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ABSTRACT. A directed triple system of order v, denoted by
DTS(v), is called (f, k)-rotational if it has an automorphism
consisting of f fixed points and k cycles each of length (v— f)/k.
In this paper, we obtain a necessary and sufficient condition
for the existence of (f, k)-rotational DT S(v) for any arbitrary
positive integer k. .

1 Introduction

A directed triple system of order v, denoted by DTS(v), is an ordered
pair (V,B), where V is a set of v elements and B is a set of transitive
triples, called blocks briefly, such that each ordered pair of elements from
V is contained in exactly one block in B. We use [a,b,¢] to denote the
block containing the three ordered pairs (a,b), (b,c) and (e, c). Hung and
Mendelsohn [6] introduced directed triple systems as a generalization of
Steiner triple systems; they showed that a DT'S(v) exists if and only if
v=0,1 (mod 3). A subsystem of order w of a DTS(v) (V, B) is a DTS(w)
(W, A) such that W C V and A C B. It is known (c.f. [3, 10]) that a
DTS(v) with a subsystem DT'S(w) exists if and only if v,w = 0,1 (mod 3)
andv=worv>2w+1.

An automorphism of a DTS(v) (V, B) is a permutation on V which pre-
serves B. An automorphism = of a DT'S(v) (V, B) induces a partition of B
into equivalent classes, which are called orbifs of m, such that two blocks
T1,T: are in the same orbit if and only if #*(T}) = T3 for some integer
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a. A representative block of an orbit is called a base block. A DTS(v)
is (f, k)-rotational if it admits an automorphism which consists of f fixed
points and k cycles of the same length. It is clear that the set of fixed
points of an (f, k)-rotational DT'S(v) forms a subsystem. Several problems
on directed triple systems which have been explored in the literature turn
out to be special cases of existence of (f,k)-rotational DTS(v). A cyclic
DTS(v) is one which is (0, 1)-rotational and it is shown in [4] that a cyclic
DTS(v) exists if and only if v =1,4,7 (mod 12). For a positive integer k,
a (1, k)-rotational DT'S(v) is called a k-rotational DT'S(v). The existence
of a k-rotational DT'S(v) is determined by Cho, Chae and Hwang [2] and
this result is quoted in the following lemma.

Lemma 1.1 A k-rotational DTS(v) exists if and only if kv = 0 (mod 3)
andv=1 (mod k).

Gardner [5] studies k-near-rotational DT'S(v), a DT'S(v) admitting a
(8, k)-rotational automorphism, and proves

Lemma 1.2 A k-near-rotational DT S(v) exists if and only if k(v+2) =0
(mod 3), v =3 (mod k) end v=0,1 (mod 3).

Micale and Pennisi [7] fix k to be one and consider exhaustively all the
possible values of f such that there is an (f,1)-rotational DT'S(v) (such a
system is defined to be (v — f)-cyclic because the only nontrivial cycle of
the automorphism has length v — f). In the following is the result they
obtain:

Lemma 1.3 A (v— f)-cyclic DT'S(v) ezists if and only if v > 2f +1 and,
further, v =0 (mod 3) and f =1 (mod 3) orv =1 (mod 3) and f =0
(mod 3).

In this paper, we consider (f,k)-rotational directed triple systems for
arbitrary values of f > 1 and k > 1, and prove a necessary and sufficient
condition for the existence of such systems which generalizes Lemmas 1.1,
1.2 and 1.3.

2 (f,3)-rotational DT'S(v)

In this section, we restrict the value of k to be 3 and give constructions for
the systems in this special case. As Lemmas 1.1 and 1.2 have already dealt
with the cases f =1 and f = 3, we also restrict f > 4.

We use difference methods. Let V = {ooy,...,007}U(Zn x {1,2,3}),
7 = (001)...(00f)(01...(n — 1)1)(0z2...(n —1)2)(03...(n — 1)3), where
v = 3n+ f. Then the existence of an (f, 3)-rotational DT'S(v) on V with =
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as an automorphism is equivalent to that of a set of base blocks which cover
each of the pure and mixed differences in Z,, x {1, 2, 3} exactly once. (For the
definitions of pure and mixed differences, and the standard representation
of designs using difference methods, the reader is referred to [1].) In all
the relevant cases of n and f ,, We prove the existence of an (f, 3)-rotational
DTS(3n+ f) on set V with 7 as an automorphism by constructing its base
blocks. The construction in each case starts with exhibiting the base blocks
of a (4, 3)-rotational DT'S(v — (f —4)) on a subset V; of V with m|y, as an
automorphism, where V; = V'\ {00s, ... ,005}. Then the base blocks of this
(4, 3)-rotational DT'S(v — (f —4)) are modified, with f —4 new fixed points
being introduced, to yield those for an (f, 3)-rotational DT'S(v) on V with
7 as an automorphism. A (4,3)-rotational DT'S(v — (f — 4)) is extendible
(to an (f, 3)-rotational DT'S(v)) if its base blocks can be modified for this
purpose.

The base blocks of any (4, 3)-rotational DT'S(3n+4) are of the following
types:

1. [o0i,005, 00m], Where 4, j,m are distinct and 4,5, m € {1,2,3,4};
2. [z, 00m, 3], where m € {1,2, 3,4}, zi,y; € Zn x {1,2,3};

3. [0Om» 2, y5)s [x:, 00m, ¥;], [zi,Yj,0m], where m € {1,2,3,4}, i # 7,
and :z:,-,y,- € Zn X {ll2i 3}1

4. [zi, 95, 2m], Where i, yj, 2m € Zp X {1,2,3}.

Each base block of the second type covers one pure difference, each base
block of the third type covers one mixed difference, and each base block of
the fourth type covers three differences, either pure or mixed.

Suppose that we have the base blocks of a (4, 3)-rotational DT'S(v — (f-
4)). Then the blocks of the first type (which form a subsystem) clearly can
be replaced by blocks of a DT'S(f) on {coy,... ,00r}, whenever f = 0,1

(mod 3), to deal with the appearance of pairs of the fixed points. When
a new fixed point is introduced, its appearance with each non-fixed point
in the system has to be guaranteed. This can be done by modifying some
of the base blocks of the fourth type in the following ways. If we have a
triplet of base blocks,

[zl,yli zl]: [a2) b2, c2]1 [PS, 03,7'3]: (1)

in the DTS(v — (f — 4)), then we can replace them by nine new blocks of
the second type, say,

[21,00{,, yl]n [(12,00-;', b2]y [p3’°°iy 93],
[zltmjy Z]], [02, 05, C2], @3, 4, 7'3],
[yh OOm, zl]y [b2: O, 62], [03, Om, 73]1
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where 00;, 005,00, € {00s,... ,005}. The result of this procedure is that
the differences covered by the original three base blocks are still covered by
the new blocks while three new fixed points are introduced to the system
(and their appearance with each non-fixed point is guaranteed by these
base blocks). Similarly, if we have a base block

(3, Y5, 2m), (2)

where (i, 7, k) is a permutation of (1,2,3), we can replace it by three new
blocks

[00[, z;, yg]v [y]’ g, zm]s [zi) zmiooe]a

where co, € {00s,... ,00r}, which cover exactly the same three differences
as the original one does while a new fixed point is introduced.

Lemma 2.1 If a (4, 8)-rotational DTS(v — (f —4)) on V; with 7|y, as an

automorphism has t triplets of base blocks of form (1) and s base blocks of
form (2) such that 3t + s > f —4, and if s > 2 when f —4 =2 (mod 3),
then it is extendible to an (f,3)-rotational DT'S(v) on V with 7w as an
automorphism whenever f =0,1 (mod 4) and f > 4.

Proof. By modifying, in the ways we described, a triplet of base blocks of
form (1) of the DT'S(v — (f —4)), we can introduce three new fixed points.
Similarly, we can introduce one new fixed point with each base block of
form (2). If3t+s > f—4, and if s > 2 when f —4 = 2 (mod 3), it is
always possible to choose ¢; (< t) triplets of base blocks of form (1) and s,
(< s) base blocks of form (2) such that 3¢; + s; = f —4. Now modify these
base blocks so that the new fixed points oos, o0, ... ,00s are introduced,
and replace the base blocks of the DT'S(v — (f — 4)) involved in only the
fixed points 00y, ... ,004 by the blocks of a DT'S(f) on {01, 002,... ,005}.
This results in the set of base blocks of an (f, 3)-rotational DT'S(v)on V. ~

We now give constructions for (f,3)-rotational DT'S(v) in several cases
through the following lemmas. For this, the following structures are re-
quired. An (A, k)-system (or a (B, k)-system, respectively) is a partition
of the set {1,2,...,2k} (or {1,2,...,2k+ 1} \ {2k}, respectively) into k
ordered pairs (ar, br), 7 = 1,2,... , k, such that b, —a, =r for each r. It is
proved in [8, 9] that an (A, k)-system exists if and only if k= 0,1 (mod 4)
and a (B, k)-system exists if and only if k = 2,3 (mod 4).

Lemma 2.2 Ifn=0 (mod 6), f=0,1 (mod 3) and4 < f < 3n—1, then
there is an (f, 3)-rotational DTS(3n + f).

Proof. Let n = 6t for ¢t > 1. The set of the base blocks of a (4, 3)-rotational
DTS(3n +4) consists of
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(i) the blocks of a DT'S(4) on {co1,...,004},

[01, 72, (2r)3] r=0,12,...,3t -1,

(ii) [01,7’2,(27‘—1)3] r=3t+1,3t+2,...,6t -1,
[0, 72, (2r)1] r=0,1,2,...,3t -1,
[03,7‘2,(21‘—1)1] r=3t+1,3t+2,...,6t-1,

(i) (04,73, (26 — 1)+ b)) r=1,2,...,2t—1, andi=1,2,3,

where (ar,br) (r = 1,2,...,2t — 1) is an (4,2t — 1)-system when
2t—1=1 (mod 4) or a (B, 2t — 1)-system when 2t —1 =3 (mod 4),

(iV) [°°1101’ (3t)2]: [01: 001, (6t - 1)3]a [02s (6t - 1)3, 001]:
[002,03, (3t)2], [03, 002, (6t — 1)1], [02, (ﬁt - 1)1,002],

(v) if2t —1=1 (mod 4),
[0;, 003, (6t — 2);] 1 =1,2,3,
[0,',004, (6t — l)i] 1=1,2,3,
or, if 2t — 1 =3 (mod 4),

[0,', 003, (6t - 3).-] )
[0:, 004, (62 —1);] 4

=1,2,3,
=1,2,3.

There are 2¢ —1 triplets of blocks in (iii), which are of form (1), and 12¢t —2
blocks in (ii), which are of form (2). Note that 3(2t—1)+12t—2 = 18t—5 >
f — 4. Therefore this system is extendible by Lemma 2.1. -

Lemma 2.3 Ifn=2 (mod 6), f=0,1 (mod 3) and 4 < f < 3n—1, then
there is an (f, 3)-rotational DTS(3n + f).

Proof. Let n = 6t + 2 for ¢ > 0. The set of base blocks of (4, 3)-rotational
DTS (3n + 4) consists of

(i) the blocks of a DT'S(4) on {coy,...,004},

[01,1'2, (21')3] 7‘=0,],2,... ,3t,

(i) [01,72,(2r — 1)3] r=3t+2,3t+3,...,6t+1 (ift > 0),
[03,1‘2, (21')1] r=123,...,3t (ift > 0),
[03,72,(2r —1))] r=3t+2,3t+3,...,6t+1 (ift > 0),

(i) 05,74, (2t +b,)] r=1,2,...,2t (if£>0), andi=1,2,3,

where (a,,b:) (r = 1,2,...,2t) is an (A,2t)-system when 2t = 0
(mod 4) or a (B, 2t)-system when 2¢t = 2 (mod 4),

[mlx Ol) (3t + 1)2]: [01,0011 (6t + 1)3]v [02y (6t + 1)3: 001],
(iV) [002, 03, (3t + 1)2], [03, 002, (6t + 1)1], [02, (6t + 1)1, 002],
[003, 031 02]) [03, 03, ol]s [02; 01, m3];
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(v) if 2t =0 (mod 4),
[0;,004, (6t +1);] i=1,2,3,
or, if 2t =2 (mod 4),
[0i,004, (6t);) i=1,2,3.
There are 2t triplets of blocks in (iii), which are of form (1), and 12¢t + 1

base blocks in (ii), which are of form (2). Note that 3(2t) + 12t + 1 =
18t + 1 > f — 4. Therefore this system is extendible by Lemma 2.1. -

Lemma 2.4 Ifn=4 (mod 6), f=0,1 (mod 3) and4 < f < 3n—1, then
there is an (f, 3)-rotational DTS(3n + f).

Proof. Let n = 6t+4 for ¢ > 0. The set of base blocks of a (4, 3)-rotational
DTS(3n +4) consists of

(i) the blocks of a DT'S(4) on {00y,...,004},

[01,72, (27’)3] r=1,2,...,3t+1,
(ii) [01,1‘2,(21’—1)3] r=3t+3,3t+4,...,6t+3,
[03,7‘2, (21‘)1] r=1,2,...,3t+1,

[03,72,(2r —1)1] r=3t+3,3t+4,...,6t+3,

(i) [0n7e, (2+b,):] 7=1,2,...,2 (if >0), andi=1,2,3,
where (a,,b.) (r = 1,2,...,2t) is an (A, 2t)-system when 2t = 0
(mod 4) or a (B, 2t)-system when 2t = 2 (mod 4),

(iv) [02,01, (6t +3)1], [0z, (6t +3)2, (6t +3)a], [0s, (6t + 3)3, (6¢+ 3)1],

) [001,01, (6t + 3)3], (03,001, (3t +2)2], [01, (3t + 2)2,001),
[002, 01, 03], [03, 002, 02], [01, 02, 002],
(vi) [0;,003,(6t+2);] i=1,23,
and, if 2t =0 (mod 4),
[0:,004, (6t +1);] i=1,2,3,
or, if 2t =2 (mod 4),
[0:,004, (68);] i=1,2,3.

This system is extendible. First note that, if necessary, the three blocks
in (iv) can be modified to

[mpr 02:03]a [03’°°p; 01]1 [02)01:001)]:

[wqx 02) (6t + 3)3], [031 g, (6t + 3)1]1 [021 (Gt + 3)1, ooqlt
[0;,00m, (6t +3);] i=1,2,3,
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so that three new fixed points are introduced into the system. It remains
to show that we can introduce f — 7 new fixed points into the system.
However, this is clear since there are 2t triplets of blocks in (iii), which
are of form (1), and 12t + 4 blocks in (ii), which are of form (2), and
32) + 12t +4=18t+4> f - 17. -

Lemma 2.5 Ifn=1 (mod 6), f=0,1 (mod 3) and 4 < f < 3n—1, then
there is an (f, 3)-rotational DTS(3n + f).

Proof. Let n =6t+1 for ¢ > 1. The set of base blocks of a (4, 3)-rotational
DTS(3n +4) consists of

(i) the blocks of a DT'S(4) on {co1,...,004},

(ii) [01, T2, (27‘)3] T= 1, 2, cevy 6t,
[0s,72,(2r)y] r=0,1,2,...,6t,
(iii) [04,7ri, (2t —14b,)) r=1,2,...,2t—1, and i=1,2,3,
where (a,,b,) (r = 1,2,...,2t — 1) is an (A, 2t — 1)-system when
2t —1=1 (mod 4) or a (B, 2t — 1)-system when 2t — 1 = 3 (mod 4),
(iv) [001,01,02), [02,001,03], [04,03,004],
(V) [0;', 002, (St)i] i1=1,23,
[0;,003, (6t —1);] i=1,2,3,
and, if 2t — 1 =1 (mod 4),
[Ohwd’ (ﬁt - 2)!] 1= 1) 2: 3:
or,if 2t — 1 =3 (mod 4),
[0,;,004, (6t - 3),] . 1= 1,2,3.
There are 2t — 1 triplets of blocks of form (1) in (iii) and 12t + 1 blocks of

form (2) in (ii). Note that 3(2t —1) 412t +1 = 18t —2 > f — 4. Therefore
this system is extendible by Lemma 2.1. -

Lemma 2.6 I[fn=3 (mod 6), f=0,1 (mod 3) and4 < f < 3n—1, then
there is an (f, 3)-rotational DTS(3n + f).

Proof. Let n = 6t+3 for ¢ > 0. The set of base blocks of a (4, 3)-rotational
DTS(3n + 4) consists of

(i) the blocks of a DT'S(4) on {ocoy,...,004},

(i) [01,72,(2r)3] 7=1,2,...,6t+2,
[03,72,(2r)1] r=1,2,...,6t+2,
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(ifi) [Onri, (2t +b)] r=1,2,...,2 (ift >0), andi=1,2,3,
where (ar,br) (r = 1,2,...,2t) is an (A,2t)-system when 2¢ = 0
(mod 4) or a (B, 2t)-system when 2t =2 (mod 4),

(iV) [001, 01) 02]’ [021 01, 03]s [01: 03: 001],
[002,03,02], [02,002,01], [03,04,002],
(v) [0;,003,(6t+2);] i=1,2,3,
and, if 2t =0 (mod 4),
[O‘i,°°41 (6t+ 1)1] i= 1)2)31
or, if 2¢t = 2 (mod 4),
[O,', OQy4, (6t)|] 1= 1, 2, 3.
The extendibility is established by applying Lemma 2.1 since there are 2¢

triplets of blocks of form (1) in (iii) and 12¢ + 4 blocks of form (2) in (ii)
and 3(2t) + 12t +4 =18t +4> f — 4. -

Lemma 2.7 Ifn=5 (mod 6), f=0,1 (mod 3) and 4 < f < 3n—1, then
there is an (f, 3)-rotational DTS(3n + f).

Proof. Let n = 6t+5 for ¢ > 0. The set of base blocks of a (4, 3)-rotational
DTS(3n +4) consists of

(i) the blocks of a DT'S(4) on {o0y,...,004},

(i) [01,72,(2r)3] r=2,3,...,6t+4,
[03,1‘2, (27‘)1] r= 1, 2.0, 6t + 4,

(i) [0sri,(2t+1+b)] r=1,2,...,2t+1, andi=1,2,3,
where (a,,b,) (r = 1,2,...,2t + 1) is an (A, 2t + 1)-system when
2t+1=1 (mod 4) or a (B, 2t + 1)-system when 2¢ +1 =3 (mod 4),

[001)01, 02]1 [02) 0y, 03]) [01’ 031001]:
(iv) [002,01,13), [02,002,13}, [01,23,002],
[003)03) 02], [02v 003101]a [03; 01)“’3]:
(v) if2t+1=1 (mod 4),
[0:,004, (62 +4)i] i =1,2,3,
or, if 2t + 1 =3 (mod 4),
[0;,004, (6t +3);] i=1,2,3.
The extendibility of this system is established by applying Lemma 2.1

since there are 2t +1 triplets of blocks of form (1) in (iii) and 12¢ 47 blocks
of form (2) in (ii), and 3(2t + 1) + 12t + 7 =18t + 10> f — 4. -
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Theorem 2.8 There exists an (f, 3)-rotational DT'S(v) whenever (i) v =0
(mod 3) and f =0 (mod 3), orv =1 (mod 3) and f =1 (mod 3), and
(i) f >4 andv > 2f + 1.

Proof. Take n = (v— f)/3. Under the assumptions, we haven =0, 1,2, 3, 4
or5 (mod 6) and 4 < f < 3n—1. The result is then established by applying
Lemmas 2.2 - 2.7. s

8 (f,k)-rotational DTS(v)

We first look at the necessary condition for the existence of (£, k)-rotational
DTS(v)s. Obviously, if such a system exists, then v = 0,1 (mod 3) and
v — f = 0 (mod k). Since the set of fixed points forms a subsystem it
also follows that f = 0,1 (mod3) and v = f or v > 2f + 1. Fur-
thermore, suppose that v # f and that there exists such a system on
V ={oo1,...,00p}{N(Zn x {1,... ,k}) With 7 = (001) ... (00f)(01...(n —
1)1)...(0k...(n—1);) as an automorphism, where v = kn <+ f. Then each
of its base blocks is one of the following types:

1. [o04, 005, 00m], where i, j,m are distinct and i,5,m € {1,..., f};
2. [zi,00m,u:), where m € {1,..., f}, =i,y € Zp x {1,... ,k};

3. [oom, i, y;), [i, 00m, y5), [%i,¥5,00m], where m € {1,..., f}, i # 7,
and z;,y; € Zn X {1,...,k};

4. [z, yj, 2m], where i, yj, 2m € Zn X {1,... ,k}.

Each base block of the first type induces an orbit of length one, containing

the block itself, while each of the other types induces an orbit of length n.

There are altogether v(v — 1)/3 blocks in the DT'S(v), and the subsystem

on the fixed points contains f{f — 1)/3 blocks in total. Thus the set of

blocks in the DT'S(v) which are not in the subsystem must be partitioned

into several orbits of length n. This implies that v(v—1)/3—f(f-1)/3=0
(mod (v — f)/k), or equivalently k(v + f ~ 1) = 0 (mod 3).

With the above discussion, we have proved the following lemma..
Lemma 3.1 If an (f, k)-rotational DTS(v) exists, where v = kn + f,
then the following conditions hold: (i) v,f = 0,1 (mod 3), (i) v—f =0

(mod k), (ii) v=f orv>2f+1, and (i) k(v+ f —1) =0 (mod 3).

These conditions turn out to be also sufficient for the existence of (f, k)-
rotational DT'S(v). To be precise, we have the following result.
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Theorem 3.2 There exists an (f, k)-rotational DT'S(v), wherev = kn+f,
if and only if (i) v, f = 0,1 (mod 3), (i) v — f = 0 (mod k), (i) v = f
orv>2f+1, and (iv) k(v+ f — 1) =0 (mod 3).

Proof. The necessity follows from Lemma 3.1. For the sufficiency, the
result is certainly true in the case v = f. Furthermore, it is also true in the
cases f =1 and f = 3 by Lemma 1.1 and Lemma 1.2, respectively. So we
assume v > 2f + 1, f > 4 and prove in the following the existence of an
(f, k)-rotational DT'S(v) under these restrictions.
When k = 1,2 (mod 3), the conditions (i) and (iv) are equivalent to » =0
(mod 3) when f = 1 (mod 3) or v = 1 (mod 3) when f = 0 (mod 3).
This fact, combined with condition (iii), implies the existence of a (v — f)-
cyclic DT'S(v) (V, B) by Lemma 1.3. Suppose 7 is an automorphism of this
system which has f fixed points and a single cycle of length v — f. Then 7*
is also an automorphism of (V, B). Since * consists of f fixed points and k
cycles each of length (v — f)/k by condition (ii), (V,B) is (f, k)-rotational.
When k = 0 (mod 3), the condition (ji) implies v — f = 0 (mod 3) and
so v = 0 (mod 3) when f = 0 (mod 3) or v = 1 (mod 3) when f =1
(mod 3). There is an (f,3)-rotational DT'S(v) in this case by Theorem
2.8. We can prove, with an argument similar to that in the above case, that
this DT'S(v) is also (f, k)-rotational. -
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