted one—called
the axis—being incident with all fixed points excepted the center. O

Remark: The previous definition implies v + k=1 (mod 2). a

Definition 2: Let 7 be an involutory homology acting on the symmetric
(v, k, ) design D = (P,B,e) with set P of points and set B of blocks
(which are k-subsets of P), let P; = {P}, B; = {B;}, 0 < i < k, be the
(7)-orbits of fixed points resp. blocks, and let P; = {P;, Q;}, B; = {B;, C;},
k+1<i< ”—‘“g—_l, be the (7)-orbits of non-fixed points resp. blocks.

By A = A(D,7) we define the orbit matriz A = (a;;) with entries

v+k—1

aij=|{P€Pj:PEBforaBEB;}LOSi,jS 5 ,
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and by A = A(D, 7) the dual orbit matriz A = (a;;) with entries

v+k—1

a;=|{BeBj:PeBforaPePi},0<4,j< 5

O

Proposition 1. The above defined matrices A = A(D, T) and A = A(D, 1)
fulfill the orbit matrix equation

XSXT = (k= \)S+\J *)

Iy 0

with X € {A, A}, S = ‘0 1 ‘, f=k+1, w= ”—;L, (m, m)-identity
2 w

matrix I,, m € {f,w}, and (f + w, f + w)-all-1 matrix J.

Proof: In the case X = A (*) counts the intersections of any two blocks (in
a modified way), and in the case X = A (*) describes the dual situation. O

Definition 3: The orbit matrices A and A’ are called isomorphic (&), if
both of them fulfill the same orbit matrix equation (*) and if one is received
from the other one by row and column permutations (that is a renumbering
of the point and block orbits). In this sense we call A= A7 if A= A’. O

2. Results
By aid of a computer as a first result we get the

Theorem 1. Let (v,k,A) = (49,16,5). Up to isomorphism there are five
matrices A; up to As (and therefore Ay up to As) which fulfill the orbit
matrix equation (x) and hence could come from some symmetric (49,16, 5)
design with an involutory homology. All solutions can be written in the
form

T
J
Ai= J M 2N; 715i351
) {J-M

with a (16, 1)-all-1 vector j, a symmetric (16, 16)-incidence matrix M (i.e.
M = MT) of the semibiplane SB(16, 5) (that is a semisymmetric (16, 5, [2])
design, cf. [3],196ff.), the (16,16)-all-1 matrix J, and a (16, 16)-incidence
matrix N; of some tactical configuration TC(16,5) (that is a 1-(16,5,5)
design), 1 <1 < 5.

In particular, the resulting matrices are as follows, where for easier read-
ing the entries 0 are omitted and an entry 1 is replaced by the number of
the column
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91 4 8
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€l Or 6|8
91 g1 6 (4
ST | V1 o1 b I
91 €1 Tt | 11 1
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91 9 T
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gl | 11 8
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gt (49 8 9
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49 11 L 9
€1 01 8 2
91 g1 P (4
(49 0T 6 2
ST IT o1 9 (4
91 4 01
ST | V1 6|8 1
91 €1 21 | 11 1
¢ 1
8 2 9 Z 1
or 6 9 1
11 6 Z 1
It 0Ot 8 1
€1 21 9 [4
14 [4¢ L 4
pI__ €1 8 (4
ST (4 6
g1 €l o1
ST | 1 1T
91 (A 6 Z 9
91 €l o1 8 9
91 ¥i 191 8 4
91 g1 IT 0oL 6
9T ST | ¥1 €1 21




1 1|12 13 16
1 8|9 14 | 15
) 5 7 5 16
2 6 10 11 14
4 7 8 10 12
3 4 10 14 16
5 7 9 10 13
3 6 7 11 15
N3 = 7 (3 8 13 15
5|6 9 12 14
2|3 8 9 16
3 5 8 11 [ 12
2 4 9 11 13
1 4 5|68 16
1 3 7 13 14
1 2 10 12 15
1 5 12 13 16
213 11 14 16
1 [ 8 14|15
2 4 8]9 13
2 5 7 10 15
7 9 10 13 14
3 7 8 12 15
N, = 4 6 11 13 15
4= 3 [3 10 11 | 12
3 4 8 10 16
3 5|6 9 14
7 56 7 16
5 8|o 11 | 12
1 4 10 12 14
1 3 7 11 13
1 2 9 15 16
1 5 12 1516
3 6 11 14 16
1 3 3 13 15
2 7 10 14 | 15
2 9 11 |12 13
1 9 10 13 14
4 8 10 11|12
3 7 8|09 15
Ns = 3 5 7 11 3
2|3 4 10 16
4 5|6 9 14
P} 5 89 16
516 7 10 12
1 4 7 13 16
1 3 8 12 14
1 2 6 11 15

The automorphism groups of the five matrices are

Aut(A;) = Aut(A2) = Z;  (cyclic group of order 2),
Aut(As) = Dy (dihedral group of order 8)
Aut(Ag) = Aut(As) = Zs  (cyclic group of order 5).
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By the aid of a computer we “reconstruct” from the above five matrices
A; up to Aj all symmetric (49,16, 5) designs with an involutory homology,
where the determination of the automorphism groups and the distinction
of non-isomorphic designs is done by counting the intersection sizes of all
the (4;; ) triples of pairwise different blocks and by showing that the only
involutory homology is the presumed one.

Theorem 2. Up to isomorphism there are 12140 symmetric (49,16,5) de-
signs with an involutory homology. In particular, the results are as follows,
where we denote by Aut(D) the automorphism group of the design D, by
Z; the cyclic group of order j, and by d = 1 resp. d = 2 the partition of all
designs into self-dual and non-self-dual ones:

. _Au(D) | d=1]|d=2 all
A Ay =5 28 | 3932 | 3060 (= 79%0),
Aut(D) | d=1 | d=2 all
Zs - 4 4
As: 7 10 | 44 | 54
Z 152 | 810 | 962
all 167 | 88 | 102,
Aut(D) d=2
. Z10 20
Ay, As Zo 1580
all | 1600 (— 3200).

3. Examples

We specify one example for each non-vanishing entry of the above tables
excepted the case of Aut(D) = Zyo (cf. [2]). According to theorem 1 it
suffices to give the “indexed” matrix J — M (the above matrix M has now
to be rewritten as a {0, 1}-matrix), where “indexing” means replacing an
entry 0 by the (2,2)-null matrix, denoted by a “blank”, and replacing an

entry 1 by a (2, 2)-permutation matrix P = '(1) (1) or I (= P°), denoted by
1 resp. 0.
4. Outlook

The previous results could give rise to the following future projects:

1. Does a symmetric (49, 16, 5) design with a trivial automorphism group
exist?

2. The existence of a symmetric (85,28,9) design is still in doubt. Is
there such a design with an involutory homology?
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0 1]1 1 0]1 0 0]0 1 0O
o 1/o o 1/0 o0 0 0 1 1
0 0|1 0 1[0 0 1 T 0 i
1 1|1 0o 1 1 0 ofo olo
0 0f0 o0 O 0 0 0 0o oo
T 11 o 0 01 0 T 0 1
1 0 1 o o oo 1o 0 0
1 0 olo 1 o 1 0 11 1
(A1, Z2,d=1) |5 0 0 T 0 0 1 11 0 1
1 0 1)1 ol1 1 o 0 1 0
0 11 1 o1 1 1 olo 1
TTo 1 0 1 0 T 0 1[0 0
o1 11 0 0 1 1 1]l0 o
1 0 0 1 0 11 1 o1 o
o 1 1 0 0 01 1 01 1
1 1 0o o 1]Jo0o o 1]1 1
T 1J0o 1 o]0 1 O0]1 1 1
o ofl1 1 1]l0o 1 o 1 0 1
o 111 1 01 0 1 0 0 0
o 1lo 1 1 0 0 o1 01
o o0lo o o 0 0 0 0 ofo
T 11 T 0 01 0 T 0 0
S l1 o 1 o 0 oo 1o 0 0
0 1 olo o o 0 1 11 1
(A1, Z2,d=2) T 0 1 T 1 0 0 11 0 1
) 0 0 11 o1 1 1 1 0 0
1 0 1 0 0|{0 1 0O 1|0 1
T[1 0 01 0 T~ 1 0[]0 0
of1 of1 0 1 1 1 01 1
1 0 1 1 0 1{o o of1 1
0 0 0 0 1 1]1 0 1|1 0
1 1 0/lo o o|lo 1 1]1 o
T 01 1 0]0 0 O0]1 1 0
o 1|1 1 1|1 0 o 1 0 1
T 01 0 01 0 0 10 0
o 1|lo o o 0 1 of1 ofo
0 o1 1 1 1 0 0 1 oo
0 00 0 0 00 0 0 0 0
11 1 o o 1]o 1|1 0 0
0 0 ol1 o 1 1 1 11 0
(A2, Z2,d=1) 1 0 1 ) T 0 1[0 0 1
0 1 ofo 1]l1 o0 1 0 11
1 0 1 0o 1|1 o0 o 1|1 o
T{1 0 0 0 0 0 1 1[0 1
1)1 o1 0 0 0o 1 0o]1 o
0 0 1 0 o 11 1 of1 1
01 0 0 0 0|1 1 1]1 1
1 o 1/lo 1 oJo o o1 1
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(A2, Z,,d=2)

(As, Zg,d=2)

(As, Z4,d=1)

1 111 0 1]0 0 OJO 1 1
0 111 1 00 0 1 1 0 0
1 0|1 0 O0]1 0 0 1 0 0
1 110 0 o 0 1 010 0|0
0 1}]1 0 O 0 0 0 1 111
0 0}]0O0 0 0 oo O 0 0 0
1 0 1 0 0 011 01 1 1
0 0 0j1 0 o 1 1 1 0 1
1 1 1 1 0 1 0 110 1 0
1 0 0|0 110 0 1 1 1 1
0 0 1 0 1f1 0 1 110 1
110 1 1 0 0 1 1 1]0 0
110 1)1 0 0 1 0 0|1 1
0 0 1 0 1 0]1 1 of1 0O
1 1 1 0 0 OJO0O 1 o000 1
1 0 110 1 oJo o0 1]1 1
1 0]J0O 0 O0OJ1 O OJ1 1 o0
1 1]1 0 10 O O 0 0 1
0 OoOJOoO 0 o0foO 0 0 0 0 0
0 1]0 0 1 0 0 01 011
0 110 1 O 0 1 1 0 1]1
1 170 1 1 0[]0 0O 0 1 0
1 0 1 0 0 o0}oO 111 0 0
0 0 111 0 O 0 1 1 1 1
0 1 1 1 0 0 1 o]0 0 0
0 1 010 0l1 0 O 1 1 0
0 0 1 1 01 1 1 0jo0 O
0]1 0 1 1 0 1 0 11 O
111 0]1 0 0 1 0 0]0 1
0 1 1 1 0 0]0 0 O0]1 1
1 0 0 0 1 1J0 1T Oof1 1
0 1 o0jo 1 of1 1 1]0 1
0 01 1T OJ1 1 O0J]0 1 1
1 0f0o 1 0jJoOo 0 o 1 1 1
0 0]0 0 OfO 0 0 0 0 0
1 0o]1 1 1 0 0 0o}lo0 0]0
0O 1}J0 1 1 0 1 0 0 140
1 171 0 1 00 o0 1 0 0
1 1 0 1 0 0}oO 1]10 1 1
0 1 0}J]1 0 O 0 0 1 0 0
0 10 0 0 0 1 071 1 1
0 1 110 0]1 0 1 1 0 1
1 0 0 1 0|1 1 o 0ofjo 1
110 1 0 1 0 0 1 o0]1 1
oo 1]1 0 0 1 0 0|1 1
0 0 1 1 0 0]0 1 111 0
0 0 1 0 1 1]J1 1T 010 0
0 0 O0j1 1 1]0 0 01 0O
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(As, Z4,d=2)

(As, Z2,d=1)

AxA.w. Zy, &“Nv

T o0]1 0 0]Jo 1 01 1 O
o 1|1 0 1}1]0 0 O 0 1 1
0 0[O0 O OfO 0 0 0 o0 0
1 0|1 1 1 0 0 0]0 01]0
0o 1]1 1 O 0 0 0 0 011
1 1]60 0 0 OO0 1 1 0 0
1 1 0 1 1 0}fO 110 0 1
0 0 0]1 0 O 1 1 1 0 0
0 1 1 0 1 0 1 1]1 0 1
0 0 111 oj1 1 O 0 0 1
1 1 0 0o of1 0 1 110 1
0|1 O 1 0 0 1 0 111 1
0|0 1|0 0 0 1 1 o1 1
0 1 1 1 0 1j]0 o0 1}1 0O
0 1 O 0 1 oJ]O0o 1 1|1 1
1 1 0/o o o]1 1 110 O
o 1]1 1 1J]0o 1 OO0 O 1
o 10 1 o1 0 O 0 1 0
6 0[]0 O O0}]O 0 0 0 0 0
1 0|1 1 1 0 0 010 010
1 0jJo 0 1 0 0 1 1 0]1
1 1]60 0 0 0|0 1 1 0 0
1 1 0 1 1 0}]0 0|0 1 1
0 0 1|1 0 O 1 1 0 1 1
0 1 0 1 0 0 0 01 1 0
1 1 01 o|j]1 0 1 0 0o 0
0 0 1 1 01 1 O 0}l]0 O
0o 1 1 1 0 1 1 1[0 O
01 [V ) 0 1 o 1 111 O
0 1 0 1 0 0|1 0 O0}]1 1
1 0 O 0 1 1|1 1 0jo 1
o o ofl1 o o1 1 1]0 1
0 1|1 I 1]Jo 1 O0JoOo 0 1
o 10 1 of1 0 O 0 1 0
0 0[O0 O OfO 0 0 0 0 0
1 o1 1 1 0 0 0j)o0 o|o
o 0J]1 1 O 0 1 0 0 1)1
1 110 0 0 0]JO0 1 1 0 0
1 1 0 1 1 0)0 0|0 1 1
1 0 0j0 1 O 1 1 1 0 1
0 1 0 1 0 0 1 1|1 0 1
1 1 0|1 oj1 o 1 0 0 O
0 0 1 1 0]1 1 O 0jo0 O
0[]0 1 1 1 0 1 1 1]0 O
0|0 111 0 0 1 0 01 1
0 0 1 0 0 1o 1 111 O
1 0 O 0 0 o1 1 01 O
o o of1 o o001 1 1]0 1
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0 1]J0 1 1]J0 1T 1Jo0o 1 1
1 1/1 o 10 1 o 0 0 1
0 0|1 1 1]0 T 0 0 1 0
1 1/0 1 o 0 1 1]o 1]o0
0 1|1 0 o 0 1 1 1 oo
T 00 0 1 o1 1 T 1 0
1 0 0 o o 1o 1]o 0 0
_ 1 1 ojo 1 1 0 0 1 0 1
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o1 oo 1 1 1 0 1[0 1
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1 0 1 o 1 oo olo 0 1
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