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Abstract. In [V2], Vince outlined three potential graph algorithms for § 3 recognition,

namely shelling, reducing, and closing; on the other hand, he conjectured that the graph
Ho of Fig.1 - which proves the first two to fail - could be a counterexample for the third
one, too. This note shows that the conjecture is false; so, the validity of the closing
algorithm is still an open problem.

In recent years, the possibility of representing PL-manifolds of arbitrary di-
mension n by means of (n+ 1)-coloured graphs has been examined by different
authors: see, for example, [P], [FGG], [LM], [BM], [V}]. With this representation
theory, it is possible to investigate, among other things, the 3-dimensional homeo-
morphism problem by a purely combinatorial approach. In particular, Vince [V2]
outlined three potential graph algorithms for S3 recognition, namely shelling, re-
ducing, and closing. Since each of these outputs NO for any closed 3-manifold
M? not homeomorphic to S3, it would be necessary - in order to confirm their
vali(;ity - to prove that the output is surcly YES for any manifold homeomorphic
to §°,

Unfortunately, Vince himself verifies that the shelling and reducing algorithms
fail to recognize the 3-sphere represented by the 4-coloured graph Ho of Fig.1
(which originally appeared in [Vo]). Morcover, F is conjectured to be a coun-
terexample to the closing algorithm validity.

In this paper, we shall prove the following

Proposition 1. The closing algorithm outputs YES for the 4-colourcd graph Iy .

Thus, it remains an open problem to check whether the closing dlgoruhm elfec-
tively recognizes S3, or not.

In order to prove Proposition 1, let us recall how the algorithm works. Given a
4-coloured graph (T", 4) representing a closed 3-manifold M, let A be a subset
of the edge set B(I") of I'. Anelemente € E(I') — A is said to be dependent on
A if e belongs to a cycle C in A U {e} not involving all four colours; in particular,
if C involves the subset BB of the colour sct {0,1,2,3}, the edge e is said to be
dependent on A by a B-residue. A subset A C E(T") is said to be closed if there
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is no edge in E(I") — A which is dependent on A; the closure cl (A) of A is
defined to be the smallest closed subset of E(T") containing A. Then, the closing
algorithm outputs YES if there exists a spanning tree of I' whose edge set A has
cl (A) = E(T'), and outputs NO otherwise.

As far as the graph Hj is concerned, it is easy to check that the spanning tree
depicted in Fig.2 is such that the closure of its edge set coincides with the whole
edge set of Ho. In details, the closing steps - illustrated in Fig.3 - are the following:
- adding the 1-coloured edges a1, a3, e3,a4,as dependent by {0,1}- or {1,2}-
residues, the 3-coloured edges by, b, dependent by {0,2}-residues, and the 3-

" coloured edges c1, ¢z, ¢3, ¢4, cs dependent by {2,3}- or {0,3}-residues (Fig. 3a);
- adding the 3-coloured edge d; dependent by a {1,3}-residue, and the 3-coloured
edges e, e dependent by {2,3}- or {0,3}-residues (Fig. 3b);

- adding the 1-coloured edge fi dependent by a {1,3}-residue, and the 1-coloured
edges g1, g, dependent by {0,1}- or {1,2}-residues (Fig. 3c);

- adding the O-coloured edge k, dependent by a {0,1}-residue (Fig. 3d);

- adding the 2-coloured edge 4; dependent by a {0,2}-rcsidue (Fig. 3e);

- adding the 3-coloured edge I; dependent by a {2,3}-residue (Fig. 31).

This proves Proposition 1. 1
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