On the Connection between the Undirected and the
Acyclic Directed Two Disjoint Paths Problem

Cl4udio L. Lucchesi*

Department of Computer Science
Unicamp, C.P. 6065
13081 Campinas, SP, Brasil
lucchesi@dcc.unicamp.br

Maria Cecflia M. T. Gigliot

Promon Eletronica Ltda.
Rod. Campinas MogiMirim km 118,5
13100 Campinas, SP, Brasil

ABSTRACT. Given an undirected graph G and four distinct spe-
cial vertices s1,82,t1,t2, the Undirected Two Disjoint Paths
Problem consists in determining whether there are two disjoint
paths connecting s; to ¢; and s2 to ta, respectively.

There is an analogous version of the problem for acyclic di-
rected graphs, in which it is required that the two paths be
directed, as well.

The well known characterizations for the nonexistence of so-
lutions in both problems are, in some sense, the same, which
indicates that under some weak conditions the edge orienta-
tions in the directed version are irrelevant. We present the first
direct proof of the irrelevance of edge orientations.

1 Introduction

In this paper all graphs are simple, that is, free of loops and multiple edges.

Given an undirected graph G and four distinct special vertices s, 82, t1, t2,
the Two Disjoint Paths Problem consists in establishing that there exists
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in G a disjoint pair of paths, one connecting s; to ¢;, the other connecting
59 to ta, or, if no such paths exist, producing a certificate of nonexistence.

This problem was solved independently by Seymour [4] and by Thomassen
[6]. Both authors gave a structural characterization which leads to a poly-
nomial algorithm for solving the problem. Polynomial algorithms were also
given by Perl and Shiloach [3] and by Shiloach (5].

As pointed out by Seymour [4], if there exists a vertex set X of G such
that | X| < 3 and G — X has a connected component K free of special ver-
tices, then the existence of solutions is preserved by the following reduction:

e Remove from G all vertices of K.

o Join each pair of vertices of X by an edge.

We say that G is #rreducible if the reduction described above is not ap-
plicable.

It is also easy to see that if one adds four edges, joining each of s; and
t; to each of sz and ¢, then the existence of solutions is also preserved: we
call cycle s;—sao—t1—to thus obtained a gquadrilateral.

The characterizations of the problem, mentioned above, are equivalent
to the following.

Theorem 1 If G is irreducible then the two disjoint paths problem has no
solution if and only if addition of edges joining each of s1 and t; to each of
sy and tg yields a planar graph having quadrilateral s1-s2—t1-t2 as one of
its faces.

An analogous version of the problem, for acyclic directed graphs, called
the Acyclic Directed Two Disjoint Paths Problem, requires that the two
paths be directed, as well. This version of the problem was solved by
Thomassen {7]. Again, the structural characterization given therein leads
naturally to a polynomial algorithm. A very simple and elegant algorithm
for solving this problem was given by Perl and Shiloach [3].

As pointed out by Thomassen [7], the aciclicity of the graph and the
existence of solutions is preserved by the following reductions:

o Remove edges entering s; and s3; remove edges leaving ¢; and ¢,.
¢ Remove sources and sinks that are nonspecial vertices.

¢ Contract an edge if it is the only edge leaving (entering) a vertex, and
at least one of its ends is non special.
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After performing these reductions, Thomassen derives a characterization
for the existence of solutions that is quite similar to that of Theorem 1. An
equivalent assertion is given below (Corollary 4). A constructive generaliza-
tion of this result was given by A. Metzler in her Ph. D. thesis [2]. It follows
[7, Corollary 3.4] that if the graph is free of the reductions mentioned in the
previous paragraph then there exists a solution for the directed version if
and only if there exists a solution for the corresponding undirected version
of the problem.

Thomassen [7] also indicates that it would be interesting to have a direct
proof of this fact. That proof is given herein.

More specifically, we prove the following result.

Theorem 2 Let G be an acyclic directed graph such that special vertices
81 and sy are sources, spectal vertices t1 and ty are sinks and every non-
special vertez has indegree and outdegree at least 2. The Acyclic Directed
Two Disjoint Paths Problem has a solution if and only if the corresponding
undirected Two Disjoint Paths Problem has a solution.

The following result will play a central role in the proof and follows from
Menger’s Theorem and the hypothesis of Theorem 2 [7].

Proposition 8 Under the hypothesis of Theorem 2, for every nonspecial
vertex v there exist directed paths from sy to v, from s3 to v, fromv to
and from v to ta, disjoint except at v.

It follows that, under the hypothesis of Theorem 2, the underlying undi-
rected graph is irreducible; we then have an alternate proof of the charac-
terization of nonexistence of solution for the Acyclic Directed Disjoint Two
Paths Problem:

Corollary 4 Under the hypothesis of Theorem 2, the Acyclic Directed Two
Disjoint Paths Problem has no solution if and only if addition of edges
Jjoining each of s; and ty to each of so and t2 yields a planar graph having
quadrilateral 8,-85-t1-t; as one of ils faces.

The results presented herein are a revision of an earlier version contained
in the second author’s M. Sc. Dissertation [1], written under the first au-
thor’s supervision.

2 Terminology

A path is a sequence P := (ug, a1, U1, ,Qm,%y,) in a directed graph,
where the u; are pairwise distinct vertices, the o; are edges, and u;_; and u;
are the ends of oy, for each i such that 1 < ¢ < m. The reversal of P is path

193



(%m, Qmy -+ + ,u1,01,u0). We allow m = 0, in which case P is degenerate.
Vertices ug and wu,, are, respectively, the origin and the terminus of P. We
denote by VP vertex set {uo,u1,- - ,%m}-

Let Q := (vo,P1,v1, " ,Pn,Vn) be a path such that u,, and v are
identical. The product P o @ of P and @ is defined to be the sequence
(uOy Q1,U1,°** ,0myUm, ﬂl)vl) et 1ﬁﬂ) vﬂ); such sequence isa path if and
only if VPNVQ = {unm}.

For 0 < i < j < m, we denote by P[u;, u;] the subpath of P with origin u;
and terminus uj, that is, Plus, u;] = (ui, @it1,%it1, -+ , @j,%;); We denote
by Pfuj, u;) the reversal of Plus,u;], that is, Pluj, u] := (uj, a4, -+ ,ui41,
@i4+1,%;). It is very important to realize that for vertices 4 and » in VP,
P[u,v] may not be a subpath of P, but in that case it certainly is a subpath
of the reversal of P.

An edge o; (1 < i < m) is forward in P if it is directed away from u;_,
into u;, otherwise it is a reverse edge. Vertex u; (0 <t < m) is a switch in
Pif

either (i) i=0<m and e, is a reverse edge in P,
or (ii) 0<i<m,oneofa;and a;;, is a forward edge, the
other a reverse edge in P,
or (iii) O0<i=m and oy, is a reverse edge in P.

In other words, a switch in P usually is a vertex where a change of direction
occurs, but it is important to notice that we also consider the origin of P
a switch if its first edge is reverse; likewise, the terminus of P is a switch if
its last edge is reverse.

We denote by SP the set of switches of P.

Path P is directed if a; is directed away from u;—; into u; for each ¢ such
that 1 < i < m. Thus P is directed if and only if SP is the null set.

Proposition 5 Let P := AoB be a path, let v denote the origin of B (and
the terminus of A).

(a) If v is not a switch of A, then SPNVB = SB.
(b) If v is not & switch of B, then SPNVA = SA.

Corollary 6 Let P := Ao BoC be a path. If A and C are both directed,
then SP = SB.

3 Proof of Theorem 2

Clearly, any solution for the directed version is also a solution to the undi-
rected version. To prove the converse, assume that there exist two disjoint
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(not necessarily directed) paths in G, joining s; to £; and s to {2, respec-
tively. Among such pairs of paths, choose one, (P;, P,), say, such that the
corresponding set of switches S := SP; U SP;, is minimal. We now prove
that each of P, and P, is a directed path, thereby proving Theorem 2.

Assume, to the contrary, that at least one of P; and P, is not directed.
That is, assume that S is nonnull.

Define relation < on the vertex set of G by u < v if and only if there
exists a directed path from u to v in G. Since G is acyclic, relation < is a
partial order.

Let up be a minimal element of S, with respect to partial order <. That
is, up € S and Vz € S,z £ up. Let vo be a maximal element of {v : v €
S, ug < v}. Clearly, v is maximal in S.

By Proposition 3, there exist two directed paths, @, and Q2, respectively
from s; and s to up, disjoint except at ug. Similarly, there exist two
directed paths, R; and R», from vg to respectively ¢; and ¢3, disjoint except
at 2p.

Proposition 7 For each vertex q in VQ,UV Q2 and each vertez r in
VR UVR,, inequality g < ug < vg < r holds.

Proof. Each of @y, @2, Ry and R; is a directed path. Vertex ug is the
terminus of @; and @2, whence ¢ < ug. Vertex vy is the origin of R; and
Ry, whence vg < 7.

By definition of vg, ug < wp.
We conclude that ¢ < ug < vp < r, and the assertion follows.

Vertex s;, the origin of Py, lies in @;. Let g; be the last vertex of P; in
VQ1UVQq: that is, no vertex of P;[q1,t1] except ¢y liesin VQ, UVQ,.
Likewise, define r; to be the first vertex of P; in VR; UV Rs. Define g
and r,, vertices of Py, similarly.

Proposition 8 For 1,5,k € {1,2}, for each vertez ¢ in VP,NVQ; and
Jor each vertex r in VP, NV Ry, the following properties hold:

(a) Neither q nor r is a switch in Piq,7].

(b) If g # uo then path P;i[s;, q] is directed.

(¢) If r # vo then path Py[r,t;] is directed.

(d) Vertex ug lies in {q1,q2} and vertez vy lies in {r1,r2}.
(e) If v precedes q in P; then q = ug and r = vg.

(f) Vertez g; is the only vertex of Pi[qi, 7] in VQ,UVQ,.
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(g9) Vertez r; is the only vertex of Pq,ri] in VRiUVR;.

Proof.

(a) Assume, to the contrary, that q is a switch in P;[g, r]. By definition of
switch, ¢ # r and the first edge of P;[g,7] is reverse. Or, equivalently, the
last edge of P;[r, g] is forward. Let thus T be a maximal (nondegenerate)
directed subpath of P;[r, g] having terminus g; let ¢ be the origin of T'. Path
T is directed, whence ¢ < g. Since ¢ lies in VQ, UV Q2, ¢ < up, whence

t <up. 1)

From this, by Proposition 7, ¢t does not lie in VR; UV Ry. In particular,
t # r. From this, by the maximality of T', we conclude that ¢ is a switch
of Pi[r, g]. Since ¢ does not lie in {g, 7}, it follows that ¢ is a switch of P;,
regardless of the order in which ¢ and r occur in P;. In that case, (1) is
a contradiction to the minimality of up. As asserted, ¢ is not a switch in
Py[q, 7).

A similar argument may be used to prove that r is not a switch in P;[g, 7],
either.

(b) Let T be a maximal directed subpath of P;[s;, g] having terminus g, let
t be its origin. Assume, to the contrary, that s; # t.

By the maximality of T, vertex t is a switch in P;[s;, q]. By part (a), g is
not a switch in P;[g, ¢;]. By Proposition 5(b), ¢ is a switch in P;.

Since T is directed, ¢ < ¢q. By hypothesis, ¢ # up. From these, by

Proposition 7, ¢t < g < ug, in contradiction to the minimality of »p in S.
(c) Analogous to (b).
(d) Let i be such that ug lies in P;. We assert that uo = ¢;. For this,
assume the contrary. By definition of ¢;, vertex ug lies in Pi[s;, ¢;]. By
part (b), P;[si, ¢] is directed, whence ug < ¢;. This inequality contradicts
Proposition 7.

We conclude that up € {q1,92}. By symmetry, v lies in {ry,72}.

(e) Assume that r precedes q in P;. Assume, to the contrary, that q # wug
or r # vg. If ¢ # up then, by part (b), P;[s;, q] is directed. If r # wp, then,
by part (c), Pi[r,t;] is directed. In both cases, Pi[r,q] is directed. Thus,
r < q. By Proposition 7, g=ug =v9 = .

(f) If g; precedes r in P;, the assertion follows immediately, by definition
of ¢;. Assume thus that r precedes ¢; in P;. By part (e), ¢; = uo; also by
part (e), g; is the only vertex of VQ; UV Q2 that vertex r precedes in P;.
The assertion follows.

(g) Analogous to (f).
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The proof of the Theorem is divided into 3 cases. In each case a new pair
of paths is defined and it is shown that the corresponding set of switches is
a proper subset of S, a contradiction.

Casel ri € VR; and 2 € VR,.

Define

P{ = Pi[s;,r1]0oRy[ry,t4]
Pg’ = P2[82, rz] o Ry [1'2, tz].

We begin the analysis of Case 1 by showing that P{ and P} are disjoint
paths.

By definition, 7, is the only vertex of Py[s;,r1] in R;. Thus P is a path.
Similarly, P; is a path.

Paths P; and P, are disjoint, whence so too are Pi[sy,r;] and P[sz, 72).
In particular, r; and r; are distinct.

Paths R;[r1,%;] and Rs[rs, to) are subpaths of R; and Rj, respectively.
Paths R; and R; are disjoint except at their common origin vp. Since r;
and ry are distinct, paths R[r;,¢] and R[rp, ¢2) are disjoint.

By definition of r1, no vertex of P;[s1, 1], except possibly ry, lies in Rs.
Vertex r; lies in Ry[ry,¢4], in turn disjoint with Rpfre,ts). It follows that
paths Pi[s), 7] and Ra[rs, t5] are disjoint. Likewise, P,[sq, 2] and Ry [ry,t;)
are disjoint. It follows that P{ and Pj are disjoint.

We now conclude the analysis of Case 1 by showing that

SP{USP; C (SPLUSP;)\ {w},

thereby contradicting the choice of (P, P2).
Path R, is directed and Ry[r,t1] is a subpath of Ry. Thus, R[ry,t,] is
directed. By Corollary 6,
SP{ = SPl [81, 7'1].
By Proposition 8(a), vertex r; is not a switch of Py[s;,1]. Moreover,
Pj[84,71] is a subpath of P;. Thus
SP1[81,1'1] g SP1 \ {1‘1}.

By Proposition 8(d), either vy does not lie in P; or it is equal to r;. We
conclude that

SP; C SP; \ {w}.
Similarly,

SP; C SP, \ {w}.

It follows that the new set of switches is thus a proper subset of S, a
contradiction. This concludes the analysis of Case 1.

197



Case 2 q1 €eVQi and g2 € VQ,.
Define

Py = Qils1,q]o Pilg1,t1]
Py = Qals0, ] o Pags, ta).

The proof in this Case is the directional dual of that of Case 1.
Case 8 The hypotheses of Cases 1 and 2 are both false.

We begin the analysis of this case by showing that
rMe€VRy, meVR),  €VQrand g2 € VQy.

Since the hypothesis of Case 1 does not apply, either 7y € VR; orro € VR,
Assume that r; € VR;. Thus r; € VR, \ VR;. Since vp is the common
origin of R; and Rz, 1 # vo. By Proposition 8(d), v € {r1,72}, whence
o =wvg € VR;. It follows that if ry & VR; then r; € VR and 2 € VR;.
The same conclusion holds if 7o € V Ry. We conclude that 7, € VR» and
ro € VR,. Likewise, the hypothesis of Case 2 does not apply, whence
@1 €VQz2and 2 € VQ1.
Define

P := Gils1,q]o Pge,72) 0 Ri[ra, t1]
Py = Qa[s2,q1] o Pi[gi,r1] o Ra[ry, to].
We proceed in the analysis of Case 3 by showing that P| and P; are
disjoint paths.

By Proposition 8(f), ¢ is the only vertex of P;[go, 2] in Q1]s1, g2]; simi-
larly, ro is the only vertex of Py[ge,72] in Ry[ro, t4].

Paths Q1[s1,q2] and R, [rs,t;] are subpaths of @Q; and R;, respectively.
The terminus of @Q; is ug, the origin of R; is vg. By Proposition 7,
VQiNVRy = {upg} N{vo}. It follows that

VQi[s1,q] NV Ry[ra, ty] = {g2} N {r2} . 2

Thus Pj is a path. Similarly, P; is a path.
Paths P; and P; are disjoint by hypothesis, whence

VPi[q, 1] NVPge,r2) =0. (3)

In particular, each of ¢; and r, is distinct from each of g and ro.
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Paths Q[s1, ¢2] and Q2[s2, ¢1] are subpaths of Q; and Q3, respectively.
Paths @, and Q5 are disjoint except at their common terminus uq. Since
g1 and g are distinct,

VQils1, el NV Qa[s2,q1] = 0. (4)

In a way similar to the proof of (2), we obtain VQ[s;, ¢2] NV Rp[ry,t2] =
{g2} N {r1}. But g2 and r, are distinct. Thus,

VQils1,92] NV Ry[ry,t0] = 0. (5)

By Proposition 8(f), no vertex of Py[gs,72], except possibly g, lies in Q.
But g2 lies in Q;[s1, g2}, in turn disjoint with Q2[s2, ¢1]. It follows that

V Py[g2,m2] NV Q2[s2, 1] = 0. (6)

By symmetry, from (4), (5) and (6), respectively, we obtain (7), (8) and
(9)-(11), below.

VRy[r2,t1] NV Re[r1,t2] = 0. (7
VQz[s2, 1] NVRy[re,ta] = 0. (8)
VPlqa, 2] NVRe[ry, 8] = 0, (9)
VPiq,m]NV@Qi[s1,92] = 8, (10)
VPi[g,1)NVRy[re, t)] = 0. (11)

From (3)-(11), it follows that P] and P, are disjoint.
We now conclude the analysis of Case 3 by showing that

SP{USP, C (SP,USPy)\ {uo, o},

thereby contradicting the choice of (Py, P2).

Path Q, is directed and Q{s1, g2] is a subpath of Q. Thus, Q;[s1, g2] is
directed. Similarly, R,[rs,¢,] is directed. By Corollary 6,

SPI' = SPz[Qz, T2].

By Proposition 8(a), neither g2 nor r is a switch of P;[gz, r2]). Moreover,
Ps[g2,72] is a subpath of either P, or the reversal of P,. Thus

SP;[ga,79] C SP2\ {g2,72}.

By Proposition 8(d), either ug does not lie in P, or g = ug; similarly, either
vp does not lie in P or ry = v9. We conclude that

SP{ C SP;\ {uo, v}
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Similarly,
SP} C SP1 \ {uo, w0}
From the last two inclusions we conclude that the new set of switches is

a proper subset of S, a contradiction.

The conclusion of the analysis of Case 3 completes the proof of Theo-
rem 2.
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