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ABSTRACT. A d-dimensional Perfect Factor is a collection of
periodic arrays in which every k-ary (n1 X - - - X nq) matrix ap-
pears appears exactly once (periodically). The one dimensional
case, with a collection of size one, is known as a De Bruijn
cycle. The 1- and 2-dimensional versions have proven highly
applicable in areas such as coding, communications, and loca-
tion sensing. Here we focus on results in higher dimensions for
factors with each n; = 2.

1 Introduction

A d-dimensional k-ary, order N perfect factor of size t and period R (called
a De Bruijn family in [13]) is a family {B, ..., B} of d-dimensional k-ary
(entries from a k element set, typlcally k] = {0,1,. — 1}) toroidal
(i.e. periodic) arrays, of period R each, with the property that for every
d-dimensional k-ary matrix M of order 1\7 there is a unique j and a unique
I so that M appears in B; at position I. (We will say that a particular
matrix M of 51ze N appears in B at position [ = (i1,..., ) if M appears
in the positions T through '+ N.) We call such a perfect factor a (R N; ;t)g
perfect factor and denote the et of all such perfect factors by PF? (R N t).

In the case that d = ¢ = 1, perfect factors have been called De Bruijn
cycles. Perfect factors with ¢ = 1 and d > 1 have been called de Bruijn tori
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and perfect maps. It has become clear in past work that the existence of
perfect factors greatly facilitates the construction of De Bruijn tori. See [13]
for more details (or [17] for the two-dimensional case). The De Bruijn graph
dB(n, k) is defined as follows. Its vertex set consists of all k-ary n-tuples,
and there is a directed arc from z; ...z, to y;...yn Whenever y; = ;41
for each ¢ < n (see figure 1). The term ‘factor’ comes from the fact that
when d = 1 the fundamental blocks of a k-ary order n perfect factor of
period r actually give rise to a factoring of the arcs of dB(n — 1,k) into
cycles of length r, since the arcs of dB(n — 1, k) correspond to the vertices

of dB(n, k).
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Figure 1. dB(3,2)

~ For example, F = {(000111),(01)} factors the arcs of dB(2,2) into two
cycles, but they are of different lengths and so F is not a perfect factor.
However, we do have that {(0001),(0111)} € PF}(4;3;2). Likewise, if

0 0 1
0 0 0 0 1
A=|g 1 and  B=|, ;|
11 1

then every binary 2 x 2 matrix occurs exactly once in either A or B, ex-
clusively. But {A, B} is not a perfect factor since A and B are of different
sizes. However, for the torus C below, we have that C € PF2(4,4;2,2;1).
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De Bruijn cycles were first discovered in [7] and later independently
in [2] and [9) (see Frederickson [8] for a survey of De Bruijn cycles). 2-
dimensional De Bruijn tori are examined in [1,4-6,11-18], among others.
A 2-dimensional De Bruijn torus (r, r2; n1,n2; 1),2c is square if ry =ro=7r
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and totally square if ny = nz = n as well. It was asked in [3] whether
such totally square tori exist. Except for small values of n;, it has been
shown (see [6] for k = 2 and [11] for general k) that the obvious necessary
conditions » > n and 72 = k™ are also sufficient for their existence.

We have conjectured [11] (as others have) that for general De Bruijn
tori, the necessary conditions r; > n; and R= k"N (R=[]r;, N = [n;)
are also sufficient, except possibly for some “small” cases. Etzion [5] gave
constructions for De Bruijn tori in PF2(2¢,2™"™ ¢t n,ng; 1) for all n; <
2t < 2™, except n; = ¢t and ny = 2, and for all n; < 2t < 2™-1 when
ng = 2.

Paterson [16] finished off the 2-dimensional binary case, proving that -
PF2(ry,r2;m1,n2; 1) # 0 if and only if r; > n; and ryry = 2"1™2. Paterson
[18] has recently extended this result to arbitrary base k, showing that
the necessary conditions r; > n; and 17 = k™™ are nearly sufficient for
the existence of De Bruijn tori in PF,f(rl, T9;m1,n2;1). His constructions
miss the cases when k, 7, and r2 have prime factorizations k = H;=1 p;"' ,
1= [Tz p?" and rp = [T, p}" with either p?" < my or p;-y" < ny for each
j < s (PF(30,30'1;6,2;1) and PF(2°,3%3,3;1), for example).

As for the base a power of two, we proved in [12] that, for all s and ¢,
PF},,(4st%,45%%;2, 2;1) # 0, extending the techniques of [14]. Implicitly,
we proved in that paper that PF%,(4st,4st;2,2; s%t2) # @, which, because
of the way in which we proved they could be linked together, implies that,
for all @ < B1, @ < B, and B + B2 < 4o, we have PFL(2P,2%2,2,2;
24a—p1-F2) =L . We will use Theorem 2.1 below to improve this result to
cover all the cases 1 < §;.

The purpose of this paper is to extend the methods of [13] (see also (5]
and [18] for two dimensions and binary cases) in order to prove results
about perfect factors in dimensions higher than two. Before we can state
our main result we must first develop more notation and terminology.

We define d-dimensional vectors (z)% = (z, ... ,z) and {z)& = (z*,...,
z%4) for & = (ay,... ,aq).

A fundamental block of B is an array consisting of r; consecutive rows in
the ith dimension for each i = 1,...,d. Repeating such a block produces
B. We will sometimes refer to a fundamental block of B as B when there is
no chance of confusion. Thus, we will say that a matrix appears uniquely in
an infinite periodic array if it appears uniquely in a fundamental block. In
this case, addition on subscripts in the i** dimension is performed modulo
r; and we think of B toroidally. If B = [b] is any d-dimensional torus, the
projection of B along i; = his the (d — 1)-dimensional torus consisting of
all entries by for which i; = h.

As a necessary condition for perfect factors, we know that there are k"¢
k-ary d-dimensional matrices, where Ny = []°, n;, and there are ¢ tori
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with Rg4 positions each for a matrix to appear, where Ry = l'[f’=1 5, and so
we must have tRy = kM4, Also, if ever some r; = n;, then the all 0’s matrix
appears more than once (at least r; > 1 times), and so we need r; > n; for
each i as well. It is believed that these conditions are also sufficient, though
again “small” cases may cause difficulty. Note that the conditions above
determine ¢ from N4 and Ry, hence the notation PFA(R; N;t) is somewhat
redundent. We include ¢ for clarity.

Our main result is

Theorem 1.1. Let k = [[;_, p{* for primes p; and for j < d suppose
that r; = []°_, p? with each PP > 2. Further assume that for each
i < s there is a permutation o; = (0;1,...,0:4) of {1,... ,d} so that
for each | < d we have Y°\_, Bio.; < ;2. Then PF3(R;N;t) # 0 for
R=(ry,...,7a), N=1(2,...,2) =(2)%, and t = kNe/Ry.

Observe that ¢ is determined by R and N as in the previous paragraph.
The goal is to determine, for given d, k, and N, for which R PF3(R; N;t)
is nonempty, so the value of ¢ is really of no concern to us.

As an example, one can construct factors in P F,(213.35.73,25.314.71 25.
31.78,213.37.72:2,2,2,2; t) where ¢t = (23~32-7)2‘/(235-327-7“) = 212.35.72,
The theorem comes from constructing perfect factors for each prime and
then putting them together in a rather natural way. The role played by
the permutation o in Theorem 1.1 is to transpose the factors from, say,
PF;,(31,35,37,314,2,2,2,2;35) to PF4(35,314,3!,37,2,2,2,2;35). Like-
wise, we construct PFj,(25,25,2'3,213;2,2,2,2;212) and PF3(7!, 72,73, 78;
2,2,2,2;7?) from Lemma 3.3, below, and transpose them to PF}, (213,25 95,
213,2,2,2,2;2!2) and PF}(73,71,78,7%,2,2,2, 2;72), respectively. Then
Theorem 2.3, below, will combine these three perfect factors into one.

What Theorem 1.1 doesn’t yield are factors near the “diagonal”; that is,
with the r; nearly equal. In fact, we cannot yet construct 3-dimensional
versions of totally square tori in PF3((r)¢; {n)?;1) for prime p.

2 Building Blocks

Crucial tools in our inductive construction are found in the following the-
orems.

Theorem 2.1. ([17]) If p* is a prime power and n > 2 withn+1 < p® <
p°", then PFpa (pP;n; p°"~P) £ 0. ]

Let B = [b] be an infinite d-dimensional k-ary matrix, and let B’ = LA
be an infinite d-dimensionaLk'-ary matrix. The term product B® B’ is the
kk'-ary matrix with entry I given by Kby + b’i.. In [13] we find

Theorem 2.2. Letﬁ=(r1,... ,74) and R = T4 ... ,74) have ged (r;, 7
1 d FARS ]
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=1foralj<d IfBe PFk(ﬁ N;1) and B' € PFZ&(R';N;1), then
(B©® B') € PF3,(R"; N) with R" = (rir),... ,rary). O

It is straightforward to generalize Theorem 2.2 from De Bruijn tori to
perfect factors. This yields

Theorem 2.3. Let R = {r1,...,rq) and R = (r,...,7}) have ged (r5,73)
=1forallj <d. If {By,...,B} € PF}R;N;t) and {BY,... ,BL} €
PF(R;N;t'), then {B;® B} :1<i <t,1<j<t'} € PF, kk,(R’" N;t")
with R" = (riry,...,rqry) and t" =tt'. O

In the next section we use Theorem 2.1 and wait until the very end to
use Theorem 2.3 in the proof of Theorem 1.1. We will also need several
technical lemmas about perfect factors of order one such that the sum of
the entries in each factor is zero modulo the base k. They will be used as
a control on the resulting periods of our constructions.

Lemma 2.4. Let p > 2 be a prime, d > 1, and Rg = Zk:t B Then there
is a partition {Si, ... ,Sg,/p} of the set of vectors l'[,‘:_1 [pP*| into sets of size
p such that, for eacb 1< Rd/p, the following holds. Let S; = {V;,1,...,Vip}
with V; j = (vij1,... ,vija4). Then for each k < d we have qu v,,J,k =0

(mod pP*).

Proof: We use induction. For d =1 we use the following factors Fj ; (for
the S;), where i =0,1,... ,p—1and h=0,1,...p"2 1.

s -1\ .
Fug = (b4l = 0,1, p=20(p% - (5 ) —into-1) e -1}

It is easy to see that these factors partition [p?] since since the former set
making up each Fj,; takes cares of those integers congruent to 0,1,... ,p—2
modulo p and the latter set takes care of those congruent to p — 1 modulo
p. The sum of the terms in Fj, ; is (Zj_o (hp® + ip + 7)) +pﬁ’ -3 -
ip(p — 1) — hp*(p — 1) = p#* which is congruent to 0 modulo pf.

For d > 1 we use the previous construction from the case d—1 and append
a dt* coordinate onto every vector in the following way. Given a set S; =
{(vi,l,ls ‘e ;vi,l,d—l)’ [ (U,'p'l, .o 'U,',,‘d_.l)} from the (d - 1)- construc-
tion, and z; = {x1,22,...%p} € PFpﬁd (p;1;pP4~1) (from the case d = 1)
we construct the sets S; jo,Sij1,--- »Sijp—1 Where S ;& = {(vi1,1,-
Vi1, d—1,T14+k)s--- » (Vip1,-- 'u,,,,_d_l,xwk)} and where the subscnpts on
the dt* coordinate are taken mod p. This yields the p(p?*~1)(R4-1/p) =
Rg4/p sets with the necessary modular properties.

Lemma 2.4’. Letp=2,d>2,2< B <... < fq, and Rdzzzk_
Then there is a partition {S1,...,Sr,/a} of the set of vectors i 1[2ﬁ’=]
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into sets of size 4 such that, for each i < Ry/4, the following holds. Let
S; = {V;,l,” . ,V,',4} with 1/,-0' = (vi,j,l’ - ,v,-,_,-_d). Then for each k < d we
have Z;=1 vijk =0 (mod 2Px).

Proof: We use induction. For d = 2 we use the following matching to
figure the set of k** coordinates. Each 0 < zx < 2°*~! is matched with
yr = 2P% — z;, and z, = 0 is matched with y, = 28x~1. To construct a
particular set S; = {(vi;1,1,%i,1,2),- .. » (Vi a1,vi42)} We choose one of the
261! matches (z;,:) and one of the 282~ 1 matches (z2, y2) to form the set
{(-'51»332) <$1, ) <y1:z2) (ylayQ)} This pI'OdU.CGS (2ﬂ1_1)(2/b2 1) = R2/4
sets with the necessary modular properties.

For d > 2 we use the previous construction from the case d—1 and append
a d'* coordinate onto every vector in the following way. As above, we will
use the set of matches {(z4,yq)}, defined analogously using 8;. Given a

set S,' = {('Ug,l,l,.. . ,v,-,l,d_l), ey (‘Ug,,;,l, ey ‘0,',4,4_1)} from the (d - 1)-
construction, and given a particular match (z4,y4), we construct the sets S}
and S} as follows. S} = {(vi,1,1,... ,%i,1,d-1,%d), (Vi 2,1, Y 2,d-1,%d),
(0i3,1,.-. ,%i3,d-1,%d), Wig1,.--,%i4 d—l,yd)} and S}’ sthches the roles
of z4 and yq. This yields 2(254 l)(R,g_l /4) = Rg/4 sets with the necessary
modular properties. O
Corollary 2.5. Let p > 2 be a prime,d > 1, and R4 = Zk— Then

for any integer 1 < m < Y°%_, B there is a partition {Sl, SRd/pm}

of the set of vectors []_,[pP*] into sets of size p"‘ such that for each
i < Ry/p™, the following holds. Let S; = {V, 1 yVipm} with V; ; =

(vij1,... ,ijd). Then for each k < d we have Y%, l'u,,,,k =0 (mod pP*).
Proof: Concatenate as many of the sequences from Lemma 2.4 as needed. O

Co:;ollary 25. Letp=2,d>22<p <...<pBq and Ry =

22 P . Then for any integer 2 < m < Z:=1 Bk there is a partition

{S1,... ,SRy/2m} of the set of vectors [[4_,[2P*] into sets of size 2™ such

that, for each i < Ryq/2™, the following holds. Let S; = {V;1,...,Viom}

with V; ; = (vij,1,-.. ,vija). Then for each k < d we have E?:l vij k=0
(mod 2P+).

Proof: Concatenate as many of the sequences from Lemma 2.4’ as needed. O

3 Proof of Theorem 1.1

a8+ _ d+1 8

Lemma 3.1. Let t; = p° o2 Ef— P and td+1 = p = P8 If
PFL.((p)?;(2)% ta) # 0 and fay1 < @241 — 2| By (so that Y21 g, <
a2‘1+1, i.e., Ray1|p®Ne+1), then PF:.;”((p)ﬁ,pﬂ‘“, (2% tq01) £ 0.
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We note that many of the arguments below can be made for arbitrary N
(with the modification 8341 < alNg41 —z:=1 Bs in the hypothesis), though
we lose the ability later on to transpose freely the factors produced. Also,
the statement for N = (n)¢ becomes more cumbersome, and so we aim here
for clarity rather than generality. We also note that in the application of
Lemma 3.1 to Lemma 3.3 which follows, it may be assumed that 8; < F;41
for each i < d, since reorderipg in this way will not violate the hypothesis
of Lemma 3.1 (reordering in nonincreasing fashion, however, may at times
violate the hypothesis).

Proof: Basically, the strategy is based on ideas and techniques found in
[5,6,11,16). However, since we are constructing perfect factors rather than
De Bruijn tori (perfect maps), there is some added difficulty in ensuring that
the arrays have the proper period. Given any p*-ary (d + 1)-dimensional
matrix M of size (2)%+! we see that its projection along ig4; = ¢ is a
d-dimensional matrix M;, which occurs in a unique Ay;) € A, for A €
PFZ.((p)?; (2)%ta), in the unique position J(Augy)- So the matrix M can
be partially encoded by the ordered pair (u(0),u(1)), since i € {0,1}, and
we are interested in using a 1-dimensional perfect factor U for pairs with
base |A| = t4 = p*N#/R4 to locate M. The rest of the encoding comes
from the positions J{ (Au(z))- The difference J (Auy) - J (Au(o)) is a vector
S = {81, $2,--- ,84) where s; € {0,1,... ,P»~1}. This vector S can be
assigned an integer via any bijection g : [[_, [P?*] — [[Te=:P?] = [Rd],
and so we are also interested in using a 1-dimensional perfect factor V for
singletons with base Ry to locate M.

To show that the following constructions are indeed a perfect factors, we
must show that each matrix M can be found uniquely and that the arrays
are periodic with the correct period. Uniqueness will be shown by noting
that the pair (u(0),u(1)) appears uniquely in the same position as the shift
J (Auq)) - J (Au(o)) in the constructions below.

What remains in the proof is to construct sequences which will match
up the pairs (u(0),u(1)) with the images z; of the shift vectors S;. There
will be four cases, based on whether a4 1|(ta)? or (£4)%|ra+1 and whether
ray1|Rq or Ra|ras1. The perfect factors U and V will come from Theorem
2.1 and from Corollaries 2.5 and 2.5, respectively. '
Case 1: 7441|(ts)? and rqs1|Ry. Given any U; = (uip, ui1,...) EU =
{U1,Uy,.. .} e PFLL(T¢+1;2; (td)z/rd.,.;) and V; = (vj'o,vj,l,. L)EV =
{V1,Va,...} € PF} (rat1;1; Ra/ra+1) we construct rq4 periodic sequences
Wo(Ui, V;),. .., Wy, —1(Us, V), each of period rq+1, with the property
that the k** entry W,(U;, V;) of Wi(U;, V;) is the ordered pair (u; k, vj,k+1)-
Clearly, for every (a,b) € [ta]?, ¢ € [R4), there are unique 1, j, k and I such
that Wi (Ui, V;)e = (a,¢), Wi(Ui, Vi)k+1 = (b,+), and k < 7441, Thus
W = {Wi(Us,V;) : i € [(ta)®/ra+1],d € [Ra/ra+1],1 € [ra41]} forms an en-
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coding of the [W| = ((ta)*/ra+1) - (Ra/7a+1) - Tas1 = (ta)*Ra/rar1 = tam
factors in the family A’ € PFot!((p)?,pPe+1;(2)%1;¢441) generated by
A € PFL((D)?; (2)% ta).

Case 2: rg41|(ts)? and Rg|ray1. U is as in case 1, but now we take
V ={V} € PF} (Ra;1;1) and, for each i, construct Ry periodic sequences
Wi(U;, V), defined as before, with i € [(£4)2/r441] and I € [R4]. As before,
we get |W| = (t4)2Rq/ras1 = tas1 sequences to encode the factors in A’.
Case 3: (t4)%|ray1 and rgyq|Ra. V is as in case 1, but U = {U} €
PF,((ts)?2;1) and for each j we construct (¢4) periodic sequences W (U,
V;), defined above, with j € [Ra/ras1] and I € [(ta)?]. Again, [W| = tqy;.
Case 4: (tg)%|ras1 and Rulrasr (and 71 /]Rg). V is as in case 2,
but now we use U € PF} (rat1/Ra; 2; (ta)?Ra/ra+1). (See below for
the case r44+1/Rq = 2, in which case such a U does not exist.) We use
a different technique here, first used in [6] and again in [11]. Let V =
(vo,v1,--- ,YR4—1,70,1,...). Denote by v§ the sequence (vp,v, ... ,vp)
of length z, let V' = (v,,... ,vp,—1) and denote by (V’)* the concatenated
sequence V'V’... V'’ of V’ with itself = times. Now let V" = v§(V')* =
(vo, 7, .-, vy, ), With £ = r4,,/Rq, and for each i construct the sequence
w(U;, V”), of period 441 defined by W(Ug, Ve = (‘u,g,k, ‘U;: (mod Rd))’ It
is not difficult ([6,11]) to see that for every (a,b) € [ta]?, ¢ € [R4], there
are unique ¢ and k such that W(U;, V"), = (a,¢c), W(U;, V")is1 = (b,"),
and k < rg41. Also, |W| = (£4)2R4/7d+1 = tda+1, completing the proof of
Lemma 3.1 when r441/Rqg # 2.

If r441/Rq = 2 take U’ € PF] ((t4)%2;1) and concatenate r4y1/(¢4)2
copies of U’ to get U (with length r4;,). Take V = (vg,v1,...,vp,-1) €
PF} (Rg;1;1). For j = 1,2,...,(ta)?Ra/ray1 = tayy let V; have kth
entry vk if 0 < k < Rg and V2i414(k—Rg) if Ra < k < 2Ry4. Now for
0 <7 < tay1, let W(U,V;) have k** entry given by the ordered pair of
kt* entries from U and V;. Checking that this encoding has the correct
uniqueness and modular properties is straightforward. 0O

Observe that in extending this to n; > 2, the only difficulty in the above
proof involves the last paragraph of case 4. Also, analogues of Corollaries
2.5 and 2.5/ are needed. However, these can be obtained as in the proof of
Corollary 2.5 using results from [17].

Lemma 3.2. For all 8 > 2,8, > 2, and a with B, + B, < 4a we have
PF2.(2,202;2 2; 24a—F1-Fa) o4 ¢,

Proof: We assume that 8, < f2, otherwise we would simply switch the
roles of B; and B, and transpose the result of what follows. This and
the hypotheses imply that 8; < 2a so that PFL.(2%;2;222-A1) £ ( by
Theorem 2.1. Let U = {Uy, ... ,Upa-s, } be such a perfect factor.

Consider first the case that 28; + 2 < 4a. Then B; < 2(2a - )
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$0 PFLa_p, (2P2;2; 24«-%1~F2) 4 () by Theorem 2.1. Let V = {W,...,
Va4a-18, -8, } be such a perfect factor. If (z,y) is a particular pair of adjacent
digits in some V; then our encoding will tell us to juxtapose U and Uy as
columns in a matrix. In orderto construct a two-dimensional perfect factor
we need that every ordered pair (Uz, Uy) appears exactly 261 times, once
with each possible shift of U, with respect to Uz. In this case we use
the sequences S, = (z)2”*, for each = € [2%1], each of which sums to 0

(mod 21) since By < f». Each S; gets paired with each V; to create
the (2A1)(212~2f1—F2) = 2%c—F1=F2 matrices in the factor required by the
theorem.

Consider, on the other hand, the case that 28, + f2 > 4c, and suppose
that B; < 2a. Use U as above and take V = {V} € PFLa_s, (2127%1;2;1).
Now we denote by (a, b)* the sequence (a,b,a,bd, ... ,q,b) of length 2k and,
for z € [2P1], define the shift sequences S, = (z, 2% — )27, each of which
sums to 0 (mod 2f1). We partition [2%1] into index sets Iy, ... , Ipta-1-52,
of size 2261+Pa—4a each, and for each I; = {i(j,1),...,i(j, 22 +Pr—4a)}
we concatenate the sequences Sjgj 1), --- ,S,-(_,-_2ap,+p,_4¢.), to form the se-
quence S(j). Form the sequence V2" by concatenating V' with itself
92A1+Pa—4a times, and then pair each S(j) with y2¥#ithamie - pq above, this
produces the necessary 24*~#1—P2 matrices for the factor we need.

Lastly, consider the case 8) = 2c, which means that 82 = 2« as well since
B1 + B2 < 4a. Thus we want to show that we can find a totally square De
Bruijn torus in PF£.(22*,22%;2,2,1). But this set of tori has been shown
to be nonempty in [11,14], and this completes the proof of Lemma 3.2. O

Lemma 3.3. Let p* be a prime power, for j < d let r; = pPi > 2 and sup-
pose that for eachl < d we have Y",_, B; < a2'. Then PF% (R; (2)%;t) # 0,

-+ d___ d X
where R= (ry,... ,ra) and t=pa2 2,-:1563.

Proof: We will use induction on d. For the base cases, when d = 1 we
have PFl.(p?;2;p?*~#) # 0 from Theorem 2.1. If p = 2 then we also need
d = 2 as a base case. For this we have PFZ,(281,202;2,2;210—Fi—Fa) 3£
from Lemma 3.2. For d > 1 (or d > 2 if p = 2) the hypotheses for case d
imply those for case d — 1, which in turn imply those of Lemma 3.1, which
finishes the proof. ]

Proof of Theorem 1.1: Use Lemma 3.3 followed by Theorem 2.3. 0
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