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ABSTRACT. We consider a linear model for the comparison V >
2 treatments (or one treatment at V levels) in a completely ran-
domized statistical setup, making r (the replication number)
observations per treatment level in the presence of K contin-
uous covariates with values on the K-cube. The main inter-
est is restricted to cyclic designs characterized by the property
that the allocation matrix of each treatment level is obtained
through cyclic permutation of the columns of the allocation ma-
trix of the first treatment level. The D-optimality criterion is
used for estimating all the parameters of this model.

By studying the nonperiodic autocorrelation function of cir-
culant matrices, we develop an exhaustive algorithm for con-
structing D-optimal cyclic designs with even replication num-
ber. We apply this algorithm for » = 4, 16 £ V < 24,
N=rV =0 mod4,forr=6,12<V <24, N=rV =0mod
4,forr =6,V =m-n, mis a prime, N =rV =2 mod 4 and
the corresponding cyclic designs are given.
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1 Introduction
Let D(r,V) be the set of all 7V x 2V “design matrices” X, where

I, B}
I, B}
I, B:

(see (2.21) in J.L.Troya [11]), and B}, B3,...,B; be V x V circulant ma-
trices with entries in {1,+1}. Here I, is the identity matrix of order n.

Such matrices X arise in linear cyclic covariate models, as defined by
J.L. Troya [12], for situations where our interest is in the joint estimation of
regression coefficients (covariates) in addition to the estimation of treatment
contrasts. Also, we consider the case where the values of the covariates are
not fixed but are to be chosen by the experimenter. Situations in which the
values of covariates are not under experimenter’s control (i.e. are fixed) are
considered by Haggstrom [4], Harville [5] and Wu [17].

More precisely, consider a linear model for comparing V' > 2 treatments
(or one treatment at V levels) in a completely randomized statistical setup,
making r observations per treatment level (equireplicate design) and it
is known that in each experimental unit K continuous covariates can be
observed, each of them assuming values on a bounded interval. For example,
the score of a subject in a preliminary psychological test can be used as
a covariate; characteristics such as sex or previous surgery or diseases in
medical studies, might be considered as binary covariates, if the effect of
a certain drug or a comparison among different drugs to treat the same
disease is under study. Also, in the same medical study age, for instance,
might be considered a continuous covariate. For this model see J.L. Troya
[11).

When K =V, J.L. Troya [12] defined a subclass of these equireplicated
designs, the “cyclic” ones, characterized by the property that the allocation
matrix of each treatment level is obtained through cyclic permutation of
the columns of the allocation matrix of the first treatment level. For more
information regarding covariate models we refer to Harville [6], J.L. Troya
[11], [12], Kurotska and Wierich [10], Kurotska [7], [8], [9], Wierich [13], [14],
[15], (16], Chadjiconstantinidis and Moyssiadis [3], Chadjiconstantinidis and
Chadjipadelis [1], [2].

Next, suppose rank (X) = 2V. Then, the vector of regression coef-
ficients and treatment contrasts is estimable, with variance proportional
to (XTX)~!, where AT denotes the transpose of the matrix A. In this
paper, we consider the D-optimality criterion for estimating this vector,
i.e. we are interested in finding a X* € D(r,V) which minimizes logdet



(M ;1), or equivalently maximizes the determinant of the “information ma-
trix” M = XTX over all X € D(r,V). Such a design matrix X is called
D-optimal cyclic design.

Note that,

M

— [Mu M,
ML, My|-

where

r r r
My=rl, Mp=) B;j, Mp=) B;TB}=) B;B;T
j=1 j=1 i=1

(since Bj is circulant).

J.L. Troya [11] has shown that for a D-optimal design (for the estimation
of all parameters), the values of the covariates must be 1. For this reason
we take the Bj}’s to have entries in {—1,+1}, since these matrices contain
the values of the covariates. She also gave the maximum value for the
determinant of the information matrix M for all the 2V parameters for an
equireplicate design. From table 1 in J.L. Troya [11] and for K = V we

have

det(M)s{r:'N”’ ifN =0 mod4,7=0 mod 2 (1)
C | YN =2)*"}Y(N+2V -2), if N=2 mod4,r=2 mod 4 (2)
Here N = rV is the total number of observations and r is the common

replication number,

In section 2, by studying the nonperiodic autocorellation function of cir-
culant matrices we give a construction method of D-optimal cyclic designs
for the case N =7V =0 mod 4, =0 mod 2.

In section 3, using again the nonperiodic autocorellation function of cir-
culant matrices, we give a construction method of D-optimal cyclic designs
when N =7V =2 mod 4,r =2 mod 4 and V is not a prime, i.e. V =mn,
m,n > 1.

In section 4, we describe an exhaustive algorithm, based on the results
of sections 2 and 3, for constructing D-optimal cyclic designs with even
replication number. We apply this algorithm for » = 4, 16 < V < 24,
N=rV=0mod4;r=6,12<V <24, N=rV =0 mod 4 and r = 6,
V = 9,15. The corresponding cyclic designs are also given in Tables 1, 2
and 3.



2 D-optimal Cyclic Designs For N=rV =0 mod 4, r=0 mod 2
The equality in (1) is attained, for instance, by designs satisfying

> B;BjT =rVI, (3)
and
Y Bi=@ (4)
j=1

where Q denotes the V x V matrix of zeros.

Designs satisfying (3) and (4) are referred to as designs attaining the
“Hadamard upper bound” (H.u.b).

Let the sequence B; = {b;1,...,b;u} of length V, consisting of the ele-
ments of the first row of the V' x V circulant matrix B}, j =1,...,r, with
bjy==%1,i=1,...,V.

The nonperiodic autocorrelation function Np;(s) is defined as

Np;(s) =Y bjibjirs,  5=0,1,...,V—1; j=12,...,r
i=1
and the polynomial associated with the sequence Bj; is
Bj(2)= j1+b_,-2z+...bj,,z”"l, j=1,2,...,'l‘.
Then, for every z # 0

B,(2)B; (z-‘)-ZNB,<0)+Z [ZNB,(sH (ZNB,(V s>) ](5)

s=1 | j=1

Theorem 1. Suppose there exists a cyclic design attaining the H.u.b.
Then

S Bi(2)Bj(z ™) =m0, Vz"=1 (6)
i=1
and
i Bj(z) =0, Vz. (7)
j=1



Proof: Let there exists a cyclic design attaining the H.u.b. Then, the
relations (3) and (4) are equivalent to

Xr:NBj(O)=rV, ifs=0 (8)
zr:(NBj(s)+NB,.(V—s))=0, ifl<s<V-1 9)
=1
and
zr:B,- = {0,0,...,0}. (10)
J=1

Let z¥ = 1. Then, from (5) we have

s=1 | j=1

Z Bj;(z)Bj(z~!) = ZNB’(O) + Z I:Z(Ngj(s) + Np,;(V -3))| 2
= rV (from (8) and (9)).
Also

> Bj(2) = Z(Zb,,) =0 (from (10)).
J=1

3=1 \i=1

O

For every given sequence B; = {b;1,...,bju}, 7 =1,2,...,r and for some
m € {2,3,...,v} we define the m subsequences Bj;, i =1,2,...,m, where

Vi
‘Bj" = {bji' bj.i+m: v 1bj,i+s‘m}7 8 = [ 7’] ’ i= 11 21 ey M

with associated polynomials

83

Bji(z) = Z bj,i+pm2’, i=1,...,r; i=1,...,m.
p=i modm _

Then
Bj(z) = Bj1(z™) + 2Bj2(2™) + - - - + 2™ Bjm(z™)

or

Bj(z) = izi_lBji(zm), i=1,...,r (11)
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(b) Nc,'.,. (8) = 2:’;_16 ngij'5+,'m, _1 = 1, ceey T

Then, for the given m € {2,8,...,V},

D Neu©) =33 im =1V, (16)
Jj=1

j=1i=1

D (Neyn () + Ney (m—8)) =0, s=1,2,...,[m/2, (17)
J=1

.
Y cim=0, Vi=1,2,...,m. (18)
j=1

Proof: Let there exists a cyclic design attaining the H.ub. Then, the
relations (13)-(15) are valid. By setting z = 1, then Bji(1) = cjim and
(13)-(15) become

izr:c;ﬁ-m=rv, me{23,...,V}

i=1 j=1
m—s r : s T
z: Z CjimCj i+s,m + Z Z Cj,i+m—s,mCjim = 0, s=1, 2, ceey [m/2]
i=1 j=1 i=1 j=1
r
D ciim=0, Vi=12...,m
Jj=1
which are the relations (16), (17) and (18) respectively. (]

Also, it holds
Cjim = Cji,2am + Cj itm,2m, i=1, 2, ce., . (19)

Using theorem 3 we developed an algorithm, given in section 4, for con-
structing D-optimal cyclic designs attaining the H.u.b. We applied this
algorithm for r =4, 16 <V <24, V # 7 mod 8 and for all decomposi-
tions of 4V into four squares having zero sum (see table 1), as well as for
r=6,12<V <24,V #2 mod 4 and for all decompositions of 6V into
six squares having zero sum (see table 2). Chadjiconstantinidis and Chad-
jipadelis [1], [2] have proved the non-existence of cyclic designs attaining
the Hub. whenr =4,V =7 mod8andr=6, V=2 mod 4.

Remark 1: Let

(20)

X.=[Iu L 1, Iv]T

B" BT ByT BT



be a cyclic design matrix attaining the H.u.b. Then, for » = 0 mod 4,
ie. r=4A A€ Z, X > 1, we can construct a cyclic design matrix X**
attaining the H.u.b. by taking

X** = [X*TX*T o X*T]T

«—A—times —

Hence, from table 1 we can construct cyclic designs attaining the H.u.b.
for =0 mod 4.

Chadjiconstantinidis and Chadjipadelis [1] constructed cyclic designs at-
taining the Hub. for (i) » = 0 mod 4, V < 15 (ii) » = 0 mod 4,
V = 28.10% - 26° a,b,c are non-negative integers, (iii) N = 4r for ev-
ery r =0 mod 2. J. Lopes Troya [12] constructed cyclic designs attaining
the H.au.b. for r=4and V =4,5,6.

Remark 2: Let X7 be a cyclic design matrix attaining the H.u.b. with
replication number equals to 6. Forr =4A+2, A € Z, A > 1, we can
construct a cyclic design matrix X}* attaining the H.u.b. by taking

X3t = [X{TXT . XT|T

—(A~1)—times —

where X* is given by (20). Hence, from table 2, and using table 1, we can
construct cyclic designs attaining the H.u.b. for r =2 mod 4.

The case r = 2, N = 2V = 0 mod 4 has examined extensively by
J.L Troya [12] and Chadjiconstantinidis and Chadjipadelis [2]. They also
constructed cyclic designs attaining the Hu.b. forr=2 mod 4, r > 6 and
V =4,8,12.

3 D-optimal Cyclic Designs For N=rV =2 mod 4, r=2 mod 4
The equality in (2) is attained, for instance, by designs

> B;BT = (rV - 2)L, +2J, - (2)
Jj=1
and
S Bj=Q (22)
j=1

where J,, denotes the n x n matrix of ones.

Designs satisfying (21) and (22) are referred to as cyclic designs attaining
the “r even upper bound” (r.e.u.b.)

10



Theorem 4. Suppose there exists a cyclic design attaining the r.e.u.b.
Then

r y_JV(r+2)-2, ifz=1 (23a)
;Bj(z)Bj(z = {rV -2, ifzr=1, z+#1 (23b)
and
Y Bj(z)=0, V. @)
J=1

Proof: Let there exists a cyclic design attaining the r.e.u.b. Then, the
relations (21) and (22) are equivalent to

Xr:NBj(O)=rV, ifs=0 (25)
j=1

N5, ()+ Na,(V =) =2, if1<s<sV-1 (20

s
and
;B,:{o,o,...,oy (@7)
Let z = 1. Then, from (5) we have
Z Bj(2)B;(z7") = Z Np,(0) + :i:?r:(Ns, (s) + Npg;(V - 9))

= rV +2(V-1) (from (25) and (26)).

Let 2 # 1 and 2¥ = 1. Then, again from (5) we have
T r v—1 r
Y Bi(2)Bi(z7) = Y N5, (0)+ 3 | S (N, (s) + N, (V - 5)) | 2
=1 J=1 s=1 | j=1

=rV +2 Z z° (from (25) and (26))

=rV -2
Finally, the relation (24) follows directly from (27). O

11



Using the relation (12) and the previous theorem we obtain the following:

Theorem 5. Suppose there exists a cyclic design attaining the r.e.u.b., and
let By, Bs, ..., By be the corresponding sequences of lengthV =m-n=1
mod 2, where m,n > 1 and m is a prime. Let also

(a)

Cjim = Z bjp: j=1,2,...,7‘

p=i modm

ij = {cjlms Ci2my .. ’cjmm}
for some given m.
(b) Nij (3) Z‘—l CjimCji+a,m, j = 1’ 21 ceeyTe

Then, for the given m,

r r m
v
Zchm(O)=ZZc§im=rV+2n—2, n=— (28)
j=1 j=1li=1
A m-—1
> (Neju(s)+ Ng,(m—s)) =2n, s=1,2,..., ——) (29)
=1
r
Y ciim=0, Vi=12,...,m. (30)
Proof: For every given sequence B; = {b;1,...,bjv}, 7 = 1,2,...,r and
for a given m we define the m subsequences Bj;, i = 1,2,...,m, where

V-1

Bj,’ = {bjg, bj,i+m: . abj,i+a.-m}, 8= [ ] y 1= 1,2, . ,m.

Suppose there exists a cyclic design attaining the r.e.u.b. Then, the rela-
tions (23a), (23b) and (24) are valid.

Let 2™ =1, 2 # 1 for the given m. Then 2¥ = 1 and since Bji(1) = ¢jim,
z7# = 2™~#, the relation (23b) with the help of (12) becomes

m r m~1|m—s r
2
2D Gim+ D | 20D Giimiitam + Z Z CjimCjitm—sm| 2 ©

i=1 j=1 #=1 | i=1 j=1 i=1 j=1
=rV -2, s=1,2,....m-1

12
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4 The Algorithm

In this section we describe an algorithm, based on Theorems 3 and 5, for
the construction of cyclic designs attaining the H.u.b. and the r.e.u.b.

Since it is difficult to find directly the values by, ..., b1y; b21,...,b20;...;
br1, ..., bry Of the sequences By, Bz,..., By respectively, we find the values
of integers

Cllmy -« +2Clmm;C2lm, - -+, C2mm; + - - 3 Crlm,y - - -, Grmm

as defined from relations (a) in Theorems 3 and 5.
Step 1. Given r and V find all the integer solutions of the system (33):

V=), ifN=rV=0mod4, r=0 mod?2
=1 '

V(r+2)-2=) ¢, i{N=rV=2 mod4, r=2 mod4
i=1

r
chu =0

i=1
CjuEV m0d2, Vj=1,...,1‘
Ci11 2 ¢€211 2 - 2 Cr11 (33)

If the system (33) has no solution, then stop; otherwise go to step 2.
Step 2. For every solution c111,¢211,...,¢11 and a given m, with

me {2,3,...,V}, ifN=7rV =0 mod4, r=0 mod 2
m=V/n, misaprime, ifN=rV=2 mod4, r=2 mod4

find ci1m, - ., Clmm; C21m, - - -, C2mmi - - - Crim, - - - » Crmm Satisfying
(i) cj11 =cjim + - + Cimm, Vi=1,...,7r
(ii) C1im, C2im, - - - »Crim are all odd (even) if [Y=1] +1 is odd (even),

t=1...,m

(iii) Jesiml <€ [EE]+1, Vi=1,...,1; i=1...,m

m

(iv) X5 i c?im
_ v fN=r¥V=0 mod4, r=
T )rV+2n-2, ifN=rV=2 mod4, r=2 mod4,

(v) Z;=10jim=0, Vi=1,...,m

14



(vi) Xi-1(Ney. (8) + Ng,.(m - 3))
0, fN=rV=0 mod4, r=0 mod?2
2n, if N=rV=2 mod4, r=2 mod 4, s=1,...,[m/2

where
m—s

NC,-,,. (3) = E CjimCy i+s,m and ij = {lem, ceey cjmm}, J = 1, ceey T
i=1

If for this given m, the requirements (i)-(vi) do not satisfied, then stop;
otherwise go to step 3.

Step 3.

() For N=rV =0 mod 4, r =0 mod 2, let m; = 2m,_ 1,t—23
with m; = m (i.e. m, —2‘“ m).

Then for ¢ = 2 and for every

Clime_1r++1Clmy_1me_11C2Imy_y5- -+

C2my_yme—y3---3Crime_y1r-++3 Crme_y1me
found in step 2, find
(i) C1imes -+ Clmeme: C2lmes -+« + s C2memye; -+ -  Crlmygs - - - » Crmem, Satisfying:
(i1) relétions (ii), (iii) in step 2 (setting m, instead of m)
(i2) Cjime—y = Cjime + Citmecr,me> i=1l...,r i=1,...,m_,
(i3) relations (iv)-(vi) in step 2 (setting m, instead of m).
If there are no such solutions c;;m, , then stop; otherwise for every solution
cjim, Tepeat the steps (il)-(i3) in step 3 (a) (i) by augmenting ¢, i.e. taking
t =3,4,... until my < V. If for each ¢, such that m; < V, there are no

solutions cjim,, then stop; otherwise go to step 4(a).

(b) f N=rV =2 mod 4, r =2 mod 4, then for every

Clims - -+ 1 Clmm 1 C21ms -+« s C2mmi « + - 3 Crlmy + « - s Crmm

found in step 2, find

Ciinms+-+sClinmnmiC2lnmy -+ .y

C2nm,am;---1Crl,nms - - > Crnmnms n= 'v/'m'

satisfying relations (ii)-(vi) in step 2, setting nm instead of m.

15
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Table 1

D-optimal cyclic designs attaining the Hou.b. for r =0 med 4,

16 < V < 24. The sequences By, Bz, B3, By are given (+ stands for +1 and

— stands for —1).

V=16
@

(i)
(i)

V=17
)

(i)

V=17
®

(in)

V=18

V=18
@

(i)

V=19
6]

(ii)
(iii)
(iv)

V=20
@

(i)
(iif)
(iv)

V)

4V =42 42 4 (—4)2 + (—4)?
{+—+4-4-4--+++++}
{-++—-+--++-+}
{+—-+-+++-++++-+}
{4ttt}
{++++t-tt++-+}
{-+-—++-+++--}

{+++—t+ttt+}
O s
{++++—tttttt}
{4ttt}
{+++-+++++—t+-}
{-+t-t-tt+}

4V =72 4 (=1)? +(=3)* + (-3)?

{-+4+-++++++—t-+++}
{-+ et}
{4ttt}
{+—tt-teeett-+}

4V =52 + 32 4 (=3)? + (-5)?
{+-++++++tt+-+-+}
{-++--—ttt++}
{+++++++-t+++}
{-+-—tt++—t+)}

4V =62 40+ 0 - (~6)2
{+++++-tt bttt}
{+-t-ttt+tt++}
4V =62 + 22 + (—4)% + (-4)?
{++—-+++++++ttt)
{-+++-+—-t--++}
{++-+++++-t+-t++-t++}
{=++-t-tt-t4-}

{+—++-++++-+--}
{+-+—tt-t++}
{-+++-+t+—tt++}
{—+~+++++-+-}

{(+—+++++++++}
{-++——tt-++-}
{-+-++t -ttt}
(-ttt}

e Rt S |
{~+——t+++—+}

{+++—++t-t+++-}
{~+—+-++-++-+}
{+H+—++++ttt-}
{(—++—t-++++}

4V =7 4 (-1)% + (-1)2 + (-5)®

{+++-++—t+-++-t+-+++}
{—+-t+-—++++++}
{+++++-+++++-+-++}
{4+t t++-+-++-}
{+++++-t-t+-t++-++-}
{-met bttt ottt}
{++++-t-++ttttt++}

{¢411¢1 11_1_}
LI A DA Rl B | LI R |

4V =62 4+ 22 + (-2)2 4 (—6)?
{+-+-+-++t-t -ttt}
{-+--+4ttt-t-t-t}
{+-++-+++-+++++++---)
{-+-—++tt—ttt+}
{+=-++—F+++-+-+++++}
{+++4- 4ttt}
{4t}
{-+++-+4t bt}
{+++-++++-+++++--+}
{4}

4V =72 412 4 (-3)2 + (-5)?

17

{-—+++++t+-t+-}
{++4—tttt-}
{---+++++-+-—+-+--i|-}

B T T |
LINENE L D |

bt}
{++-- F++--)
{-—+++-t+++—++-}
e o e L 1

+++

{+-++-t++tt -t}
{-++——ttt+t}
{+-++++t-tt-t+-+}
{-+——t-ttt+}
{-+++-++++++—++}
{-+Atteeet -t}
{(+++F+++++t-t--}
{-——++-—t-4-++}
{(+++—t+t+-++++}
(-t}

No Solution



V=22
@

(ii)
(iii)

4V =82 4 (=2)% + (-2)? + (-4)?
{++-+++—t++++t++++}
{+++—t+++——t++}
{+++++—+—++++++-+++)
{+++-++++t—t—t+-}
{++-+++—t—++++-+++++-}
{++—t+-++—++++}

L et S S T
{-Ateet bttt}

<+ +tot beded ot}
T ™= LEaie Et B B A |

{——++-+t++—t——t}
{-+++-+++++tt—}
{-+—++-t—t -ttt}

(iv)  {++++tt bttt}
{—++-—tt+t+ttttet}

}-+-——--+--++-+-+—++++i}

V =23 No Solution
V=24 4V =8240+4(-4)2 +(—4)2
() (-ttt}
{+++4—t—t—tt—t+}
(i) A+ttt )
{(++-+—++tt—tt+—-}
(i) (-ttt}
{-+-+-+-+—-++—t+++-+}
(iv)  {++—++++t+-tt )
{-++++—+++++4—-—-}

{-++-+--t-t+t-+tt-t-t--}
o S B B S o
{~+-++—t+ttt+ttt—+t}
{-rtmeeet -}
{-++H—ttt -ttt}
{+—t-+++tmtttt-}
s S e O D
{4+ttt bttt}

Table 2

D-optimal cyclic designs attaining the Hou.b. for r = 2 mod 4, r > 6,

12 < V < 24. The sequences By, Bs, B3, By, Bs, Bg are given (+ stands for
+1 and — stands for —1).

V=12 6V=6240+040+0+(-6)2
B {++-++tH+ ()
{~++---t-t++} {-+++++---+}
{+-+-4+-++—-} {-++—---+--}
(1)  {++-++trtt} ()
{-+++4++—--+-} {+-++-+-—-++}
{~+—-++++-+-} {-++——+-~}

(iii)

(iv)

)

{++-++++-+++}

{~+++-+—++}
{—4-t-+++--+}

{++-+++++-++}

{~++-t-t+++}

{+-++++-+-}
{+--—t+-+-+++}
{-++—mt}

{4ttt}
{++--i-—-|----l}-+}

[ I S B I T |
LI it N i }

{++-++t+-+++}

{—++—+-+++}
{++--A-++--+}

{+-+++++-----}
{-++-+-+++-}
{-tette}
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V=12
()

(i)

(iii)

(iv)

v

V=12
@

(i)

(ii)

@iv)

v

V=14
V=16
()

(i)

(iii)

V=16
®

(i)

8V = 62 422 40 + 0 + (—4)2 + (—4)2

{++-++++-+++}
{~++++++}
{+++-—-t--}
{++-+++++-++}
{-+-++—++-+}
{~+—-+++-—}
{++-++t++-+++}
{-++++—++}
{(—+—+++-}
{++-+++++-++}
{-+++-+—++}
{++-t+—-}
{++-++++-+++}
{—++++++}
{++—+-—+}

{4+--+t++++-4}
{—+++++—+}
{-+-+-+-+}
{++++--+—++}
{++-++—t+-}
{-~-—+++-+}
{++-++-+-+—-+}
{+—+t-t+++}
{--+++—+—}
{(+--+++++-+}
{-+++++-—+}
{-+——t++}
{++-+++++—}
{--+--+++++}
{-+++-+}

8V =42 +42 + 22 4 (-2)? + (—4)% + (-4)?

{++-+-+++++}
{~+=++++++-}
{-+-++-+-}
{++-+-+++-++}
{~+—++++++-}
{-+++-—-—+}
{++-++-++-+-+}
{++++—+-++}
{-+-—-+-++-}
{++-+—++-+++}
{-+4+-+-t++-}
{+-+-+—--—+}
{++-++++-+-+}
{~++-—+++++}
{(++-+-—-+}

No Solution

{+-++++—-t+++}
{(+++-+—+—}
{--++—+—+}
{+-++++—+++}
{+-+-+—-++—}
{-+—+—+-+}
{+—-+++4+—+++}
{--t+-t+-+++-}
{--+-++—-+}
{(+--+++++++}
{--+++-+}
{-++--+-4--}
{(+--++-+-++++}
{-+++++—-}
{-+--+-++--}

6V =82 4 0+ 040+ (—4)% + (—4)?

{++++-++ttt)
{--ttttttt+)

{-+-H+teeteeet-}

{++++-++- -4}
{-+++-++mtt-+}

R

{+—++++++-++4~}++}

TS N T i
™=t T

{+-+++=t-—+-}

19

{-4=ttteet 4}
{++++-t -t}
{+-+-++—t-t}
{-+=--tttttt+}
{+-4-—t++++-4--}
{-+--+t--t-t+---}
{-+-dt -ttt}
{Fteetb et}
{--t+t+++---}
8V =82 422 4 (~2)% +(~2)% +(-2)% +(-4)?
{++++++++++++}
{-+-—-t-tt++-+}
{++++—t—++}
{+++++++-+++++}
{-+-+t -ttt}
{+-+—tt+++}

{+—++-++—++++}
{-++-+--+—++-+}
{-4+--ttt-t-—}
{+—-+++++--+++}
{-++++-—-4—-+-+}
{-++-—-+++-+-—-}



V=16
()

(i)
(iii)

V =16
@

(iD)

V=18
V=20
@

(i)

V=20
®

(i)

V=20
()

(i)

V=20
(®

(i)

8V =62 442 4+ 0+ (~2)? + (—2)2 + (—6)2

{+++t=t+-t++-++}
{—t+tttt-t+}
{+++t=t—t-+}
{++++-t+-t++-++}
{-+-++-++--t++}
{-++—+++++-—}
{++++++++++--+}
{-+-++-+4-t++}
{-+-~—ttt-tt++}

{+-+tttttt+t++}
{4t +++—t-}
{1}
{+-tt-—t—ttt++}

{+-+-+++-+++++}
{+++++-4+——+}
{--+++—t-+-}

8V =42 142 4+ 42 4 (~4)2 + (—4)% +(—4)*

{++++--t+tt+t+}
{-++++++-tt++}
{44ttt}

{++++—t-t+++++}
{-+++++-t++++-+-}

{++—++++-t+++}
{-—++-+—t—t-+}
{+++-—t—t—-+}
{++—+++—++——t++}
{-+—+-—+++-+}

{+-++-t-t-t--}

No Solution
8V =

{~+-t+-++-++++--}
{++++-t -ttt}

{++++t ettt}

{+-++++--tmett+-}
(-ttt}

{—++—++++--}

102+ (-2)% +(=2)? + (=2)” + (-2)* +(-2)?
{+++++++—+++H-+++4-}

[l Iy e ode e oo o
T ||| T rTTS

{-+++-++At+}
{-++-++—tt-—t—t-+}

{+—-++-t-A—t+++}

(-ttt}
{—+—+++-+-+++-—+}

8V =82422+0+0+4(—4)% + (—6)2

{+++—-t++—-ttt-tt+)
{~-+++++--tt+—t+-+}
{~+++-t-t-tt+—+—}
{+++-+++—++—t++++}
{~++++++ttt}
{~+++-+++++—-}

{+—ttttett )
(-ttt}

L4 Lot 1}
L | LIRS N L)

{+—++ttt-ttt++-}
{-++++—ttte-tt-t-)
(-ttt}

8V =82 +22 4 22 4+ (—4)% + (—4)% +(-4)?

{+++-F+++-+++=+++++}
{~++—++++-+++++}
{-++++-tet -t}
{+++-t -ttt 44}
{~+~+-t-t-t-tt++-++}
{-+4-t—tttt -}
8V =62 462 4 (—2)2 +(-2)2 +
{4+ttt +++~++++-}

llJ_LJ_nll I
T

lJl L4
T llllTT

{+tt-ttttt bbb}
{Hmet bttt}
{-+-t++ttt—tt--t}

{+-+-+-+++-—+-++++-}
{++—++-+++-—+}
{++++++——+++}
{—++-+-t++++--—}
{(++++—+—+—++}
(-2)? + (-6)?
{+++++++t+++++}
e e S e
{-++-+-t-ttteeee}
{+-+-+++-++-tt++++)
{-++++-t—t -t}

{-tmm et}




V=20
)

(i)

V=22

V=24
®

(i)

V=24
)

(i)

V=24
0]

(i)

V=24
®

(i)

V=24
)

(i)

8V =62+ 62 + 0+ (—4)? + (-4)% + (-4)*

{+++-tttt bttt} (bbb )
{—+++-+++++++-} {+++—+—++—++}
{-+++-++++—+—-} {-++—++t—t+—+}
{+++-t+tttt—t+++} (-ttt}
{+++++——t-++++} {+++—++++—+—}
{—At-+++t+-++} {(-+—+++—+-—+}

No Solution

8V = 10% 4 2% + (=2)? + (-2)? +(~4)% + (—4)?
{++-+-+++-+t+t -ttt} (ettt}

(Attt} {~+++ttt—t ettt}
{4+ttt et} {+-+-+tt ettt}
{+H+-+H+tttttt -ttt} ettt bt )
e = 0 {-++-+++-t+tt—t e}
{4ttt} (-ttt}

6V =82 422 4 22 4 (-2)2 4 (—2)2 4 (—8)2

{++-+--ttttt -ttt} (et )
{4+ttt -ttt} {4+ttt ettt}
{+—+++t+-++++-t-t-} {-++++—tt—tt-}
{++-+-++tt+++tt-tt-ttt} )
{4} {++—t—t++—t++t-+-—}
{(++++++-t-t -} {-+++—t—t+tt}
8V =82 422122404 (-6)2 4+ (-6)2

{++-+-tttt ettt} (-ttt}
{++-+++-tttt ettt} {-+++++t—ttt -}
{-+-—+—-+++-++++--} Lt S S
{++-tttt bttt tb+ )

LI I et o B N e Y
{+++++ttt bt} s e e e LI B o B
{-+++-++++-t—t}

8V =62 +62 40404 (—6)2 +(—6)2

{+-+t-t—t bttt bttt bt} (bttt}
{-+—ttt—t-t-t -t} {--++++-l——-l—-++-i--+-!-}-+}

b I TR S T SO TR SO RO } {]IILIIL_L_L
N T LI | 4

T T ¥ LR Bkt M Bl B Ml |

{+-++-t—tttt-tttttt+} {F——t ettt )
{-+-+t+ttt -ttt tt—} Attt}
{4ttt} {-++++—ttt—tt-}

8V =62 462 4 22 4 (—4)2 4 (—4)2 + (-6)2

{++-+--tttt -ttt} (bttt}
{~+++-t-ttttt -ttt} (et

e o s | {+—t+++++-ttt—}
{++-+--tttttdtetttt+} (bttt}
{=+++-ttttttt -t} Attt}
{4ttt} {+—+++—t—tt-t—+-—}
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Table 3

D-optimal cyclic designs attaining the r.e.u.b. for r =6, V = 9,15. The
sequences By, By, B3, By, Bs, Bg are given (+ stands for +1 and — stands

for -1).
V=9
@

(i)
(i)

V=9
()

(ii)
(iii)

V=15
®

(i)

V=15
e

(i)

V=15
®

(iH)

8V-2=72412 +(=1)2 +(-1)2 +(-3)% +(-3)*

{++++H++++) (1)
{+++-+-} {—++++}
{--——-+++} {~++—+}
{++++++++1  {H-)
{--+++—+} {-+—++-+}
{+-——++} {—+++}
{(++++++++1 ()
{-++—-++} {-—+++-+}
{+t+} {——++}
8V-2=152 432412 4 (~1)2 4 (-3)2 4 (-5)2
{+++++++} ()
{(++++-+}  {—+—+++}
{-—+++} {-—+—+}
{+++++++1}  {+H+++)
{~+++++)  {—ttt}
{-+—t+—+} {-—+—+}
{+++++++1 ()
{++—+++}  {—++++}
{--+-++} {-+——+}

8V-2=92+412 4 (-1)24(-1)2 +(~3)2 4+ (-5)2
{++++++++++++} {+++++++—t—}
{++——4-++-+-+} {—+++-+-++-+}
{~+—t++-t+} {--ttttt-}
{++++++++tt+++-)} {+HH+ -}
{++-+—+-+-++} {—+++-t+—+++}
{~—+—t+++--+} {—+—+—+++}
8V-2=72432 412 4 (-1)2 +(-3)2 + (-7)2
{+++++++++++-} {+H+++++-)
{+—t-t-+++++} {-+++—+—++-+}
{—++—+—++-+} {——t—4—++}
{+++++++++++-}  {+++ttt -}
{++-++++-—++} {—+-+—-+—-++++}
{——+++-+++} {~+tt++}

8V -2 =72452 4 (-1)2 4 (-3)% 4+ (-3)%2 4+ (-5)?
{+++++++++++-)1  {+ bt}
{+-—+-t-++++} {~++—+-++-+}
{—-t-At-tt+} {-+-t-teet+-}
{+++++t+ttttt-} ()
{+-++++-tt} {-+-+—++++}
{—++—++-++} {~—t++-t-t+-}
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V=15 8V-2=52452+324(-3)2+(-5)2+(-5)2
@)  A{+++++++—t++-} ()
{++-+++++-++} {—+——++++}
{44ttt} {—+—++++-}
()  {++++—H) ()
{++-++++-+++} {—+—ttt++}
{—+—+++—+} (-ttt}
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