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Abstract. A construction is given which uses PG;(d, ) and ¢ copies of AGy(d, g) to
construct designs having the parameters of PGy, (d + 1,g), where g is a prime power
andi <d-1.

Introduction

The main tools used in this paper are the projective and affine geometry designs
PGi(d,q) and AG;(d, g). Definitions, notation and results used in this paper, can
be found in Dembowski [2] or Hughes and Piper [3].

In [1] Assmus and van Lint use a construction due to R. J. Wilson which takes
acopy of PG(2,4) and 4 copies of AG(2,4) to construct 2-(85,21, 5) designs,
that is designs having the parameters of PG, (3,4). The construction works in
such a way that a specific collection of five points form an oval in the resulting
design. Further they mention that a copy of PG(2,3) together with 3 copies of
AG(2,3) can be used to construct 2-(40, 13,4) designs, that is designs having
the parameters of PG, (3,3).

In [4] Jungnickel uses a similar construction which takes a copy of AG4(d +
1,9) and a design having the parameters of PG4_1(d,q) to construct designs
having the parameters of PG4(d + 1,g). The resulting designs contain a copy
of AGy(d + 1, ¢) whose full automorphism group is known — Jungnickel uses
this to derive a lower bound for the number of non-isomorphic designs having the
parameters of PGq(d+ 1,¢q).

A general construction for designs with the parameters of PGi.1(d + 1,q),
using PGy(d, ) and AGy(d, ¢) as building blocks, might then give useful infor-
mation in the classification, enumeration and the structure of such designs.

The following construction uses a copy of a PG;(d, ) together with g copies
of AG(d, q) to construct designs with the parameters of PG;,1(d+ 1,q).

Construction
Denote the design PGi(d, g) by D, then Dy has the following parameters

=gl ky = T3t b = ¢(d,i,q9)

Tl=¢(d—1,i—1,0) X1=¢(d_2)£—2)q)
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where .
(¢! = 1(g¢ -1 ...(¢¢™ -1

dji,9) = : :
¢di0) = TR (G- D...(g- D
Let D2, D3, ..., Dy denote the g copies of AGi(d, g) then each of these designs
has the following parameters
w=¢ k=¢ bh=¢7¢d-1,i-1,9
rn=n M=\

Further, let IT denote the design to be constructed, then IT has the following pa-
rameters

vy = L5 ks = L
b3=¢(d+ 1)’.+an) TB=¢(d»i,q) >\3=¢(d—l,i—l,Q)

The point set P of IT consists of the union of the point sets of Dy, D3, ..., Dgs1,»

hence
d+l _ 1 d+2 __ 1

q d q9
= + =
14 =1 9(¢%) =1

.as required. The block set B of IT is constructed in three parts.

Part 1

The initial g24-2%¢(d — 1,1 — 1,¢g) blocks of IT are formed by joining together
a block from each of Dy, D3, ..., Dge1, and have ks = L=+ + g(g’) = £t
points incident with them. To construct these blocks, note that each of the designs.
D3,Ds, ..., D1 istesolvableinto 2 = ¢(d—1,i—1,q) parallel classes, each
of which contains £ = g4~ blocks.

Select a parallel class from each D2, Ds, ..., Dgs1 and g%~ blocks from D;.
Form blocks of IT by adjoining a block from each of the chosen parallel classes
with a block from D; in such a way that each block-pair from D, ,Ds,..., D+
or D, appear together exactly once in a block IT. For a given choice of parallel
class, a total of g2¢-2¢ of IT can be formed in this way. To see this, count the
total number of possible block-pairs. Subtract from this the number of block pairs
from a given design Dy, D2, ..., Dy then divide by the number of block pairs
required to form a block of IT.

14 404
(«Mzﬂl )—(g+ 1) (q;-‘) _ 2d-2i
&) I
2
Repeating this process for each of the ¢(d — 1,1 — 1,q) parallel classes of the

affine designs and using a different set of g%~ blocks of Dy for each choice of
parallel class yields a total of g¢-2¢¢(d — 1,5 — 1,4) blocks of IT.

Number of blocks of IT =
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Part 2

Now construct a further ¢(d, s+ 1, g) blocks of IT by constructing a design, Dgs2,
on the points D, . Dy, has the following parameters

v4=’:—_i'-=v1 ks = ";;-_1—

bs=¢(d,i+1,9) ma=¢(d-1,4,9) Ag=¢(d—2,i—1,9)
Part3
The remaining ¢%~*¢(d — 1,3, g) blocks of IT are constructed as follows. Con-
struct a design having the parameters of AG.1(d, g) on each of the point sets of

D,,Ds3,..., D, denote these designs by Dy+3,Dgsa, ..., D2ge2, €ach of these
designs has the following parameters

vs=¢  ks=g¢"  bs=¢*9(d=1,i,q) rs=rs  As=)g

Each of the designs Dy.3, Dgs4, ..., D242, is resolvable into ¢(d— 1, 1, g) paral-

lel classes, each of which comams q“"’" blocks. A bijection from the remaining
#(d — 1,1,q) blocks of D; onto the parallel classes of Dy43,Dge4,...,Dage2
gives blocks of the required size. The total number of blocks of IT whzch have
been constructed is

PU2P(d—1,i—1,q) + ¢(d,i+ 1,9) + ¢*¢(d — 1,4, q)
=¢(d+1,i+ 1,9) = bs, as required.

Further each block has £-=1 = k3 points incident with it.

If IT is a design with the parameters of PGy,1(d+ 1, q) then each point should
be incident with r3 = (d, 1, ¢) blocks and every pair of points should appear \3 =
¢(d—1,i—1,q) times.

For lhe replication number, r, we consider two cases:

1. The points of D;,Ds,...,Dy1. Each point of these designs appears on
¢(d—-1,i—1,g) = r; blocks of the design. Further each of the blocks
appear as part of ¢** blocks of IT in the first part of the construction. The
points of D, , D3, ..., Dy also appear on ¢(d — 1,1, g) blocks of IT in the
last part of the construction.

T3 = qd_‘¢(d_ ln"— 1,9) + ¢(d— lni19) = ¢(d»‘,9) asrequired.

2. The points of D;. Each of these points appears on v, = ¢(d — 1,5 —
1,4) blocks of D;. Each of these blocks appears as part of g%~* blocks of
IT in either the first or last part of the construction. Further each point of
D, appears on 74 = ¢(d — 1,1, q) blocks of IT when the design D, is
constructed.

r3 = ¢ ¢(d—1,i—1,9) + ¢(d— 1,4,q) = ¢(d, ,q) as required.

91



For ). we need to consider four cases.

1. A pair of points from the same affine geometry. Each pair of points ap-
pear on Ay = $(d — 2,i — 2,q) blocks of one of D3, ..., Dg+1- Each
of these blocks appears as part of g¢~* blocks of II. Further each pair
of points appear together on As = ¢(d — 2,1 — 1,¢) blocks of one of
Dq+3,Dq+4,...,qu+2.

M =g ip(d—2,i—2,q) + $(d—2,i—1,9)
=¢(d—1,i-1,q) as required.

2. A pair of points from distinct D3, ..., Dg+1. Each pair of points appear once
per choice of parallel class, in the first part of the construction. Further such
pairs do not occur again.

A3 = ¢(d—1,i —1,q) as required.

3. A pair of points from D;. Such pairs appear on ¢(d — 2,i — 2,9) = A
blocks of D;. Each of these blocks appear as part of g¢~* blocks of IT.
Further each pair of points from D; appears A4 = ¢(d —2,i — 1,¢) time
in the design Dg..2.

M =gti(d—2,i-2,9) + $(d—2,i—1,9)
= ¢(d—1,i—1,q) as required.

4. A pair of points, one from an affine gcometry, the other from the projective
geometry. In the first part of the construction each block, and therefore
each point of the affine geometries appears with q4-* distinct blocks of D,
for each choice of parallel class.

In the designs Dge3,Dgsa,. .., D2gs2 €ach point D3, Ds, ..., Dgs1 ap-
pears once with each of the remaining blocks of D;. Hence each pair

appears
r = X3 = ¢§(d—1,i—1,q) as required.

Hence IT is indeed a design having the parameters of PG;+1(d+ 1,9).
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