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Abstract. In this paper, we completely solve the existence problem of LOTS(v) (i. e.
large set of pairwise disjoint ordered triple systems of order v).

1. Introduction

In what follows, an ordered pair will always be an ordered pair (z,y) where
z # y. A transitive triple is a collection of three ordered pairs of the form
{(z,9),(y,2),(=,2)}, which we will always denote by (z,y,2). Similarly a
Mendelsohn triple is a collection of three ordered pairs of the form {(z,y). (y, 2),
(2, z)}, denoted by (z,y, 2) (or (y, 2, z), or {2, z,y)), where z, y, z are distinct
elements. An ordered triple means either a transitive or a Mendelschn triple.

An ordered triple system (briefly OTS(v)) is a pair (X, B) where X is a set
containing v elements and B is a collection of ordered triples of elements of X
such that every ordered pair of elements of X belongs to exactly one ordered triple
of B. In particular, if the triples in B are all transitive or all Mendelsohn, then
(X, B) is said to be a transitive triple system (TTS) or Mendelsohn triple system
(MTS) respectively. The number | X | = v is called the order of the OTS(X, B).
It is easy to show that |B| = v(v — 1) /3. It is well known that the spectrum for
OTSs and TTSs is the set of all v = 0 or 1 (mod 3), and for MTSs the set of all
v=0orl(mod3),v#6.

If |X] = v, and O(X) is set of all ordered triples of X, then |O(X)| =
4v(v—1)(v—2)/3. Thus it is natural to ask whether it is always possible to par-
tition O( X)) into 4(v — 2) subsets By, By, ..., Bay-2) so that each of (X, By),
(X,B2), ..., (X, Bsv-2)) is an OTS(v), forall v = 0 or 1 (mod 3). Sucha
collection of OTS(v) s is called a large set of pairwise disjoint OTS(v)s. It is de-
noted by LOTS(v). The comresponding questions of partitioning all transitive and
Mendelsohn triples into large sets of TTS(v)s and MTS(v)s respectively have
been considered. See [2], [3] and [4], it is denoted by LTTS(v) or LMTS(v) re-
spectively. If LTTS(v) and LMTS(v) both exist, thicn there exists an LOTS(v)
too. For v = 6, [1] directly construct a large set of pairwise disjoint OTSs of order
6. In this paper we will give the spectrum of LOTS(v).
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2. The Construction of LOTS(n+ 2)
Letn=1,5 (mod6) and Z, = {0,1,...,n— 1}. Similar to the construction
of LTTS(n+ 2) in [4], we immediately obtain the fact

Lemma 1. There exists a partition of all oo,-triples (triples containing co,, but
none of 003-,,8 = 1,2) from the set {001,002} U Z,:

3 n-l

UUer

k=1 §=0
such that ordered pairs of triples in each C¥ are just

{(00,,“),.(11,00,); uEZ,,\{i},s:l,Z}
U{(z,3i{-22),(3i—2z,2); z€2,\{5}}.

Now we will construct4 nsubsets J¥ (i € Z,,k € {0,1,2,3}) ontheset X =
{001,002} U Z, as follows
J?(i € Z,) consists of the following Mendelsohn triples:

(l) (Oolloozui))(oozgml)i)

(2 (z,9,2), (y,z,2) where {z,y,2} satisfying the equation z + y + z =
3i (mod n).

(3) (oo1,%,35—2z), (003,31 — 22,1).

The construction of J* (i € Z,,k € {1,2,3}): Denote by T'(s) the set of
all triples {zx, y, 2} such that z, y, z are distinctand z + y + z = 31 (mod n). For
each triple ¢ € T'(4), denote by {(¢,t(k,4)): k = 1,2,3} a large set of pairwise
disjoint TTS(3)s defined on ¢. Finally, denote by L}, L2, L? a large set of pairwise
disjoint TTS(3)s defined on {oo;,002,1}. And set

T¢= |J tk,9)
teT(d)

=t Jrt ot

Theorem 1. For every positive integer n = 1,5 (mod6), there exists an
LOTS(n+ 2). '

Proof. From the proofs of Theorem 6 in [2] and Lemma 2.1 in [4], we have
known that {(X, J?); i € Z,} is an LMTS(n+ 2), and {(X, JF);i € Za,k €
{1,2,3}} isan LTTS(n + 2). Thus {(X, Jf);{ € Z,,k € {0,1,2,3}} forms
an LOTS(n+ 2). (]
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3. The Construction of LOTS(mn+ 2), m ¥ 2.

Letn= 1,5 (mod6),Q = {0,1,...,m— 1} and m > 3. Let (Q, ") bean
. idempotent quasigroup of order m. Define set d; ;,(u,v) =

{((.'B,U),(I,‘I)),(y,ﬂ"lb) ,((x,u),(y, u-v),(x, U)) ,((y,u-v),(xm),(x,v))}

where z # y € Z,, u # v € Q. According to [1], D(z,y) = U“a,ueq dyy(u,v)
can be partitioned into three sets D'(z,y), D*(z,y), D*(z,y) such that

(1) Thethreetriplesineachd, (u,v) belong todifferent D¥(z,y); k= 1,2,3.

(2) Ifu v € Q, then each pair of ordered pairs ((z, u), (y,v)) and ((y,v),

(z,u)) belongs to exactly one triple in each of D*(z,y),k = 1,2,3.

Taking 001,002 € Zy X Q, X = {001,002} U (Z,; x Q) and « be a cycle
of length m on Q. Let {({o01,000} UQ,LY);j € Q,k € {0,1,2,3}} bea
LOTS(m + 2). And denote by M}‘ the set of all Mendelsohn triples inL}‘,and by
L% — M} the set of all transitive triples in Lf. Let {({o01,002} U Zs, Bf);i €
Zu,k € {0,1,2,3}} be a LOTS(n + 2) given above section. Now we will -
construct 4 mn systems Q(i € Z,,j € Q,k € {0,1,2,3}) as follows.

Q,-‘}(i € Z,,j € Q) consists of the following ordered triples:

(1) {(z,9),(y,v),(z,(u v)a’)) where (z,y,2) € B}, 2,9,2 € Zn, u,v €
Q. ‘

@ {(z,9),(z,v),(y,(v-v)a’)) where {c01,z,y) € B}, 2,y € Zn, u,v €

Q.

(3) (ool,(x,u),(y,uaf)), (ooz,(y,ua’),(:z:, u)) where (001,3', !I) € B?s
T,y € Zn,u €Q.

@ ((i,u),(4,v), (5, w)) provided (u, v, w) € M; And((4, 1), (4,v), ({,w))
provided (u,v,w) € L — M?. Whenever oo, or co, appears for u,v, w
omit the first coordinate 1.

Qk(i € Z,,j € Q,k € {1,2,3}) consists of the following ordered triples:
1) {(z,),(y,v),(2,(u-v)o)) where (z,y,2) € Bf, z,y,2 € Zn, u,v €
Q

(2) Thecollection of transitive triples obtained by replacing (y, w) with (y, wo’)
in each triple of { D¥(z, y); where y = 3i — 2z (mod n) }.

(3) The collection of transitive triples obtained by replacing the unique pair
(z,3i — 23) with ((z,u),(3i — 2z,ua’)) in each oo, -triple of C¥ (in
Lemma 1); and by replacing the unique pair (3¢ — 2z,z) with ((3i —
2z,ua’),(z,u)) in each ooy -triple ofo, where u € Q.

@) ((4,8),(i,v), (i, w)) provided {u, v, w) € MF; And ((3, ), (4,v), (4, w))
provided (u,v,w) € Lf - M,.". Whenever oo; Or coz appears for u, v, w
omit the first coordinate 1.
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Theorem 2. Forevery n= 1,5 (mod 6), if there exists an LOTS(m+2),m >
3, then there exists an LOTS(mn+ 2).

Proof.
1. EachQ,(i €2.,j€Q,k€ {0,1,2,3}is an OTS(mn+ 2).

Direct calculation shows that each Qf contains (mn+ 2) (mn+ 1)/3 or-

dered triples, just the number we expected Therefore, we only need to

show that every ordered pair P of distinct elements of X is contained in

some triple in QF. For example, we only verify that Qi(i € Z.,j € Q,

ke {1,2,3}is an OTS(mn+ 2). Similarlo(),-';(i € Zy,] €Q).

(1) P = (o00,,003_,),(00,,(3,4)),(({,u),00,) and ((3, ), (4,v)) con-

tamedm(4)ofﬂ,,,wheres= 1,2,u#veQqQ.

(2) P = (00,,(z,u)) and ((z,u),00,) in (3) of Q%, where s = 1,2,
z€2Z,\{i}andu € Q.

3) P = ((z,u),(z,v)),z € Z,\ {§},u # v € Q. Lety = 35—
2z (mod n), we have y € Z, \ {i}. So, P is covered by each triple
of dz4(u, v). Thus, P in (2) of Qf.

@ P=((z,u),(y,v)), 7Yy €2, \{'} u,v € Q.

() fy=3i—2z(modn) orz = 3i — 2y (mod »), then there
exists w € Q such that (u-w)a’ = v. If w = u, i.e. v = ua/,
then P in (3). Or else ((z,u),(y,(u-w)) is covered by some
transitive triple of D*(z,y). Thus, P = (z,4),(y, (s - w)a'))
in (2).

(i) If z # 37— 2y (mod ) and y # 34 — 2z (mod n), then there
exists z € Z, such that (z,y,2) or (z,2,y) or (2,z,y) € B~

- Thus, P contained in (1).
2. {(X,Q8);i€2,,j€Q,ke{0,1,2,3}}isan LOTS(mn+ 2).

We only need to show that every ordered triple T° from X is contained in

some Q,, above. Next we only verify that every transitive triple T" from X

is contained in some Q% ; (similar to prove every Mendelsohn triple T" from

X is contained in some Q,-’}). All the possibilities are exhausted as follows:

(1) T = (mO)WB—Jl(iI u))’(ooﬂi(iiu)’m3—a) or((in “),m,,OO3_5),
8=1,2,i€ Z,,u € Q. Thereexists k € {1,2,3}andj € Q
such that (005,003 4, 1), (oo.,u 003-,) Or (4,00,,003-5) € L
lhusTe(4) of Q.

(2) T = (00,,(z,u),(y,v)) (or ((z,u),00,,(y,v)) or ((z,1),(y,v),
005)),8=1,2,(2,u) # (y,v) GZ x Q. If z = y and (o0,, u,v)
(or (u, co,, v) or (u,v,00,)) € L}, then T in (4) of Q%. Orelse, let
i=(2z+y)/3(modn) (t=1) on = (z+2y)/3 (mod n) (t=2),
there exists j € Q such that v = ua’. Then T in (3) of U’,Wl Q

3) T=((1,u),(4,v),(5,w)), i € Zn,uFvFwF ue Q. Thereemst

279



j and k such that (u,v,w) € L}. Then T in (4) of Q.

@ T=((z,u),(z,v),(y,w)) (or((z,u),(y,w),(z,v)) or ((y,w),(z,u),

(z,9))),TF Y € Zu,u,v,w € Q,u ¥ v. Leti = (2z+y) /3 (mod n),
there exists j such that (u-v)a/ = w. Then T in (2) of ;. Q4.
6 T=((z,u),v),(z,w),zFyF 27 3 € Zy,u,v,w €Q.
There exist i, and k such that (z,y,z) € Bf and (u-v)a/ = w.
Then T in (1) of Q.
This completes the proof. [ |
4. The Main Results

Lemma 2. For every positive integer n = 1,5 (mod6), there exists an
LOTS(2n+ 2).

Proof. From (2] and [4], for n= 1,5 (mod 6), there exists an LMTS(2n+ 2)
and an LTTS(2n+ 2). Thus, there exists an LOTS(2n + 2). |

Lemma 3. For any integer u > 1, there exists an LOTS(2° + 2).

Proof. When u > 3 there existsaLMTS(2%+2) by [3]andaLTTS(2"+ 2) by
(5). Thus, we have LOTS(2* + 2). When u = 1,2, we have LOTS(4), LOTS(6)
by directly constructions (see [1]). |

Theorem 3. Forany v =0 orl (mod3), there exists an LOTS(v).

Proof. Letv =2%n+ 2, wheren= 1 or 5 (mod 6). If u = 0, by Theorem 1,
there exists an LOTS(v). If u > 2, there exists an LOTS(2* + 2) by Lemma 3.
Noticing that 2 > 3, thereby we have an LOTS(v) by Theorem 2. If u = 1, we
have known by Lemma 2.
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