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ABSTRACT. In this paper, difference sets in groups containing
subgroups of index 2 are considered, especially group of order
2m where m is odd. The author shows that the only difference
sets in groups of order 2p® are trivial. The same conclusion is
true for some special parameters.

1 Introduction

Let G be a finite (multiplicative) group of order v > 2 with identity e. Let
D C G. We define D(*) = Lgepd* as an element of the group ring Z[G],
where t € Z, and D = D). A (v,k, A)-difference set D in G is a subset of
G such that DD(-1) = ne + AG, where n = k — X [11, section 3].

A difference set is a combinatorial object which can be used to construct
a balanced incomplete block design [1]. Difference sets in groups have
been studied by many authors (see, for instance, [3]). Most of them are
concerned on abelian difference sets, especially cyclic different sets (see, for
instance, [1], (8], [12] [13]). Recently, Fan, Siu and Ma (1985) [6, section 4]
studied difference sets in dihedral groups, which is a non-abelian case. In
this paper, the author is concerned difference sets in groups which contain

subgroups of index 2.
There are some constraints on the parameters v, k, A of a difference set.
Two common constraints are [1, section 1]):

(1) k(k—1) = A(v—1) or equivalently, k% = n+Xv (1.1)
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(2) If v is even, then n is a square. From (1.1) it is easy to see that X is
even.

When n = 0 it is easy to obtain that k =0or k=v; whenn =1 it is
easy to see that k = 1 or k = v — 1. These two cases are called trivial cases.
The corresponding difference sets are called trivial difference sets.

It is known that if D is a (v, k, A)-difference set in G then G\ D is a
(v,v — k,v — 2k + X)-difference set in G. So without loss of generality we
may assume k < ¥ ((1.1) shows that k = § does not occur).

Fan, Siu and Ma [6, section 4] proved that only trivial difference sets
in dihedral group of order 2m exist if (m,n) = 1 and proved that only
trivial difference sets in dihedral group of order 2p® exist, where p is an
odd prime. They also showed that if D= AUoB is a (2m, k, \)-difference
set in Dy, = (p,0|p™ = 0% = e = popo), the dihedral group of order 2m,
then D' = {902‘|p € A} U {p¥+1|p7 € B} is a (2m, k, \)-difference set in
Com = (p|p*™ = €), the cyclic group of order 2m.

Since no difference sets in a cyclic group of order v are known which have
(v,n) > 1 (or equivalently (v, k) > 1), Fan et al. conjectured that there is
no non-trivial difference set in a dihedral group.

Remark 1.1: If D is as above then D” = AUTB is a (2m, k, A)-difference
set in Cp X C2 = (p, T|p™ = 12 = ¢, pT = Tp).

In this paper we generalize the result above. We show that there are only
trivial difference sets in groups of order 2p® where p is an odd prime.

2 General properties

In this section we let G be a group of order 2m which contains a (normal)
subgroup H of index 2. Then G = HU oH for some o € G\H. Hence
o2=h"'oroh=o0"" for some h € H.

Suppose D = AUo B is a (2m, k, 2)¢)-difference set in G where A, B C H.
We have,

ACD 4+ BB = ne+ 22 H (2.1)

or
hoAB(-Dg! + BAGCD = 200H (2.2)
where A =cAc~! and B =oBo~!.

Lemma 2.1. If D = AU oB is a (2m,k,2)g)-difference set in G as
described then oD = h™'BU oA is a (2m, k, 2))-difference set in G.

Proof: Since oD is a shift of D. a
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Suppose D is as above. Let k; = |A| and kz = |B| then k; = |A| and
ko = |B| = |h~!B|. Clearly k;,k; < k < m. By Lemma 2.1, from now on,
we assume m > k; > ko. For convenience, the difference set D = AUoB as
above is called a (2m, kj &k2, 2)¢)-difference set in G = HUo H. Note that if
D is a (2m, k, A)-difference set in G = HUo H then D is a (2m, k1 &k2, 2)0)-
difference set in G for some k;, ko and Ao.

By applying the trivial character of H on (2.1) and (2.2) we have

k2 + k2 =n+ 2\ m (2.3)
kiko = Aom (2.4)

where n = k — 2)p and k = k; + k2. From (2.3) and (2.4) we have
n = (k1 — k2)? 25)

Examples 2.2:

(1) The dihedral group D,, has a subgroup, which is isomorphic to Cp,,
of index 2.

(2) The symmetric group Sy, of order m! has a subgroup Am, the alter-
nating group, of index 2.

(3) Let G be a group of order 2m, where m is odd. Since G is even order,
there is 0 € G such that 02 = e. Consider G, the group of left
translations of G, it contains an odd permutation induced from o.
Thus G|, contains a subgroup of index 2. Since G, & G, G contains
a subgroup H of index 2. In this case G = H U o H where 02 =e.

(4) Let G be an abelian group of even order v. By Sylow Theorem [7,
Theorem 2.12.1), if 27|jv then there is a subgroup H of G having
order 27! where v > 1 and for any odd prime factors of v there is
a (unique) Sylow p-subgroup of G. Thus G contains a subgroup of
index 2. Note that not every group of even order contains a subgroup
of index 2, for example A,, when m > 4.

Let a be a nonzero integer. By v,(a) we denote the power to which prime
p enters in the factorization of a into prime factors. For convenience, we
set vp(0) = o0 [2, p. 175] .

Theorem 2.3. If integers ki, ko, Ao, m and n satisfy (2.3), (2.4) and (2.5)
where n = k —2)¢ and k = k; + ky then vy(k) > v,(m) or vp(ks) 2 vy(m)
for p is an odd prime and va(k1) + 1 2 va(m) or va(kz) +1 > va(m).

Proof: For p # 2, from (2.4) and (2.5) we have

up(m) = vp(k1) + vp(k2) — up(20) (26)
vp(n) 2 2(min{up(ks), vp(ka)}) @7)
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Since n = k — 2)\g and k = ky + k2 and (2.7),

v,(2/\o) 2 ﬂﬁn{vp(k)v”p(n)}
> min{vp(k1), vp(k2), vp(n)}
= min{vp(k,), vp(k2)}

From (2.6) we have vp(m) < vp(k1) + vp(k2) — min{vp(k1),vp(k2)}. The
lemma holds for p is an odd prime. By a similar proof, the lemma holds
for p=2. a

Corollary 2.4. There are only trivial difference sets in groups of order
2p® where p is an odd prime.

Proof: The theorem follows from Example 2.2 (3) and Theorem 2.3. O

When p = 2 there are many results on difference sets in 2-groups. Dil-
lon [5] had classified all groups of order 16 containing nontrivial difference
sets. In his paper, he showed that there is no nontrivial difference in Dy
Leibler and Smith [10] and Davis and Smith [4] have some constructions of
difference sets in high exponent 2-groups.

Corollary 2.5. Suppose p and q are distinct odd primes. If there is a
(2pq, k1&ka, 2)0)-difference set then (pg, (k1 — k2)?) = 1.

Proof: By Theorem 2.3 and k; < k; < pq, we may assume vp(k;) > 1 and
vg(k2) 2 1. Then g [ ky and p [ k2. By (2.5) we have (pq, (k1 — k2)?) = 1.
a

By Theorem 2.4 we see that there are only trivial difference sets in dihe-
dral group of order 2p™ exist, where p is an odd prime. From the Theorem
4.1 in [6] and Corollary 2.5 we have

Corollary 2.6. There are only trivial difference sets in Dpy where p and
g are distinct odd primes.

Our results apply to groups containing subgroup of index 2. Of course
for certain specific groups, we may use specialized techniques exploiting
properties not assume here. For example, our results do not say anything
about (66, 26, 10), (70, 24, 8) and (154, 18, 2)-difference sets in general
groups. However, if we consider the abelian case then it can be found in
the Lander’s table [9] that there are only trivial (66, 26, 10), (70, 24, 8) and
(154, 18, 2)-abelian difference sets . For the dihedral groups, Corollary 2.6
shows that there are only trivial (66, 26, 10), (70, 24, 8) and (154, 18, 2)-
difference sets in dihedral groups.

Let us go back to discuss the parameters of the (2m, ki &k, 2)¢)-difference
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sets. From (2.3) and (2.4) we have

K} + k% = 2kyky — ky — kg + 220 = 0 (ky > ky) (2.8)
2ko + 14 +8ka +1—=28)g

2
2k +1—+/8k; +1-8)
2

Sk =

& ky =

2z;4+1 sz,+1—sxo

Suppose zg, z; € N, 2o < z), satisfy (2.8). Let ;4 =
for j > 0. It is easy to see that x4 —z;=1+42; —z;_; for j > > 1.

Similarly, suppose yo, 1 € N, % > ¥, satisfying (2.8). Let y;;1 =
2yitl-y :y"“_s“ for j > 0 and 8y; + 1 — 89 > 0. We also have
1+y;—yjr1=yj-1—yjforj 21

Finally, it is easy to see that if ky, k; € N satisfy (2.8) and k; —k; =1
then k; = z;_;. Combine the discussions above we have

Lemma 2.7. Let z; = M + X, 3 2 0. If ky, ko € N satisfy (2.8) then
ky =z, ka=z;_, for someg >1.

Remal;k 2.8: From Lemma 2.7, there is only one set of parameters, namely
4 it - .
(- +3%+ X)), 42&12 + X, & LL}W + A0,2)0), according to the given
A2>1 andn=k1+k2—2Ao=j2 >1,

Theorem 2.9. Only (2(5L + 3% + do), 2D 4 2y &Y 4 5, 22)
difference set may exist if J"—;J: =0 (mod Ag)j > 1.

Proof: It follows from (2.4). a

Let us consider two special cases, namely Ag =1 or 2.
Case 1: For Mo = 1.

Suppose m is odd and A9 = 1. From (2.4) we have k1 k; = m. Thus k;,
ko are odd. From (2.3) we have n =0 and k = 2 (mod 4). Thus k; = k;
(mod 4) and m =1 (mod 4). Hence we have the following theorem.

Theorem 2.10. There are only trivial (2m, k,&k,, 2)-difference sets if
m =3 (mod 4).

Lemma 2.11. Suppose m is odd. If there is a (2m, ky &k, 2)-difference
set then (m, (k; — k2)?) = 1.

Proof: By Theorem 2.3 and (2.4) when Ay = 1 we have k; = P and
k2 = Q, where m = PQ, (P,Q) = 1. Thus (m, (k; — k2)%) = 1. a

Suppose m is odd. By Lemma 2.11 and Theorem 4.1 in [6] we have

Theorem 2.12. There are no non-trivial (2m, k,&k,2)-difference sets in
D, where m is odd.
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Case 2: For \g = 2.

Theorem 2.13. There is no non-trivial (2m, ky&k,, 4)-difference set when
n = (ky — k2)%2 =4 (mod 8).

Proof: .'Lzﬁ =0 (mod 2) & j* —j2 =0 (mod 8). The equation does not
hold when j = 2 (mod 4). Since n = j2, then equation does not hold when
n =4 (mod 8). O

For Ap = 1 or 2, consider the first ten terms of the sequence defined in
Lemma 2.7. We can prove that there are only trivial difference sets in Dy,.
Among these cases, some of them can be proved by applying Theorem 4.1
in [6] and the rest which indicated by “}” are proved by Corollary 3 in [11].
We list them as follows:

For Ag = 1, the sequence is {1, 2,4,7,11, 16, 22, 29, 37,46, 56, .. .. }.
According to the first ten terms of this sequence we have

n=k-X[[1]4"] 9 |16| 25 | 36T | 49 | 64 81 | 100t
ko 1247|1116 ] 22| 29 37 46
k, 21417111} 16 ] 22| 29| 37 46 56
k 316 [11(18] 27 | 38 | 51 66 83 102
m 21 8128|77]|176] 352|638 | 1073 | 1702 | 2576
(m,n) 1141711 1 2 1 1 1 4
For A\g =2, the sequence is {2, 3,5,8,12,17,23, 30, 38,47,57,... }.
According to the first ten terms of this sequence we have
n=k-X[1[4] 9 |167] 25 |36 49 | 64T [ 81 [ 100
ko 21315 8 12 j17{ 23 | 30 | 38 | 47
ky 3|58 | 12| 17 123] 30| 38| 47 | 57
k 5|8113|] 20| 29 [40| 53 | 68 | 85 | 104
m 3|-120] 48 |102 ]| - | 345|570 | 893 | -
(m,n) 1]-]1]116] 1 - 1 2 1 -
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