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In [1] it is proved that each 4-critical plane graph contains either a 4- or
a 5-cycle or otherwise a face of size between 6 and 11.
This may be strengthened as follows:

Theorem. If a plane graph has the minimum degree at least 3 and no
triangles sharing an edge, then there is a face of size between 4 and 10; the
bound 10 is the best possible.

Proof: To obtain an extremal construction, we just cut off the corners of
the icosahedron.
Now let G be a counterexample to the main statement of our Theorem.
The Euler formula
VI-IE|+|F| =2

for G may be rewritten in the symmetrical form

Y @-9= ) 9(=)=-8, ¢)
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where r(z) is the number of edges incident with . We redistribute the
contribution g(z) of vertices and faces of C as follows. Each face f transfers
to each incident vertex v: 1/3 if r(f) = 3;2/3 if r(f) > 3, r(v) =3, and v
is incident with a triangle; and 1/3 otherwise. The modified contributions
are denoted by g*. Next, we prove that g*(z) > 0 for eachz € VU F.

Let f be a facein G. If r(f) = 3, then g*(f) = g(f)-3(-1/3) = 3—4+3-.
1/3 = 0. Ifr(f) 2 12, then g*(f) 2 r(f)—4—-r(f)-2/3 = (r(f)-12)/3 > 0.
Due to the properties of G, it remains to assume that r(f) = 11. Observe
that f can not be incident to eleven 3-vertices, each of which is incident
with a triangle. Therefore ¢*(f) >7-10-2/3-1/3 =0.

Now take v € V. Remind that since no triangles share an edge, v is
incident with at most |r(v)/2] triangles. If r(v) = 3, we have two subcases:

ARS COMBINATORIA 43(1996), pp. 191-192



If v is incident with a triangle, then g*(v) > —1-1/3+2-2/3 = 0. Otherwise
g°(v) = -1+43-.1/3 =0. For r(v) > 4, it holds g*(v) > 0. Therefore it
remains to note that the number of non-triangular faces incident to v, each
of which contribute at least 1/3 to g*(v), is not less than the number of
triangles incident to v, contributing —1/3 each.

Thus we have from (1)
0< ) s’@= ) 9=)=-8.
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This contradiction completes the proof.
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