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ABSTRACT. We deal with (a, d)-antimagic labelings of the prisms.
A connected graph G = (V, E) is said to be (a,d)-antimagic
if there exist positive integers a, d and a bijection f: E —
{1,2,...,|E|} such that the induced mapping gy: V — N, de-
fined by gr(v) = Y_ {f(u,v): (u,v) € E(G)}, is injective and
g](V) = {a,a+d,...,a+(lV| - l)d}'

We characterize (a,d)-antimagic prisms with even cycles and
we conjecture that prisms with odd cycles of length n, n > 7,
are (%,4)-antimagic.

1 Introduction and Definitions

The graphs considered here will be finite, undirected and simple. The
symbols V(G) and E(G) will denote the vertex set and the edge set of G.
The weight w(v) of a vertex v € V(G) under a edge labeling f is the sum
of values f(e) assigned to all edges incident to a given vertex v.

A connected graph G = (V, E) is said to be (e, d)-antimagic if there exist
positive integers a, d € N and bijection f: E(G) — {1,2,...,|E(G)|} such
that the induced mapping gs: V(G) — W is also a bijection, where W =
{w() |v e V(G)} = {a,a+4d,...,a+ (V| —1)d} is the set of weights of
vertices.

If G = (V,E) is (a,d)-antimagic and f: E(G) — {1,2,...,|E(G)|} is
a corresponding bijective mapping of G then f is said to be an (a,d)-
antimagic labeling of G.

In (8], Hartsfield and Ringel introduce the concept of an antimagic graph.
The concept of an (a,d)-antimagic labeling is defined in [3] and (a,d)-
antimagic labelings of the special graphs called parachutes are described in
[4}.
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The prism D,, n > 3, is a trivalent graph which can be defined as the
Cartesian product P, x C,, of a path on two vertices with a cycle on n
vertices. The prism can also be defined as the Cayley graph of the dihedral
group of order 2n (using a rotation and a reflection as generators, see [5]).

Let I = {1,2,...,n} and J = {1,2} be index sets. We will denote the
vertex set of Dy by V = {211, Z12,...,Z1,n,%2,1,722,...,T2,n} and edge
set by F = {(:z:_,-'.-zj,,-ﬂ) |_7 €eJandie I} U] {(:z:l,,-zg',-) l i€ I}.

We make the convention that z;n41 = zj,1 and z;0 = z;, (for j € J)
to simplify later notations.

Various types of labelings of prisms have been intensively studied by
several authors. In [2] it is proved that P, x C, is graceful when n = 0

(mod 4). A complete proof of all cases was given by Frucht and Gallian [5)
in 1988. Graceful labeling of prisms and prisms related graphs were given
by Gallian [6] in 1988.

Gallian, Prout and Winters [7] proved that P; x Cy, is harmonious when
n # 4. Magic and consecutive labelings of prisms are described in [1,9].

In this paper we characterize all (a,d)-antimagic graphs of prisms D,
when n is even and show that if n is odd the prisms D, are (238, 2)-
antimagic.

2 Necessary conditions

The following theorem gives the necessary conditions for an (a, d)-antimagic
labeling of D,,.

Theorem 1. Let D, be (a,d)-antimagic graph.
If m is even, then either d=1 and a = % or d =3 and o = 32£8.
If n is odd, then either d =2 and a = #%5 or d =4 and a = 2%,

Proof: Assume that Dy, is (a, d)-antimagic and W = {w(v) | v € V(D,,)} =
{a,a+d,a+2d,...,a+ (2n — 1) d} is the set of weights of vertices. Clearly,
the sum of weights in the set W is

> w()=n[2a+d(2n-1)]. (1)
veV(D,)

Since the edges of G are labeled by the set of integers {1,2,... ,3n} and
since each of these labels is used twice in the computation of the weights
of vertices, the sum of all the edge labels used to calculate the weights of
vertices is equal to

2(1424+---+|V(Dy)]) = (3n +1)3n. 2)
Thus the following the Diophantine equation holds
3(3n+1)=2a+d(2n—1). 3)
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From (3) we have

3(3n+1)—2a

d= 2n -1

4)

By putting a > 6 (a = 6 is the minimal value of weight which can be
assigned to a vertex of degree three) we get the upper bound on the value
die 0<d<3.

From (4) it follows that

(i) if » is even, then d is odd, and we obtain exactly two solutions (a, d)
of the Diophantine equation (3):

(a,d) = (7"—;4- 1) and (a,d) = (3”2'*6,3) .

(ii) if n is odd, then d is even, and this means that equation (3) has
exactly two solutions:

(a,d) = (5"—2““3 ) and (a,d) = ("” 4).

This completes the proof.

3 Prisms with odd cycles

Theorem 2. If n is odd, n > 3, then the prism D, has a (232,2)-
antimagic labeling.

Proof: We assume that n > 3 is odd. The desired (—i‘— 2) antimagic
labeling of D,, can be described by the following formulae: fi(z;iz;i+1) =

[-§—+n(3-1)]6(z)+ [1'*"—'*‘—+n(3—1)]5(z+1) fori e I and j € J,
fi(z1,:22:) = 2n+ 1 for i € I, where

0 ifz=0 (mod2)
6(z) = {1 ifz=1 (mod 2) ®)
First, we shall show that the labeling f; uses each integer 1,2, ..., |E(Dy)|-.
Ifiis odd i€landje€ J, then f1(x,,.z,,.+1) is equal successwely to
[1,2,3,.. ]a.nd[n+1n+2 !
ifiis even, i€landjeJ, then fi (Zj'ixj,i+1) successively assume values
of [%3,1}5, ,n] and [S—'SL?’,-"’%*'—S,...ﬂn].
If i € I, then fi(z1,:22 ;) successively attain values [2n+1,2n4-2,...,3n].
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Let us denote the weights (under a edge labeling f) of vertices z; ; and
T of Dn by

we(21,:) = f(Z1iZ1,641) + F(Z15-1218) + f(T1,i%2) (6)

wi(Z2s) = fz2iT2,4+1) + f(Z2i-1%2;) + f(z1,6224), foriel. (7)

The weights of vertices under the labeling f; constitute the sets

. 5n+5 Sn+5
Wis{up(en) lie N={TF2, 242 1 248 4 on o)
and
W2={wfl(a:2_.-)|ieI}={5n2+5+2n,5n;5+2n+2,...,5n2+5+4n—2}.

We can see that each vertex of D, receives exactly one label of weight
from W;UW; and each number from W;UWx is used exactly once as a label
of weight and further that theset W = WiUW, = {a,a+d,...,a+ (V| —1)d},
where a = 5245 and d = 2.

This proves that f; is (5%}5, 2)-antimagic labeling.
Lemma 1. Prism Dy is not (6,4)-antimagic.

Proof: Assume that Djs is (6,4)-antimagic. Then the set of weights of
vertices is {6,10, 14, 18,22, 26, 30, 34, 38,42}. The smallest value of weight
of vertex (w(z;) = a = 6) can be obtained only under the triple of values
of adjacent edges (1, 2,3). The following value of weight of vertex (w(z2) =
a +d = 10) can be obtained under four triples (1,2,7), (1,3,6), (2,3,5)
and (1,4, 5), but that leaves only the triple (1,4,5), because the vertices
z; and zz (must be adjacent) have an unique common edge (its value is
f(z1z2) = 1). The value of weight of vertex z3 (w(zs) = a + 2d = 14) can
be obtained under ten triples (1,2,11), (1,3,10), (1,4,9), (1,5,8), (1,6,7),
(2,3,9), (2,4,8), (2,5,7), (3,4,7) and (3,5,6). The first five triples we can
exclude because they contain the value 1. Each of the remaining 5 triples
contains a pair of values from the set {2, 3,4, 5}, therefore it is impossible
to arrange these triples on the edges of vertex z3 and this contradicts the
fact that Dg is (6,4)-antimagic.

We know (237, 4)-antimagic labelings for D7, Dy, and Dy, (Figures 1, 2
and 3). This prompts us to propose the following:

Conjecture 1. If n isodd, n > 7, then the prism D, is (24, 4)-antimagic.
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4 Prisms with even cycles
Theorem 3. If n is even, n > 4, then the prism D, has a (%ﬁ,l)-
antimagic labeling.

Proof: We assume that n > 4 is even. In this case the following formu-
lae, where again the function §(z) defined in (5) is used, yield the desired
(7—"{—4, 1)-a.ntimagic labeling.

({41 1.,. 2—1 . .
alasimsaa) = [T+ 20 =) 66+ [3mt 25 mta = ) a4 )
forieIandjeJ,
and
[ 1—-1 . [ 2—1 .
foz13723) = |+ —— | 6(i) + |n+ ——| 6(i +1),

but this time only for ¢ € I — {1}, while now

3n
foz1,122,1) = -

It is tedious, but not difficult, to check that the values of f> are 1,2,...,
|E(D,)| and further that the sets

7
W3={w,,(x1,,-)|¢e1}={§+1+i|iez}

and
In

W4={'wh($2,i)|i61}={ 2 +1+i|'i€I}

are the sets of weights of vertices of Dy, where w(z, ;) and wg(z3 ;) have
been defined above in (6) and (7) respectively. Moreover, it can be seen
that the induced mapping g: V(D,) — W3 U Wy is bijective.

Theorem 5. Prisms D, with even cycles admit a (23£€,3)-antimagic
labeling.

Proof: The proof breaks up into four cases depending upon the con-
gruence class of n (mod 8). To simplify the notation we let F(i,7,n) =
(326 = 1)+ 2] 66) + [0 - 1) + 2 — 3] 86 + D) A, 3)+([335 + 1)
+1—2i)6(3) + [3(37 + 1) +4 — 2i] 6(i +1)) A (2 + 1,14), where

1 ifz<y
A = -
(=) {o ifz>y ®)

and the function §(z) is defined in (5).
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Case 1. n =2 (mod 8).
For n > 10 we construct the edge labeling f3 in the following way:

fs(z,-,,-:z:j,.-“) = F(‘i,j, n) foriel— {g— + 1} and j € J;
fori=g+1 and j € J let
n,..
fa(@jazsann) = 535 - 1) - 1.

(32424 f2<i<B+1,

3n ifi=1,

2n+2+i ifi=3 (mod4)and 3 +2<i<n-3,
2n—1+i ifi=0(mod4)and $+3<i<n-2,
2n—1+i ifi=1(mod4)and 2+4<i<n-—1,
(2n—4+i ifi=2 (mod4)and 2+5<i<n.

fa(x14725) = <

Case 2. n =6 (mod 8).

For n = 6 see Figure 4. For n > 14 use the following labeling
Ja: fa(zjiziiv1) = F(i,5,n) forie I - {% +1,n—4,n—-3}and j € J.
Forie {3 +1,n—-4,n—3}andje Jlet

fa(zj,3+1%5,3+42) = g(3j -1)-1,

3n, .
fa @in-aZsn-3) =T+ (i = 1)
and
3n,,
f4 (@jn-3%5n-2) = 124 (G~ 1).

(3n ifi=1,

J|42-i f2<i<B+1,

2n+2+i ifi=1(mod4)and $+2<i<n-2
2n—-1+i ifi=2(mod4)and 3+3<i<n—4,
2n—-1+4+i ifi=3 (mod4)and 3 +4<i<n-3,

2n—4+i ifi=0(mod4)and 3 +5<i<n—-2,
5n—8+i

fa(z1,5%2;5) = <

ifrn—4<i<niseven,
Tn—5—i ifn-3<i<n-1isodd.

\

Case 3. n =4 (mod 8).
For n = 4 see Figure 5. For n > 12 we define the edge labeling f5 as
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follows:

fs(zjizji41) = F(i,j,n) forie I and j € J.
(82 11 ifi=341,
n+1 ifi=2+2
3n ifi=1,
2 424 if2<i<3,
2n+2+1i ifi=1(mod4)and §+3<i<n,
-1+ ifi=2 (mod4)and 3 +4<i<n,
2n—1+i ifi=3 (mod4)and 3 +5<i<n,
(2n—4+i ifi=0 (mod4)and 3 +6<i<n.

fs(z1,:%23) =

Case 4. n =0 (mod 8).

For n = 8 see Figure 6. Forn>16andi€ I — {n—4,n -3}, j € J use
the following labeling f¢: fe(zjizji+1) = F(i,4,n);forn -4 <i<n-3
and j € J let

3n,.
fo (@jm-aZjm-3) =T+ 5 (G - 1),

3n,.
fo (Tjin-3Zjn-2) =12+ (G - 1),

4

3n ifi=1,
424 if2<i<y,
Sntl ifi=3%+1,
n+1 ifi=3%+2,

2n+2+i ifi=3 (mod4)and 3 +3<i<n-—35,
2n—1+i¢ ifi=0(mod4)and 3 +4<i<n-—4,
2n—1+i ifi=1(mod4)and 3 +5<i<n-3,
9 —4+i ifi=2 (mod4)and 2+6<i<n—2,
SnoBi ifn —4 <i< niseven,

7L'25—“; ifn—-3<i<n-—1isodd

fo(z1,iZ2,4) = 4

\

It is simple to verify that the labelings f3, fs, f5 and fg are the bijections
from the edge set E(D,,) onto the set {1,2,...,3n}. The weights of vertices
of D,, under the labeling fi, 3 < k < 6, constitute the sets

W5={U)fk($1‘i)IiGI,3SkS6}={3?n+3’i|iGI}
and

Ws={w,k(z2,i)|z'eI,35k56}={%3+3i|i61},
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where wy(z1,;) and wy(z2,;) are defined in (6) and (7) respectively.

We see that the set W = WsUWs = {a,a+3,a+86,...,a+ (2n —1)3},
where a = 3—"2;*‘—6, is the set of weights of all vertices of D,, and it can be
seen that the induced mapping g: V(D,) — W = W5 U W is bijective.

References

[1] M. Baga, On magic labelings of m-prisms, Math. Slovaca 40 (1990),
11-14.

[2] R. Bodendiek, H. Schumacher and H. Wegner, Uber graziése Nu-
merierungen von Graphen, Elem. der Math. 32 (1977), 49-58.

[3] R. Bodendiek and G. Walther, Arithmetisch antimagische graphen,
in K. Wagner and R. Bodendiek: Graphentheorie III, BI-Wiss. Verl.,
Mannheim, 1993.

[4] R. Bodendiek and G. Walther, On (a, d)-antimagic parachutes, Ars
Combin. 42 (1996), 129-149.

[5] R.W. Frucht and J.A. Gallian, Labeling Prisms, Ars Combin. 26
(1988), 69-82.

[6] J.A. Gallian, Labeling prisms and prism related graphs, Congressus
Numerantium 59 (1988), 89-100.

[7] J.A. Gallian, J. Prout and S. Winters, Graceful and harmonious label-
ings of prisms and related graphs, Ars Combin. 34 (1992), 213-222.

[8] N. Hartsfield and G. Ringel, Pearls in Graph Theory, Academic Press,
Boston-San Diego-New York-London, 1990.

[9] Ko-Wei Lih, On magic and consecutive labelings of plane graphs, Util-
itas Math. 24 (1983), 165-197.

304



Figure 1 Figure 2

Figure 3

305



Figure 5

Figure 4

Figure 6

306



