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ABSTRACT. Let G be a graph and £(G) be the number of tri-
angles in G. Define G, to be the set of all graphs on n vertices
that do not contain a wheel and ¢, = max{t(G): G € Gn}.
T. Gallai conjectured that t, < [L‘;J In this note we describe
a graph on n vertices that contains no wheel and has at least
"—?ﬂ — 3 triangles.

In this note, we use V(G) and E(G)'to denote the vertex set and edge
set of a graph G. A graph W is a wheel if V(W) = V(C) U {v} where C
is a cycle and v is adjacent to every vertex of C. Let G, be the set of all
graphs on n vertices that do not contain a wheel. We define ¢(G) to be the
number of triangles, i.e. K3’, in G and

tn = max{t(G): G € G,}.

In [1], P. Erdés posed a conjecture of T. Gallai:
Conjecture: t, < "T’.
The main aim of this note is to describe a class of graphs that shows

n2+n

tn > -3

The smallest counter example to Gallai’s conjecture is the graph Gy in
Figure 1, where V(G7) = {0,1,...,6} and E(G7) = {(3,i + k): 0 < i <
6,k = 1,2}, and the addition is taken modulo 7. It can be shown that G,
is the only graph in Gy that contains 7 triangles.
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Figure 1

For larger counter examples, we construct graph G, that contains many
copies of G7. First we assume that » is odd, then for some integer r and
—2<k<1l,n=8r+2k+1,let

V(G) = {a,bi,ci, di, €, fj,95: 1 <i<r,1<j <2r+k}and
E(G) = {(a'! bt')’ (av ci)! (a! d‘)r (av ei)1 (bl's cl')y (cir d,), (dh ei)) (fjs gj)s (bi: fj)y
(b, 95), (ciy £3), (dis 95), (s, f5), (€4, 95), : 1 £ i< 1 < j < 2r 4k}
Similarly, if n is even, then n = 8r + 2k + 2 for some integer r and
~2 < k <1 and we define
V(G) = {a’bi:ciadiaei,fjsgjsh: 1< 1< 7‘,1 SJ < 2T+k} and
E(G) = {(a’) bJ)? (al Cj), (a’ dj)) (a) Cj), (bjo cj): (cjs dJ)a (du ei)» (fjv gj)i

(bii fj)’ (bis gj)’ (Ci, fj)v (dh gj)’ (6{, fj)’ (8{, gj)v (h) fj)’
(hg;):1<i<r1<]<2r+k).

Gg and Gy are shown in Figure 2.

To show that G, has the desired properties, we first state a simple ob-
servation as a lemma:

Lemma 1. A graph G contains no wheel if and only if for every vertex v
in G, there is no cycle in N(v), where N(v) is the subgraph of G induced
by the neighbors of v. a
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Figure 2

For a graph G and a vertex v of G, we define {(v) to be the number of
triangles in G that contain v. It is easy to see that t(v) = |E(N(v))| and

t(G) = % ZUGG t(”)-

Theorem 2. G, contains no wheel and for -3 < p <4, and r > 1, if
n = 8r +p, then t(G,) = "z%‘ﬁ, where c_3 = ¢3 = —6, c_3 = —18,
c-1=0,c0=-8,¢) = -2, c3 =c4 = —-12.

Proof: For each vertex of G, we will show that N(v) does not contain a
cycle and count the number of edges in N(v). By symmetry, we only need
to do this for v € {a, by, dy, f1}, if n is odd; and for v € {a,by,dy, f1,h} if
n is even.

Suppose n is odd and n = 87+2k+1, -2 < k < 1. We list the information
describing the neighborhoods of specified vertices in the following table,
where i is any integer such that 1 < i < r and j is any integer such that
1<j<2r+k.

v | V(N(v)) - E(N(v)) t(v)
a bia G, dl"ei (b.', Cg), (ci’di)a (dl'sei) 3r
bl Q, Cy, fj:gj (a:cl):(clvfj)$ (ijgj) 47‘+2k+1
di | a,c, €1,9; (a,C1),(a, 1), (elvgj) 2r+k+2
Si | gubiscisei | (bi,91), (Bi, i), (€5, 91) 3r

It is easy to see that N(v) does not contain any cycles for every v €
{a,b1,dy, f1}. Therefore, G,, does not contain a wheel according to Lemma
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1 and
HCn) = %[31' + 2r(4r + 2K + 1) + 2r(2r + k + 2) + 2(2r + k)3r]
= %[241'2 +12rk +9r] =8r2 + 4rk + 3r = %(nz +n —4k? — 6k — 2).

This gives the values of ¢(Gn) when n is odd.
The case when n is even can be dealt with in exactly the same way and
the details are left to the reader. a
Theorem 2 gives tn > “—’g:’—" — 3 for all values of n. We believe that
th = -"g- + O(n) but at this time, only the trivial upper bound ¢,, < ”’6‘ n
is known.

Theorem 8. If G is a graph on n vertices and contains no wheel, then
2
i(G) < 252

Proof: Let the vertex set of G be {v1,,... ,%n}. Since G contains no
wheel, N(v;) is a forest for all 1.
Thus we have

n
3t(G) = Z number of triangles in G that contain v;

i=1

<Y law) - 1]
i
= 2E(G)| —n.

For every graph G in G, from [1] it is known that |E(G)| < 1‘#, giving

t(G)s%(

n24+n n _n2—n
=5
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