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ABSTRACT. Three mutually orthogonal idempotent Latin squares
of order 18 are constructed, which can be used to obtain 3
HMOLS of type 5! and type 23'® and to obtain a (80, 5,1)-
PMD.

1 Introduction

A Latin square based on {1,2,...,n} is called idempotent if its (¢,4) (i =
1,2,...,n) entries are i. It is known [1] that there exist three mutually
orthogonal idempotent Latin squares of order n for any integer n > 5 and
n # 6, 10,18, 22, 26. Recently, the authors [3] solved the cases n = 22 and
26. In this paper, we construct three mutually orthogonal idempotent Latin
squares of order 18. As an application we use them to obtain 3 HMOLS of
type 58 and type 23!8 and to obtain a (90, 5, 1)-PMD.

2 Method of Construction

Assume that Zy7 = (0,1,...,16) is the cycle of residue of modules 17. Add
a point co to Z;7 and define for every a € Z;y

a+0=0+a=a—-0=0—a=a-00=00"6 =00.
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Let A = |ai|l, i=1,...,5, 7 =1,...,19 be a matrix over Z;7 U {oo}.
Let ry = (zy,...,Z19), T2 = (%1, - - - Y19) be rows of A, r; and 7, are said to
be orthogonal if

1) (zi,3) # (00,00),i=1,...,19

2) there exist integers s and ¢, 1 < s # t < 19, such that z, = oo,
Y¢ = 00.

3) for every a € Z;7 there exists a pair (z;, 3;) with z; —y; = a (mod 17)

The matrix A is said to be a DS-matrix if its rows are mutually orthogonal
[4]. For b€ Z;7 define A+b=|a;; +b|,:=1,...,5,j=1,...,19.
It is obvious that the matrix

0o
0o
oo|A|A+1]... | A+16
oo
oo

is an OA(18,5) orthogonal array over Z;; U {oo}, which is equivalent to
three mutually orthogonal Latin squares of order 18.

Clearly we can add an integer module 17 to any row, as well as to any
column of A without losing the DS-property. So we assume that the first
row of A is (0,0,...,0), and the first column is (c0,0, 0,0, 0)T.

Removing the first row and the first column we denote the remaining
4 x 18 matrix by AR. It has the properties [4]

(1) every row of AR is a permutation of Z7 U {co}
(2) every column of AR contains different elements.
(3) forevery a € Z17{0} there exists exactly one pair (z;, y;) with z;—y; =

a (mod 17) between any two rows (zi,...,z18) and (¥1,...,%18) of
AR.

We found, with aid of a computer, an AR as follows:

oo 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 o0 15 3 12 6 1 10 2 13 8 16 14 5 11 4 9 7
1 15 oo 16 4 3 12 14 9 11 13 5 7 0 2 6 8 10
3 12 4 7 o 8 1 15 1 5 2 0 10 13 9 16 6 14

In the matrix A corresponding to the AR, add 1 to each element of the
first row, 16 to the second, 15 to the third, 2 to the fourth, and 11 to the
fifth. Replace 0 and oo by 17 and 18 respectively. Using the first and the
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second rows as row and column subscripts, using the other three rows of A
as the first rows of three Latin squares respectively, we can construct three
mutually orthogonal Latin squares of order 18 L,, L, L3 as shown below.
It is clear they are all idempotent. We then have

Proposition. There exist three mutually orthogonal idempotent Latin
squares of order 18.

1 10 4 16 8 17 11 6 14 12 3 9 2 7 5 18 13 15
14 2 11 5 17 0 1 12 7 15 13 4 10 3 8 6 18 16
18 15 3 12 6 1 10 2 13 8 16 14 5 11 4 9 7 17
8 18 16 4 13 7 2 11 3 14 9 17 15 6 12 5 10 1
11 9 18 17 5 14 8 3 12 4 15 10 1 16 7 13 6 2
7 12 10 18 1 6 15 9 4 13 5 16 11 2 17 8 14 3
15 8 13 11 18 2 7 16 10 5 14 6 17 12 3 1 9 4
10 16 9 14 12 18 3 8 17 11 6 15 7 1 13 4 2 5
3 11 17 10 15 13 18 4 9 1 12 7 16 8 2 14 5 6
6 4 12 1 11 16 14 18 5 10 2 13 8 17 9 3 15 7
16 7 5 13 2 12 17 15 18 6 11 3 14 9 1 10 4 8
5 17 8 6 14 3 13 1 16 18 7 12 4 15 10 2 11 9
12 6 1 9 7 15 4 14 2 17 18 8 13 5 16 11 3 10
4 13 7 2 10 8 16 5 15 3 1 18 9 14 6 17 12 11
13 5 14 8 3 11 6 17 6 16 4 2 18 10 15 7 1 12
2 14 6 15 9 4 12 10 1 7 17 5 3 18 11 16 8 13
9 3 15 7 16 10 5 13 11 2 8 1 6 4 18 12 17 14
17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 18
L,
1 6 5 14 16 11 13 15 7 9 2 4 8 10 12 17 18 3
18 2 7 6 15 17 12 14 16 8 10 3 5 9 11 13 1 4
2 18 3 8 7 16 1 13 15 17 9 11 4 6 10 12 14 5
15 3 18 4 9 8 17 2 14 16 1 10 12 5 7 11 13 6
14 16 4 18 5 10 9 1 3 15 17 2 11 13 6 8 12 7
13 15 17 5 18 6 11 10 2 4 16 1 3 12 14 7 9 8
10 14 16 1 6 18 7 12 11 3 5 17 2 4 13 15 8 9
9 11 15 17 2 7 18 8 13 12 4 6 1 3 5 14 16 10
17 10 12 16 1 3 8 18 9 14 13 5§ 7 2 4 6 15 11
16 1 11 13 17 2 4 9 18 10 15 14 6 8 3 5 7 12
8 17 2 12 14 1 3 5 10 18 11 16 15 7 9 4 6 13
7 9 1 3 13 15 2 4 6 11 18 12 17 16 8 10 5 14
6 8 10 2 4 14 16 3 5 7 12 18 13 1 17 9 11 15
12 7 9 11 3 5 15 17 4 6 8 13 18 14 2 1 10 16
11 13 8 10 12 4 6 16 1 5 7 9 14 18 15 3 2 17
3 12 14 9 11 13 5 7 17 2 6 8 10 15 18 16 4 1
5 4 13 15 10 12 14 6 8 .1 3 7 9 11 16 18 17 2
4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 18
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1 18 2 5 9 12 16 13 11 4 7 3 10 17 8 6 15 14
16 2 18 3 6 10 13 17 14 12 5 8 4 1 1 9 7 15
8 17 3 18 4 7 11 14 1 15 13 6 9 5 12 2 10 16
1 9 1 4 18 5 8 12 15 2 16 14 7 10 6 13 3 17
4 12 10 2 5 18 6 9 13 16 3 17 15 8 11 7 14 1
15 5§ 13 11 3 6 18 7 10 14 17 4 1 16 9 12 8 2
9 16 6 14 12 4 7 18 8 11 15 1 & 2 17 10 13 38
14 10 17 7 15 13 5 8 18 9 12 16 2 6 3 1 11 4
12 15 11 1 8 16 14 6 9 18 10 13 17 3 7 4 2 5
3 13 16 12 2 9 17 15 7 10 18 11 14 1 4 8 5 6
6 4 14 17 13 3 10 1 16 8 11 18 12 15 2 5 9 7
100 7 5 15 1 14 4 11 2 17 9 12 18 13 16 3 6 8
7 11 8 6 16 2 15 5 12 3 1 10 13 18 14 17 4 9
S5 8 12 9 7 17 3 16 6 13 4 2 11 14 18 15 1 10
2 6 9 13 10 8 1 4 17 7 14 5 3 12 15 18 16 11
17 3 7 10 14 11 9 2 5 1 8 15 6 4 13 16 18 12
18 1 4 8 11 15 12 10 3 6 2 9 16 7 5 14 17 13
13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 18

3 Some Applications

This new result leads to some applications. Since three mutually orthogonal
idempotent Latin squares of order n are equivalent to three holey mutually
orthogonal Latin square (3 HMOLS) of type 1™, we may combine the known
results in [2, Theorem 1.1] and [3, Corollary 1] with the new 3 HMOLS of
type 1!8 to obtain the following

Corollary 1. There exist 3 HMOLS of type 1™ if n > 5 and n # 6, 10.

From Corollary 1 we further obtained 3 HMOLS of type 5!8 and 2318
which were listed as unknown cases in [2, Theorem 5, 10].

Corollary 2. There exist 3 HMOLS of type 5!8 and 2318,

3 HMOLS of type 1" can be used to construct a (5n,5,1)-PMD [1]. The
new 3 HMOLS of type 1!® can give a (90,5,1)-PMD which is previously
unknown.

Corollary 3. There exists a (90, 5,1)-PMD.
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