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Abstract. Observability of a graph is the least k admitting a proper colouring of its
edges by k colours in such a way that each vertex is identifiable by the set of colours of
its incident edges. It is shown that for p > 3 and ¢ > 2 the complete p-partite graph
with all parts of cardinality ¢ has observability (p— 1)g + 2.

For integers m, n denote by [ m, n] the interval of all integers between m and
n (inclusively) and by [m,00) the interval of all integers not less than m; for
n € [1, 00) the representative of the residue class modulonintheset[1,m] will
be (m),.

Let G be a finite undirected graph without loops or multiple edges (for basic
notions and notations see e.g. Harary [4]), ¢ a k-edge-colouring of G—a map
from [ 1, k] E(®)—and Im, () the colour set of z induced by p—the set consist-
ing of p(e) for all e incident to z € V(G). If G does not have a component
K> and has at most one component K, then any colouring € [1, |E(G)[1E(@
using each colour exactly once distinguishes vertices of G by then' colour sets:
Im,(p) # Imy(yp) whenever z,y € V(G), z # y; moreover, p is proper:
w(e1) # p(e2) for ey adjacent to ez. Let Obs,(G)be the set of all proper k-
edge-colourings of G distinguishing its vertices by colour sets. Observabtlny
of G, denoted by obs(G), is the minimum & with Obsi(G) # 0—see Cemny,
Horiidk and Sot4k [1]. For the sake of completeness observability of graphs hav-
ing a component K, or at least two components K is defined to be co. This
graph invariant has been inspired by the point-distinguishing chromatic index, the
line-distinguishing chromatic number and the harmonious chromatic number of a
graph introduced by Harary and Plantholt [S], Frank, Harary and Plantholt [3] and
Miller and Pritikin [6], respectively.

Let v4(G) be the number of vertices of degree d in G and A (G) the maximum
degree of a vertex in G. Corollary 1.2 of [1] states that

obs(G) > min {ke [0,00): Vd€[0,A(G)] wi(G) £ (Z)}
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k € [i+ 1,p]) can be coded using the quadruple i, 7, k, ! and, analogously, its
colour can be expressed as (o — 1)g + 8 forsome a € [1,p] and 8 € [1,4]
(where « = p implies 8 € [1,2]) and coded by «, 8. Concentrating this all a
code

i,jik,l:a,p

will mean that

p{(i—Dg+j,(k—Dg+l}=(a—1g+p.

Codes used in the case 1 are

1, Sk, Li(@+k—=1)1,7%l forkel[i+2,p—1], (1)

i, Jipp L:(2i—1)p., j=*l ie([l,p-2], (2)
i, i+ 1,1:(29)p, J*l i€[l,p-2],7 #1,(3)
p—1ljwp, l:p-2, Jjxl J#L 4
i, i+ ljcp, (. (5)

Conditions accompanying the codes (1) — (4) are only additional requirements
with respect to general conditions concerning 1, 7, k,1,i.e. i € [1,pl, k € [i+
1,pl,/,l€ll,q]. '

Of course, Im;(p) # Imy(p) for z,y € [1,pgl,z # y, is equivalent with
Om;(p) # Om,(p), where '

Omy(p) :=[1,d+ 2] — Imy()

is the set of colours omitted by p at a vertex v € V(G). To check that p is proper
it suffices to show that Om, () has two elements for eachv € V(G).

Now we will be interested in the structure of Im,(p) forv = (i — 1)q + j,
i € [2,p — 2]. The code (1) gives colours of edges {(i — 1)g+ j,(k— 1)g+ I}
forke[1,i—2JUli+2,p—1].Ifk > i+ 2 isfixed and [ runs over [1, 4],
colours of corresponding edges form a subset of Im,( ), namely

q
G+ E=Dpu1 =D g+ (G #D} = [(GG+ k= Dpoy = 1)g+ 1, (i+ k—1)p 15
=1

in other words it is the set I(i + k — 1) of ¢ consecutive integers terminated by
the product of g and the integer in [1,p — 1] congruent with ¢ + £ — 1 modulo
p— 1. Analogously for k < i —2 the involved subset of Im,(y) can be formally
expressed in the same manner:

q
Uk + 5= 1)y = Dg+ Ux )} = I+ k- 1),
=1
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The code (2) with respect to ¢ < p — 2 yields the subset (24 — 1) of Im,(p).
The code (3) corresponds to the sets of colours

[}

J{(@20)p-1 - g+ (G %D} = I(29) — {((20)p1 = Dg +j},

7
q
{028 = 2p1 = g+ (1% )} = (2 = 2) — {((2i = 2)p-1 — Dg + j}.
i=1 '
i#j

The code (4) does not touch the vertex v while the code (5) brings the colours
(p—Dg+ (@ and(p—1g+ (1 —1)2.

Since

-2 p-1

UG+ k-1}u{2i-2,2i-1,2i}u | i+ k—1}=T[i,i+p~-2],
k=1 k=i+2

which is a set of p — 1 consecutive integers and corresponding representatives
modulop — 1 in {1, p — 1] fill in completely this set, the set Im, () does not
contain only two colours from [ 1, d+ 2], one from I(2{—2) and one from I(21).
Thus finally

Omy(p) = {((2i — Dp1 — Da+ 1, (21 — Da+ 5}
In general, if
Ome;_1)g+j(p) = {(a— g+ B,(7— 1)g+ 8}

for some i, o,y € [1,p) and j, 8,6 € [1,¢q] (as before, a = p implies 8 € [1,2]
and 4 = p implies § € [1,2]), this fact will be coded by

i,j:a,B8:9,8.

Proceeding as above it is easy to derive from “colouring” codes (1) — (5)
“omitting” codes (6) — (9) :

1, j:2, jip, 2, (6)
i, JiU2i—2)p1,5;i(20)p1g foriel2,p-2], (7)
p—-1j:p-3, -2, j, (8)
p, Jip-2, Jip, 2. €))

Now it is sufficient to check that all omitted pairs of colours are pairwise dif-
ferent.
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Of course, each of codes (6), (8), (9) yields ¢ different omitted pairs (; runs
over[1,q]).

The code (7) leads to ( p — 3) ¢ different omitted pairs; indeed, the assumption

Omyg;, _1)¢+j; () = OMys, _1)q+ ()

for omitted pairs coded by (7) implies j, = j» (a consequence of j3,j> € [1,q])
and either 24; = 24, (mod p—1),1; =13 (p— 1 is odd), or

2i1=2ip—2 (modp-1), 2i=2i—-2 (modp-—1),

2(i1 +102) =2(i1 +12) —4 (mod p-1),

which is impossible since 4 is not divisible by p — 1.

Thus we shall be done by proving that the sets of omitted colours coded by
different codes are pairwise disjoint. As only codes (6) and (9) force the colour
(p— 1)g + 2 to be omitted, it suffices to compare omissions coded by (6) and (9)
or by (7) and (8), respectively.

Pairs omitted according to (6) and (9) are differentdue top—2 # 2 (mod p—
1).

For the codes (7) and (8) consider that25s — 2 = p—2 (mod p — 1) implies
i= 5and (24),; = 1 # p—3 (here we see that p = 4 must be tackled
differently), while from21 =p—-2 (mod p— 1) it follows i = &'23 and (2: —
2);,..1 = p—4 # p—3.

In the rest of our analysis (except the case 6 where a different approach is used)
proofs of correctness of o are left to the reader and only codes describing ¢ and
pairs omitted by ¢ are presented.

2. Foraneven p € [6,00) and ¢ = 2 we can not proceed as in the case 1—
there is no idempotent quasigroup of order 2. However, an appropriate map ¢ can
be taken as follows:

1 ik, L+ k=Dp,(G+l-1) forke[i+2,p-1],

s, 5ipp Li2i=1)p, (J+i-1) i1€(l,p-2],
2i-1,j524, 2:(4i—2)py, 3 -7 ie[l,r-1],
p—-1, Jip, 2:p-2, 3-7,

24, L2i+ 1,0:(44)p, L,

2i-1,524, 1:p, 7

24, 2;2i+1)l:p, 3-14;
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then missing colours are distributed according to the scheme

l) j:2) j; D, 3 _j:

i,  j:a(4,7),3 —jib4,5).J forie(2,p-2],
p—1j:p-3,3-jip-2,j,

D, 1:p-2,1, p—2,2,

D, 2:p, 1, p, 2,

where
a(i,7) =2i-2+2(j - 1D(()2 - 1),

b(4,7) =2i+ 2(j —2)((i)2 — D).
3.Ifp=4 and q € [4, c0), “colouring” relations will be

$,70+1,0:3 —1,7%l fori € [1,2),5 #1,
§,7+2,0:3,  jxl ic[l,2],
1,754, 1:1, (G+De*x(U+1D), Jj#

334, 1:2, (J+2e*x(I+2), j#l,

i,5:k, j:4, (E+k+1)/2) i+ke{3,5,7}

and “omitting” relations

1,7 :1,(j + 1)g:2,5,
2,515 2.,
3,7:153 2,(j+ 2
4,7 :1,(j+ 1g:2,(J + 2),.
4,5. Forp = 4 andq = 3 (or ¢ = 2) we define yp directly by a 12 x 12 (or

8 x 8) matrix accompanied by a 2-column matrix showing corresponding pairs
of omitted colours.

000465798132 01

000054987321\ /61\

000146879213 50 00735618 24
401000132798 56 00846521 37
654000301987 21 78001256 34
546000113879 20 34008765 12
798131000065 24 56180074 23
987301000614 25 65270043 18
879213000501 46 12567400 38
132798065000 41 81654300 217
321987610000 45

\213879541000 \60)



6.Forp=2r+1,r€[2,00),andg= 23+ 1,3 € [1,00) we were not able
to find an explicit colouring . Nevertheless, Obsg.2(G) # @ can be proved in a
more complicated way.

First of all note that according to de Werra [8] for any graph (and even multi-
graph) H with e edges and with chromatic index x'( H) = k there exists an eq-
uitable colouring of edges of H, i.e. a proper colouring 7 € [1, k15 such
that each of its colour classes =1 (i), i € [1, k], satisfies the inequality | §] <
I~ (DI < T§]-

Let T be an equitable colouring of edges of our graph G = K(p X ¢q). As G
has an odd number pg of vertices, it does not have a 1-factor, hence according
to the well-known Vizing’s theorem [7] x'(G) = d + 1 and at any vertex of G
exactly one colour is omitted. The graph G has %ﬂ edges and a straightforward
calculation (employing p > 2 and ¢ > 2) shows that colour classes of = are of
cardinality 22=2 or 2= In other words it means that any colour is missing at one
vertex or at three vertices.

Let u(v) be the colour missing at a vertex v and let X be a set of representatives
of the decomposition of V(&) into subsets with the same missing colour. Then
|X| = d+ 1 and vertices of the set Y’ = V(G) — X can be decomposed into pairs
corresponding to the same colour missing at three vertices. Denote the vertices of
Y by y1,...,y,—1. We shall show by induction on 1 that forevery i € [1,¢ — 1]
there exists a matching M; = {{z;,y;} : 7 € [1,1]} in G between vertices of X
and vertices of Y fulfilling

m{zi, 1} ¢ {u(z;): j €l1,i-11}, (1.9)
{zi, 5} € {u(y):je(1,i-11}, (2.4)
{r{zi, v}, (¥} & {{r{z), 95}, (=) }: j € [1,i - 1]}, (3.9)
{r{zi, v} (¥} & {{r{=), 95} 8(y) }: j €11, =11}, (4.4)
p(z:) ¢ {u(y;): jel1,il}. (5.4)

Suppose therefore 5 € [1, ¢ — 1] and edges of M; for j € [ 1,1 — 1] have been
already found.

Since ¢ is proper, at most § — 1 vertices of X are joined to y; by edges with
colours u(z;) for j € [1,i — 1] and consequenty to satisfy (1.7) at mosti — 1
vertices of X are defended to be chosen as z;. Further, due to (2.1) at most
min{i — 1, s} vertices of X are inadmissible (recall that Y as well as u(Y’) has
s elements). If (1.1) is fulfilled, then (3 .1) could be disturbed only if 7{z;, y;} =
7{z;,y;} and p(y;) = p(z;), hence for at most one value of 7; that is why (3 .1)
decreases the number of possibilities for the choice of z; at most by 1. The same
is true for the requirement (4 .{) with respect to (2 .4). As |u(Y)| = s and u(y;)
is missing at exactly one vertex of X for each ; € [1,1], the condition (5.1)
discriminates against at most min{i, s} vertices of X. The last restriction z; ¢
{z;: j € [1,5 — 1]} follows from the fact that M has to be a matching.
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The degree of y; in G is d, the number of neighbours of y,-v in X is at least
d — (g — 2) and the number of vertices which can be chosen in the role of z; is at
least

d—(g—2) —((i—1) + min{s — 1,8} + 1+ 1 + min{s, s} + (i — 1))
>d—-(g—2+2i+28) >d—-(g—2+2(g—1D +238)=(p—95g+525;

it means that a new edge {z;, y;} of M; can be correctly determined and the in-
duction works.
Define a (d + 2)-edge-colouring 7 of G by

oy} =d+2 fori€(l,q-1],
7(e) = 1(e) otherwise.

Evidently, 7 is proper as 7 is, and the set Om,,(7) consists of u(v) and
d+2 ifveX —{z;:jell,q-1]},
{zi, v} ifv € {z;,y:} forsomei € [1,g —1].
To check that 7 distinguishes vertices of G take vy, v2 € X —{=z;: L € [1,¢—-11},

4! # v,andd, j,k € [1,9-1],i > J. Then I‘(vl) 75 p(v2) (note "hatp
restricted to X is a bijection from X onto [1,d + 1]) and consequently

Om,, (7) # Om,, (7).
Due to p(z;) # p(z;) and (1.5) we get
Om,(7) # Omy,(7).
The requirements (3 .¢) and (4 .1) represent immediately
Omy,(7) ¢ {Om,(7),0m,,(7)}.
According t0 (5.k) p(zk) # p(ye) and
Om,, (7) # Omy, (7).
From (2 .4) and (5.9) it fo_llows
Om,,(7) # Om, (7).
Finally, we have also
Om,, (7) ¢ {Om,,(7),0m,,(7)}
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for
Om,,(7) 3d+2 ¢ Om,,(7) UOm,, (7).

Resuming all proved assertions we obtain 7 € Obsg.2(G) and obs(G) = d+2.
7.Forp=3andg = 2s+ 1,3 € [1,00), Obsz4+2(G) contains the map ¢
given by

1,7:2,0:1, (G+i-1), forj e[1,s+ 1] — {i},
1,7:2,1:2, (J+1-1) jels+2,q1 -{1},
1,7;3,1:2, (G+l=-1), JEI1l,s+ 1],
1,7;3,1:1, (G+l=1), jEls+2,q],
273,03 (=D, (j+ D/2 j=l(mod 2),j #1,
2733,1:3 —(( = Do ((F+ 1+ g)/2), J#l (mod 2),
1,7;2,7 :3, 1,

2,7:3,7 :3, 2

with omitted colours

1,7:1,(27 - 1)g:3,2 forje[l,s+1],

1,7:2,(27 —1);;3,2 jEls+2,q],
2,7:1,(2j =12, JEll,s+1],
2,7:2,(25-1)g2, JEIls+2,q],
3,7:2,5; 3,1.

8 Forp=2r+1,r € [1,00),and ¢ = 23,3 € {1} U[3,00), we shall
use again an idempotent quasigroup Q), of order s (besides s € [3, oo) it trivially
exists for s = 1, too). We define a map ¢ € Obsg.2(G) by help of the notation

i)j’k;l!m)n: a,ﬂ"y
corresponding to
e{(i-1Dg+(j—1Ds+k,(I-1)g+(m—1)s+n} = (a—1)-4s+(f—-1)s+q
for some

ie[l,pl, leli+l,pl, jmell,2], kmell,s],

acl,r+1], Bell,4], qe€ll,max{s,2}];
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a € [1,r] is always accompanied by y € [1,s] anda = r+ 1 by § = 1 and
7 € [1,2]. (In this case blocks of the matrix describing  are block matrices 2 x 2
with blocks s x s.) The codes for ¢ are

i, 7.kl, m,
i, ki, m,
i, Jkp, m,
i, Jkp m,
p—1,jkip, m,
1, Jksi+ 1,m,
i, Jki+1lm,
i, kit 1,

"1 j:k;i+l)3—j)k

where

n
n
n
n
n:
n
n
k

e(j,m),
f(j,m),
f(j,m),
9(j,m),
g(m, ),
1,

1,

1e(s,1,7),d(4, 4,1, m),k *n,
1e(3,1,7),d(l,m, 4, /) ,nxk,

k*xmn,
nxk,
nxk,
kxmn,
nxk,
(32,
(i)zi

o(i,1,7) = ((2i+ 21+ (=) - 1) /4),,
d(i, j,l,m) = ((-1)™*H(2j+4m —-9) +5)/2,
e(j,m)=7j+6m—4jm—8,
fG,m)=2jm—-j—-3m+4,
g(jym)=T7—-j—-2m

and conditions for parameters are (i) . € [i + 2,p — 1] (for the first code), (ii)
l e [max{p—i+1,i+2},p—1], (i) s € [1,7), (V)i € [r+ 1,p—2],
™G,k #(3—m,mn),vdiell,7],(,k) # (m,n),(vi)i € [r+1,p—
21,(j,k) # (3 —m,n), (vii)i € [1,r],(X)i € [r+1,p—1].

For omitted colours (using an analogous coding scheme) we have

1, Jj,k:1, 7-3jkr+1,1, 2,

2, Jjk:1, 7-35kl1, 2j—1k forr=1,

i, Jku-1, 7T7-=3jki, T7-35k ie(2,7],
r+1,7,k:1, 4—7, kr, T1-3jk rin[2,00),

i, jkd—r=17+1, ki—-n4—j, k ielr+2,p-2],
pr—1jkir—1, j+1, kr, 2j—1k rel[2,00),

P, J.k:T 5—27kr+1,1, 1.
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9. Forp=2r+1,r € [1,00), and g = 4 determine p in the following way:

i, Lkl mm:c(i,l,r),d3,5,l,m),(k+n—1),
i, 7kl mmnicil,r),d(l,mi,5),(k+n-1),

1, J,kp, mmii, e(j,m), (k+n-1),
i, Ikp, mmii—r, f(m), (k+n-1),
i, Jki+ 1 mmid, 9(j,m), (k+n-1),
1, LHki+lmmnii—r, g(m,j), (k+n),
p—ljkp, mpnir f(j,m), (k+n)p,

i, Jki+lk, jir+1, 1, (i);

parameters fulfil conditions (i) [ € [+ 2,p—1], (i)l € (max{p—i+ 1,i +
2},p-1], Gi) i € [1,7], (V)4 € [r+1,p—2], (V)i € [1,7], (j, k) # (n,m),
(vi)ielr+1,p—21,(j,k) # (n,m), (Vi) (J, k) # (n,m).

Onmitted colours are given by

1, Jjk:1,  g(j,k),(+k—-1Dar+1,1, 2,

2, Jjk:1, 9(k, ), (F+ k=103,  f(j,k),(j+ k),

5, gkiud—1, g(kj),(j+k—1i, 9(j,k),(j+k—1),
r+1,j,k:r, 9(k,7),(j+ k=103, g(k,j),(j+ k),

i, ik :i—'r—l:g(j:k);(j*'k)l; i—r1,9(k,7),(j + k),
p—1ljkr—1, g(j,k),(G+kx: r  f(,k),(j+k),
p, Jk:m f(k,DF+kp; r+1.1, 1

with parameters conditioned by (ii) = = 1, (iii) 1 € [2,7], (iv) r € [2,00), (V)
i€lr+2,p-2],(vi)rel2,00). 1

The result of this paper could be considered as the first step in determining ob-
servability for any complete multipartite graph. Another open problem consists in
getting the proof of our Theorem “purely” constructive (i.e. in finding an explicit
map p in the case 6).
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