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Abstract

An inductive process is used to find formulae for the number of 3-
block configurations in BTD’s with parameters (V; B; R, p1, p2; 3; 2).
In the process, a generating set of size nine is produced for the for-
mulae. Because BIBD’s can be viewed as BTD’s with p» = 0, once
found, the BTD formulae yield the 3-block configuration formulae
for BIBD’s with parameters (v,b,,3,2).
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1 Introduction

A balanced ternary design, BTD, with parameters (V, B,R,K,A) is a col-
lection of B blocks on V elements such that each element occurs R times in
the design; each block contains K elements, where an element may occur
0, 1 or 2 times in a block (i.e. a block is a collection of elements rather
than a set of elements); and, each pair of distinct elements occurs A times
in the design. BTD’s are regular in the sense that every design element
occurs singly in p; blocks and doubly in p; blocks, where R = p; + 2p2
[1). Because of this regularity, BTD parameters are most often specified
as (V; B; R, p1,p2;K;A). If po is zero (i.e. no element appears doubly in
a block), the block design reduces to what is called a balanced incomplete
block design, BIBD [2, Chapter 8] and [3]. BIBD parameters are given as
(v, b,7, k, A).

An n-block design configuration is a collection of any n distinct blocks
of the design. The set of n-block configurations of a design can be par-
titioned into configuration classes where the classes are based on element
dependency patterns. Each class of the partition (i.e. each n-block config-
uration pattern) is represented by a template that describes the inter-block
and intra-block element relationships shared by the configurations in that
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particular class. For example, the set

{126, 126, 114}, {126, 126, 225}, {126, 126, 664},
{234, 234, 225}, {234, 234, 336}, {234, 234, 445},
{315, 315, 336}, {315, 315, 114}, {315, 315, 556}

is a 3-block configuration class in the BTD(6;12;4,1;3;2) with blocks
{114,225, 336, 445, 556, 664, 126, 126, 234, 234,135,135}. The class tem-
plate is abe abe aad.

Configuration classes have no particular structure. However, it is pos-
sible to determine formulae that specify the number of configurations con-
tained in the different classes. These formulae are classified as constant or
variable. A configuration formula is labeled constant if it is stated solely in
terms of the design parameters. A formula that is not constant is said to
be variable. Let G be a set of design configuration templates where each
template represents an m-block configuration class for some m < n. Let G'
be the set of configuration formulae associated with the templates of G. If
every n- block configuration formula of the design can be written in terms
of the design parameters and the configuration formulae of G, we say G is
a generating set for the formulae. A generating set that is minimal is called
a basis.

Several recent papers [4, 5, 6, 7] investigate the templates, formulae and
generating sets of n-block design configurations. Grannell et al. concentrate
on configurations in BIBD’s with parameters (v, b,r,3,1). In their sentinel
paper [6], formulae for all 1, 2, 3 and 4-block BIBD (v, b,r,3,1) configura-
tions are presented. The formulae establish four as the smallest n for which
a variable n-block BIBD (v,b,7,3,1) configuration formula exists. Basis
size for the 4-block BIBD (v,b,r,3,1) configuration formulae is shown to
be one. Francel and Sarvate [5] consider configuration templates, formu-
lae and generating sets in BTD(V; B; R, p1, p2; 3; 2). Their work shows that
variable BTD configuration formulae first appear for 2-block configurations.
Here, basis size is shown to be two.

The purpose of this paper is to further the study of BTD configuration
templates, formulae and generating sets. In particular, we establish 3-block
BTD (V; B; R, p1, p2; 3; 2) configuration templates, formulae and generating
sets. In Section 2 we list the templates of the 3-block configuration classes
and explain the process used to find the desired configuration formulae.
In section 3, we present several examples that illustrate the details of the
process. In section 4, the system of equations and the basis used in finding
a solution are discussed. As stated above, a BTD with p; equal to zero is
a BIBD. Because of this relationship between BTD’s and BIBD’s, 3-block
BTD (V;B;R, p1,p2;3;2) configuration formulae can be used to produce
3-block BIBD (V, B, R, 3,2) configuration formulae. We do this in Section
5.
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Unless otherwise noted, throughout the paper distinct letters will be
used to indicate distinct elements. For example the pair of blocks aab bbe
contains three distinct elements; a appearing twice in the first block, b
appearing once in block one and twice in block two, and ¢ appearing once
in block two.

0-1 abc abc axy
0-2 abc abc xyz
0-3 abc abd acd
0-4 abc abd acx
0-5 abc abd axy

0-6 abcabd cdx 0-10 abc ade bdx
0-7 abcabd cxy  0-11 abc ade bxy
0-8 abcabdxyz 0-12 abcade xyz
0-9 abc ade axy 0-13 abc def xyz

Single-Single-Single templates

1-1 aab acd acd
1-2 aab acd acx
1-3 aab acd axy
1-4 aab acd bed
1-5 aab acd bex
1-6 aab acd bxy
1-7 aab acd cdx

1-8 aabacdcxy 1-14 aab bed cxy
1-9 aabacd xyz 1-15 aab bcd xyz
1-10 aab bed bed 1-16 aab cde cde
1-11 aab bed bex  1-17  aab cde cdx
1-12  aab bed bxy 1-18 aab cde cxy
1-13 aab bed cdx  1-19 aab cde xyz

Double-Single-Single templates

2-1 aab aac axy
2-2 aab aac bex
2-3 aab aac bxy
2-4 aab aac xyz
2-5 aab bbc acx
2-6 aab bbc axy
2-7 aab bbc bxy

2-8 aabbbccxy 2-14 aab ccd acx
2-9  aabbbcxyz 2-15 aab ccd adx
2-10 aab bccacx 2-16 aab ced axy
2-11 aab bccaxy 2-17 aab ced bdx
2-12  aab bcc bxy 2-18 aab ced bxy
2-13 aabbccxyz 2-19 aab ccd xyz

Double-Double-Single templates

3-1 aab aac aax 3-6  aab aac xxy
3-2 aab aac axx 3-7  aab bbc acc
3-3 aab aac bbc 3-8 aab bbc axx
3-4 aab aac bbx 3-9 aab bbc bxx
3-5 aab aac bxx 3-10 aab bbc cxx

3-11 aab bbc xxy
3-12 aab bcc bxx
3-13 aab bcc xxy
3-14 aab ccd xxy

Double-Double-Double templates

Table 1: 3-block BTD (V; B; R, p1, p2; 3; 2) configuration templates
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Template | Formula Reference

abc abe ¢1 Basic fs-1
abcabd |co = V(”‘—;”"’-)- -3 fs-2
abe ade c;;=3cl+2Vp2—§Vp1—szp1 fs-3

1 2
+§pfv+c9

abc def C4=—c1—§Vp2+ng1 +Vpapr | fs-4

1 1
- 3PV -cot+ V203

18

1.5 1.2 o

gv p2p + 18V P1
aab aab | cs =0 Does not exist for A =2 fs-b
aabaac |cg= MQL'Q fs-6
aab bba c7 =0 Does not exist for A =2 fs-7
aab bbe | cg = Vp3 fs-8
aab ccb ¢y Basic fs-9
aabced | cjo = X2 21(‘)"3%"’_"’“] fs-10
aab abc c11 = 0 Does not exist for A =2 fs-11
aab acd | c12 = Vpa(p1 — p2) fs-12
acbbed | ci3=-2¢+Vpapr —Vp2 fs-13

asbcde |cia=-2Vpap1 +Vp3+2cy+Vpy |fs-14

1 1
—§V2p§+ §V202P1

Table 2: 2-block BTD (V; B; R, p1, p2; 3; 2) configuration templates and for-
mulae

2 The strategy

As stated in the introduction, our goal is to partition, by pattern, the 3-
block configurations of a BTD with parameters (V;B;R, p1, p2;3;2) and
to find the templates and formulae corresponding to the various partition
classes. Although labor intensive and time consuming, finding the 3-block
configuration templates is a straightforward process. Thus without any fur-
ther explanation of the process, we list the 3-block configuration templates
in Table 1. In the table, the 3-block configuration templates are grouped
by pattern characteristics within the defining blocks. Those templates in
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the “Single-Single-Single” group have the property that all the defining
blocks contain three distinct elements. Those templates where exactly one
block contains a repeated element are labeled as “Double-Single-Single”.
Similarly, the remaining groups are referred to as “Double-Double-Single”
and “Double-Double-Double”. The groups provide a natural way to list
equations and solutions later in the paper.

Table 1 attaches a reference number, n-m, to each template. The vari-
able ap-y, is used to represent the size of the corresponding configuration
class. For example, checking Table 1 we see that 0-10 refers to the 3-block
configuration template abc ade bdz. Thus ag-19 represents the number of
the configurations with template abc ade bdz.

To find the 3-block configuration formulae, we use the technique first
discussed in Danziger et al. [4]. That is, we establish a system of linear
equations that relate the configuration class size variables, ap-m. This
system is solved to produce the desired formulae. During the process, a
generating set for the formulae is created.

Each of the equations in the linear system is produced by counting a
certain list of 3-block configurations in two different ways. Each of the
lists is produced by combining a class of 2-block configurations with blocks
from the design that meet certain criteria. Because all configurations in
a configuration class satisfy the same element relationships, if one element
from a partition configuration class is part of a list, then all configurations
from that class will be part of the list. Also since 2-block configurations
play a major role in our constructions, it is not surprising that the 2-block
configuration formulae appear in the system of linear equations that is
produced. The 2-block configuration formulae were determined by Francel
and Sarvate in [5]. For the convenience of the reader, we include a listing
of these in Table 2. Note that the variables c; represent the sizes of the
2-block configuration classes, and each 2-block configuration template has

“a label of the form “fs-i”.

3 A sampling of equation construction

The combinatorial arguments used to establish the individual equations
of the system of equations discussed in the previous section are based on
the relationships that exist between the 2-block and 3-block configuration
templates. Thus, the counting arguments used to establish the equations
provide insight into the relationships between the 3-block configuration
classes. Hence, they are an important part of this paper. Although it
is not possible to present all eighty-three constructions in this paper, we
present five interesting, yet representative examples.

Example A: The equation associated with the 3-block configuration class
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whose template is aab ccd adz (2-15), Equation 2-15 in Table 7.

For each 2-block configuration in the class with template aab ccd (fs-
10), create four 3-block configurations. Do this by first finding the two
appearances of the pair ad and the two appearances of the pair cb in the
design. For each of these four appearances, add the block containing the
appearance to the 2-block configuration under consideration. Since there
exist ¢jo 2-block configurations of the form aab ccd, the above method
generates a list of size 4cjq.

The number of 3-block configurations in the above list can be counted
in a second way. The 3-block configurations can be partitioned by pattern.
Three patterns appear. Those are represented by the templates aab ccd adz
(2-15), aab ccd aad (3-5) and aab ced add (3-8). Each configuration associ-
ated with the second and third pattern was introduced into the list twice.
For example, there are two occurrences of aab cdd add in the list since the
pair ad appears in the same block twice, namely block aad. Hence, the
block aad is used twice. Thus, 4¢;9 = az-15 + 2a3-5 + 2a3-g.

Example B: The equation associated with the 3-block configuration class
whose template is aab aac bbz (3-4), Equation (3-4) in Table 8.

For each 2-block configuration in the class with template aab aac (fs-6),
create 2p, 3-block configurations. Do this by finding in the design the p;
blocks containing the pair b, and the p; blocks containing the pair cc. Add
each of these 2p, blocks to the 2-block configuration under consideration.
Since there exist cg 2-block configurations of the form aab aac, the total
number of 3-block configurations in the list is 2pscs.

The number of 3-block configurations in the above list can be counted
in a second way. The 3-block configurations can again be partitioned by
pattern. Two patterns occur, aab aac bbe (3-3) and aab aac bbz (3-4). Thus,
2cp2 = a3-3 + a3-4.

Example C: The equation associated with the 3-block configuration class
whose template is aab bed cdz (1-13), Equation (1-13) in Table 5.

The templates aab bed cdz (1-13) and abe abd czx represent the same 3-
block configuration class. For the purposes of this example the latter form
will be used. As in the previous two examples, a list of 3-block configura-
tions will be constructed and then the number of entries will be enumerated
in two ways, which will yield an equation.

To each 2-block configuration with template abc abd (fs-2) add all blocks,
different from abc and abd, that contain at least one of ¢ or d singly. If a
block contains both ¢ and d singly add the block in twice. Since every
element appears singly in p; blocks of the design, and since there exist
¢z 2-block configurations with template abc abd, the list will consist of
2¢2(p1 — 1) 3-block configurations.

The 3-block configurations come from the classes represented by the
templates abc abd acd (0-3), abc abd acz (0-4), abc abd cdz (0-6), abc abd cxy
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(0-7), aab acd bed (1-4) and aab bed cdx (1-13). Each 0-3 configuration
appears in the list six times since any two blocks of the 0-3 configuration
forms a 2-block configuration with template zyz zyw (fs-2) and the third
block always contains two elements that appear singly in the block and
singly in the zyz zyw template. Each of the 0-4 and 0-6 configurations
appear in the list twice since, like above, the third block contains both
single elements from the zyz zyw template. Thus 2c; (pr — 1) = 6ag-3 +
2ag-4 + 209-¢ + Gp-7 + G1-4 + A1-13-

Example D: The equation associated with the 3-block configuration class
whose template is aab cde cde (1-16), Equation (1-16) in Table 6.

This template can be rewritten as abc abc zzy. So to each 2-block
configuration with template abc abe (fs-1) add all double blocks where the
element that appears doubly is not a, b or ¢. Since there exists ¢; 2-
block configurations with form abc abc and since each element of the design
appears doubly in py blocks, the list will contain ¢;(V — 3)p2 elements.

Now partition the list according to configuration classes. The only two
classes that contribute to the list are aab bed bed (1-10) and aab cde cde
(1-16). Further, each configuration only appears once. Thus, ¢1(V —3)p2 =
a1-10 + @1-16-

Example E: The equation associated with the 3-block configuration class
whose template is aab ccd zyz (2-19), Equation (2-19) in Table 7.

The number of pairs of blocks associated with aab ced (fs-10) is c10. The
1-block template zyz represents a block in the BTD with no duplicates, and
the number of these is B— p2V. Thus, the number of 3-block configurations
in the list naively constructed by adjoining 2-block configurations from the
class defined by the template aab ccd with blocks zyz is c1o(B — p2V).

Only the 3-block configurations aab ccd acz (2-14), aab ccd adz (2-15),
aab ced azy (2-16), aab ccd bdz (2-17), aab ccd bry (2-18) and aab ccd zyz
(2-19) appear in the list. All the 3-block configurations in the classes defined
by the patterns as templates occur uniquely in the list. This gives the
equation c1o(B — p2V) = G2-14 + G2-15 + a2-16 + G217 + 02-18 + G2-19.

4 The system and its solution

Although only five equations are derived in Section 3, the methods illus-
trated are suggestive of the methods used in producing all of the equations
in the system. Thus, because of space constraints, we omit the arguments
used to establish the remaining equations in the system. However, the
complete system of equations is listed in Appendix A.

Using the algebraic symbolic manipulation system Maple!, one finds
the dimension of the solution space of the system to be nine. So before

1 Maple is a registered trademark of Waterloo Maple Software
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solving the system, a basis of size nine must be specified. The variables
¢1, C9, Go-3, G1-4, G1-10, G1-14, G3-3, G3-7 and a3-12 are made basic. From
Francel and Sarvate [5], we know that ¢; and ¢y can be used as a basis for
the 2-block configurations. Thus, since all 2-block configuration formulae
appear in the 3-block formulae, we include these as part of our basis. The
remaining variables are chosen to be part of the basis because of their de-
gree of independence and their minimality with respect to distinct element
containment.

The system solutions, as found by Maple, are listed in Appendix B.
The formulae derived from the system can be categorized according to
their dependencies. The constant formulae are: cg, cg, c12, @2-1, a3-; and
a3-2. Those formulae, excluding the ¢;'s, that depend only on the BTD
parameters and the 2-configuration values are: aj-y, aj-3, a1-3, az-7 and
a3-9. All remaining 56 formulae are variable: 6 depend only on c;, ¢ and
the 2-configuration formulae; 16 depend on one of the a;-j; 8 depend on
two of the a;-;; 6 depend on three of the a;-;; 2 on four; 8 on five; 9 on six;
and, 1 on seven.

The technique used here and introduced in [4] can certainly be applied
in general. Unfortunately, it is a brute force technique that does not reveal
any possible combinatorial structure that might be present. However, with
the availability of symbolic manipulation programs, once the system of
equations is developed, the solution to the system is readily available (at
least for small systems).

5 BIBD

Grannell, Griggs and Mendelsohn suggest in their paper [6] that configu-
ration formulae in designs with parameters other than (v,b,7,3,1) would
also be of interest to researchers. To date, no such results appear in print.
All published results concerning n-block BIBD configuration formulae are
restricted to BIBD’s with parameters (v,b,7,3,1).

So in this section we include one, two and three-block configuration
BIBD formulae for BIBD with parameters (v,b,7,3,2). These results are
obtained directly from the formulae of Section 4 and Appendix B, which
include the formulae for 2-block BTD configurations given by Francel and
Sarvate [5]. We present a complete listing of the BIBD results in Table 3.
A basis for each set of formulae is derived from the corresponding BTD
basis. The basis for the 2-configuration formulae is {c,}, and that for the
3-configuration formulae is {c;,ap-3}- Thus, these too are listed in Table 3
and are indicated by a {.

These formulae are especially interesting in that they show the rarity
of constant configurations counts. In BIBD’s with parameters (v,b,7,3,1),
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n is required to be four before any of the n-block configuration formulae
became variable. And even then, five of the sixteen counts are still constant.
However, for BIBD with parameters (v, b,r,3,2) quite the opposite is true.
Our results show that when n is as small as two all n-block configurations
counts are variable. This result suggests that constant BIBD configuration
counts might be unique to BIBD with parameters (v,b,1,3, 1).

We also note that beginning with n = 2, the size of a basis for BIBD
(v,b,7,3,2) n-block configurations is larger than the size of a basis for the
BIBD (v,b,7,3,1) n-configurations. This seems natural given, that the
former contains more variable configurations than the latter.
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n-configuration | n-configuration
template formula
-1
a |70
abc abct a
abc abd m -3¢
abe ade Vpi(p1 — 3) + 6¢;
abc def Vp1(Vpr —9p1 +15) — 3
abe abe axy 3e1p—60
1 5
abe abc xyz —3am +4c1+§c1p1
abc abd acz | —6¢c1 + p1 + p? — 3ag-3
abc abd azy | 24c1—4p1 —3p2 +p3 —6¢c1p1 +3ap-3
abc abd acdt | ag-3
abc abd cdx —6c1+p + pf - 3ap-3
abcabd cxy |[30c1—5p1 —4p}+p} —6c1p1 +6ao3
1
abc abd zyz | 5p —30¢ —3ag-3 + 11¢; p1 + ngf
e pi=2 gt +
1 3 1 6 1
4 1
abc ade azy 3c1pl-§-£p§——pf+—p‘ll
6 3 6
= 12¢ + 3 P11~ 003
e | FIRRERENERT
abc ade bdz 18c1—?p1—1?3p%+§p‘1’+5ao-3
abc ade bzy | 15p2 — 903 + p} —78¢) + 25,
—12ap-3+12¢1 p;
abc ade zyz | —30p; +84¢, +9ag-3 —20¢; py — 142
2, 19 5 8 , 5
tapmtgn-zntep
85 17 61
abe def Tyz 3p1—22c1—2ao-3+?c1p1+1—8pf
I, 31, 3 , 1 4
SClpl 81 p1+27p1+162p1
4 5
T a7 141

Table 3: BIBD (v,b,7,3,2) configurations and formulae (} indicates an
n-configuration template which corresponds to a basic formulae)
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A Equations

Tables 4 - 8 contain the complete set of eighty-three equations derived for
finding the 3-block configuration formulae for the BTD (V; B; R, p1, p2; 3; 2)
3-block configurations.

-1
c = sz(’iz—-‘)'
cg = vl’%
a2z = Vpa(pr — p2)
2¢o +6c; = 3(B - Vp2)
29 +c13 = Vpa(pr — 1)
2c10+2c+cg = Vpa(V-2)p2
6cy +4co +2¢c3 = (B - Vp2)3(p1 - 1) —C13
B-Vp,—1
a+ctete = (3—1’/>2)£——;02——2
ciz+ciz+ca = Vp(B-Vp2)

3B = V(2p2+pm)

Table 4: 2-configuration equations
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ad(p —2)

a(B-Vp2 —2)
462

2c2(p1 - 2)

202

2c2(p1 — 1)
c2(B - p2V - 2)
c3(pr —2)

8cs

4ez(pr — 1)
c3(B - p2V-2)
C4 (B - pzv - 2)
4c3

263

664

ap-1 + ai-10

Qp-1 + Go-2

6ao-3 + 2a0-4

3ag-3 + 2ap-4 + ag-5s + a1-11
3ag-3 + ag-6 + 2a1-4

6aop-3 + 2a0-4 + 2a0-6

+ ao-7 + a1-4 + @113

3ap-3 + 2a0-4 + ag-5 + ao-6 + ao-7 + ao-s
2ag-1 + ag-4 + 2a0-5 + 3a0-9 + a1-12

ag-4 + 4ag-¢ + 3ap-10 + 2a1-5

4a¢-1 + 2ao-4 + 2ao-5 + 6ao-¢ + 2a0-7

+ a1-5 + 6ag-10 + a1-14 + 2a0-11

20g-1 + Go-4 + 2a0-5 + 2a¢-6 + Go-7

+ 3ag-9 + 3ao-10 + 2a¢-11 + Go-12

2ag-2 + ao-7 + 2ag- + ag-11 + 2ap-12 + 3ao-13
dag-) + 2a9-4 + 2a0-5

2ap-1 + 2a0-6 + ao-7

6ao-2 + ao-7 + 2a0-s

(Eq. 1-13)

Table 5: Single-single-single equations
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3p2c1 = a1

2c12 = 4a;-1 +2a;-2
ci2(p1 —1) = 2a1 +2a1-2 + 2013 + az-7
4dcys = 2a3-4 + a1-5 + 2a2-5 + 4a2-10
ci2(pr — 1) = a4 +a1-5 + a1-6 + 2az-10 + a2-11
12 = 2a19 +a1-4 +a1-7
2¢12(p1 — 1) = 4a11 + 2e1-2 + 2a1-4 + 01-5 + 2017
+ a1-3 + az-5 + az-15
c12(B—p2V—1) = 2a1-1 + 2a1-2 +2a1-3 + a1-4 + a1-5
+ ay-¢ + a1-7 + @1-8 + a1-9
3ci1(pr —2) = ap1+ai-10
2¢c2(p1 —2) = 3ap-3 +2a0-4 + ao-5 + a1-11
ciz(pr —2) = 2a1-10 + 201-11 + 20112 + 20212
2c2(p1 — 1) = 6ag-3 + 2a0-4 + 2a0-6 + ao-7 + @1-4 + a1-13
23(p —1) = 2a1-4 +a1-5 + 4a1-10 + 20111 + 201-13 + @1-14
+ 2as-3 + 2a3-17
c13(B—p2V —1) = a4 +a1-5 + a1-6 + 2a1-10 + 2a1-11
+ 2a3-12 + @113 + @1-14 + G1-15
C1 (V - 3)p2 = aj-10 + C1-16 (Eq. 1-16)
3cia = a7 +a1-13 + 20117 + 6a1-16
3cia(pr —1) = 2a1-7+ a1-3 +2a113 + a1-14 + 6a1-16 + 40117
+ 2a;-18 + G2-3 + Q2-8 + a2-18
cu(B-p2V—1) = a7+ a1+ 819 +81-13 + G114 + Q115
+ 2a1-16 + 20117 + 2a1-18 + 20119
4c13 = 2a3-5 + 4az-2 + 2a1-4 + a3-5

Table 6: Double-single-single equations
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Cep1

2cq

2c6(p1 — 1)
cs(B — p2V)
203

(£:751

cs(p1 — 1)
cs(p1 — 1)
cs(B — p2V)
269

2¢c9p1

co(p1 —2)
co(B — p2V)
2010

4610

2c1001

2c10

2010([)1 - 1)
c10(B — p2V)
c2(pz — 1)
as(p2 — 1)
C13p2

C13p1

= a2 +a3-2
az-2 + 2a3-3

2as-2 + az-3 + az-3 + a3z-s
az-1 + az-2 + az-3 + az-4
as-s + 2a3-3 + 6az-7

as-5 + @2-¢ + 3az-7 + az-g

= @97+ 2a3-9

= @2-5 + a2-8 + a3-3 + a3-10

= Qg2-5 + Q2-¢ + A2-7 + a2-8 + G2-9
= @10+ 2a3-3

= 2az-10 + az-11 + @a3-3 + az-10

= ap-12 + 3az-12

= az-10 + az-11 + a2-12 + az2-13

2a3-4 + az-14
as-15 + 2a3-5 + 2a3-3

az-17 + 2a3-10

Q2-14 + Q2-15 + Q2-16
+ ag-17 + a2-18 + a2-2
2a3-1

2as-2 + as-3

az-7
ay-4 + a1-5 + Q2-5 + @1-6 + a2-8

Table 7: Double-double-single equations
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(Eq. 2-15)
2a3-14 + G2-15 + G2-16 + Q3-4 + a3-3 + a3-11

a2-15 + 2a2-17 + az-18 + a3-5 + az-10 + 2a3-13

(Eq. 2-19)



cs(p2 — 2)
CsP1

2¢6p2
2cs(p1 ~ 1)
cs(V — 3)p2
Csp1

cs(p1 — 1)
Cgp2

cs(pr — 1)
cs(V - 3)p1

2¢91

co(pr — 2)
co(V — 3)p2
crop2(V — 4)
2a3-3

Cgp2

Table 8: Double-double-double equations

I

3az-1
az-2 + ag-)
a3-3 + a3-q

2a2-2 + az-3 + a3-3 + az-g
as-2 + asz-s + az-g
az-5 + ag-¢ + 3az~7 + as-g

az-7 + 2a3-9
3az-7 + as-s

@2-5 + az-g + as-3 + az-10

a2-5 + 2as-¢ + 2a2-7 + 2as-g + 3az-9
+ 2a3-2 + as-4 + az-g + az-11
2a3-10 + G2-11 + @3-3 + a3-10

az-12 + 3a3-12

3az-12 + az-13 + az-10
az-11 + 2a3-13 + 3a3-14

cs(p2 — 1)
a3-9
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(Eq. 3-4)



B Solutions

Tables 9 - 16 contain the complete set of solutions to the system presented
in Appendix A. There are 9 formulae related to the ¢;’s and there are 58
associated with the a;-;. The basis elements are: ¢, cg, ag-3, a1-4, aj-10,
@1-14, @3-3, a3-7 and az-13.

C2

C3

Cq

Cg

C10

C12
C13

C14

1 1
-3¢ - §VP2 + EVPI

3 1
3¢ +2Vp2——Vp1 —Vp2p1+§pfv+69

2
4 5 1
-cl—EVp2+§Vp1+Vp2p1—-2-pr—cQ
122 1., 1.2 2
tRY P i Pzpl+18V Pl
1 1
§VP§—§V02
V3

3 1
—09—§Vp§+§1}2p§

Vp2p1 —Vp}
—2¢c9+Vpap1 —Vp2

1 1
~2Vpapr +Vp5 +2c+ Vs — Vet Vi mm
2 1
§VP2+ gvpl

Table 9: Solutions for the 2-configurations
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-1 = 3cap1—6c —apq0

1 1
ag-2 = —561sz+§CIVp1+4c1—3c1p1+a1_10
ap-4a = —6c1—Vp2+Vp —3aps

as = 24c1+5Vpa—4Vp —2Vpap1 +piV+2¢ —6c1py
+2ay-10 + 3ap-3

a6 = —6c1—Vp2+Vp—3ap3—2a1-4

ag-7 = 3001+6Vp2—5Vp1—2Vp2p1+p%v+209—661p1
+2a5-39 +6ag-3 +4a3-4

ap-s = —30c1—TVp2+5Vp1 +4Vpap —2p3V
—4cg+12¢c1p1 —4a1-10 — 3803 — 2014 + 1 Vo

1 1

+6V i 3

1 7
Qo9 = Cgp;— §Vﬂzpf+ §VP2P1 —4c9 — 5V p2 —a1-10 — a3-12

1
Vngpl—c1Vp1+-éV2pf

1 3 1
_12c1+.30vp1—5,;§1z+3¢1,,l -ao-s+6p?v

17 16 4
G0 = 18a+TVm—FVh—FVep+3pV+8e

16
+5ap-3 +4a;-4 + 3 Vp% -~ 8a3-3 — 8a3-7

Table 10: Solutions for the single-single-single 3-configurations (Sheet 1 of
2)
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a1 = pV-12Vp — 20140 - %al-m —78¢1-32Vpy —26¢9
—12a0-3 —9aj1-4 + 2¢co p1 + 18a3-3 + 18a3.7 + 25V p;
+12c1p1+24szp1—IOP?V—szp?

ap-12 = 5 AV+ - V2P2P1+ VZP?+8VP§+301-1o+al-14+3a3-12
+84c1+41Vp2+32cQ+9ao-3+6a1-4—7c9p1—12a3-3
—12a3-7—%v2p2pf—301)p1—21c1p1—§V2p§

7 69 1
+6V202P1+61V‘01-?VP2P1—61V92—§CQVP2
1 33 1
+3w Vet p§V-§V2p1+—szp1
_ 43 1.2 1 /33 2 4., 2
a9-13 - 3plv 3v p2p1 162V p2 6V pl 3vp2
1 118
—501-14—203-12—2201-'Q—VP2—1069—20«0-3—¢11-4
1 85
+4C9p1+2a3-3+2a3-7+—2-V2pzpf+3Vp1+Gclp1
4 13

1 37 1
+§V202—Evzpzpl—561VP1+?Vp2p1+§Clvpz

1 1 19 1

+§c9Vp2—569Vp1—?pr+—VSP§P1
5 2 2 1 3 2 3

+tgV A sV PP 3szp1+162V

Table 11: Solutions for the single-single-single 3-configurations (Sheet 2 of
2)

178



a-1 = 3p20

a2 = Vpop1 —Vpi—6prc,
1 3
a1-3 = §VP2Pf‘P1VP§—EVP2P1+2VP§+30201+0902
Q1.5 = 4Vp2p1—8Vp§-—2a1-4+12a3-3+12a3-7—8c9
1 1
a-¢ = §Vp2pf—pIVp§—2Vp2p1+6Vp§+§a1-4—9a3-3
1 1.5 5
—903-7+2C9-0901—2V02—al-10+zal-14+§v P

@7 = Vpapr—Vpi—6prcy —ajg
ap-g = 2vp2p’f—2p,vp§—101)p2p1+1svp§+2a1-4-12a3-3
—12a37+8cy+12p2c1 — 2V p2 + 4y py + 2V 3

a9 = —;Vngpl—16VP§—6P261—gvﬂzpf+5P1VP§
+7Vp2p1—%a1-4+9a3-3+9a3-7—2C9+09p1+2Vp2
+01-10-201-144-;172/’3-609P2+%V2Pg—2VPg
+%V2p2pf

ai-n = Vpap1 —Vpy ~2c9 —2a4-10

Table 12: Solutions for the double-single-single 3-configurations (Sheet 1 of
2)
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a1-12

Qi-13

a1-15

Qa1-16

Qay-17

ai-18

aj-19

1 5
—2copy + §szpf - ‘2‘VP2P1 +6¢c9+2Vp2 +ar-10

+ 3as-12

—Vp2+Vpapr —2¢9 — 2a1-10 — a1-4

_1
3

2

5
V2p§ P +2Vp§ +3aj-10 — Zal-“ —6as-12 +2Vps+2co

3 1 1
+ 5081~ + 3¢9 p1 —3az-3 —3az7 + —Vngpf - 6V2P§

3

1 2 2
_§V2P2P1-VP2P1+‘CQVP2+PIVP§-§CQVP1

- gvl’z i
aVp2—3p2c1 ~ao

—4Vpap1 +2Vpi +4co+2Vpy — %Vng + %Vzpzpl
+12p2¢) +a1-4 +4ai-10 —3c1 Vp2

-V2p2p1 ~ 12V pE — G110 — @114 — 3az-12 — 2V pp — 6o

3

1
—15pme+2cp —5cp + 5V pr o} +4V 0}

3
- §V2P201 +10Vp2p1 +3c1Vp2+caVpa +3p1 Vpl
-2Vp3-3Vpy p?

1 5
2V p2p1 + Ev:"pg +8Vp3 —3a1-10 + 5 @114 + 68312 — 2V po

4

3
—2¢9 — §a1-4 +6p2c1 ~5¢c9p +3az; +3asz-7 +6¢9 po

7

~ sV eni

19 7
—S VRtV mn—4Vmp —aVp,

6
2

5 1 1
—§Csvpz—5/)1VP§+309VP1 —§VSP§P1 —gvng

+2Vp3 +

1 3
ﬁv

9
Pl +35Vop

Table 13: Solution for double-single-single 3-configurations (Sheet 2 of 2)
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Qaz-1

az-2

az-3

Q2-4

Q2-5
Q2-¢

Q2-7

Ga2-g

Qa2-9

G2-10

1

5V 0}

1 1 1

3P Vi - 5V02P1 - §Vpg+
Vo3 —Vps—2a33
PLVP;—3Vph—2capa+2co—Vpapy +3Vps +4ass

3 3 3
—-p1Vp§+§Vp§+2C9pz—2C9+-Vp2m-2sz

2 2
1 1 1
—2a33 = V23 + 2 V2 pl oy + — V2 p?
6 6 6
1 1
- §V2P2P1 + EVPg

2Vp3 - 2a3-3 — 6az7
PV p5—2Vpk+2a33+6az, -Vpl
PV 5=V pi —2cps

1
p1 VP% —a33+3a37—cop1 + EVPzpf =3Vp2p1 +6¢y
1 1 1
+2Vp2 +a1-10 + 3 01-4 = 70114 — Evng
1
3V Ve -3m Ve + Vi +2cp,

1
+asz-3 —3az-7+copr — §szpf+3VP2P1 —6co

1
—gvng'f'

1 1 1
-2Vp; —ai-10 — g -4+ gari+ 2 V2 ol

2 Cg — 2a3-3

Table 14: Solution for double-double-single 3-configurations (Sheet 1 of 2)
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a1 =

az-12 =

az-13 =

Q2-14
Qa2-15

az-16 =

az-17 =

az-18 =

Q2-19 =

Table 15:

1
copr+2c9 + az-3 + §VP2P% -3Vpap1+2Vp +3V 3

1 1 1
—3az7+ay-10+ 301~ 70114~ 5 V22
Cop1 —2cy —3az-12

1 1 1
_§CQVP2+§CQVP1 +a3-3 —2¢c9p1 -209—§VP2Pf

1 1
+3Vp2p1 —2Vp, -3Vp§+3a3-7 - @1-10 — 50.1-4 + Zal-m

+ -;-Vz P2 +3az12

~2¢9=Vpi+V?pi—2Vp3 +2a33

—6Vp3 +2V?pl +2a3-3 —4capy — 2V 3 + 63
—copr—3mVps+V p5p1—2co+6Vps — %Vzpi
+8Vpg —3a3z-3+6¢cgp2 —3az-7 —Vng - —;-Vpgpf

1 1
+3Vp2p1 —2Vp2 —ay-10 - g o1-a 701
10cy+3Vp3 —2cop1 +Vp2pi —6Vpapr +4Vps — dass

1
—6a3-7 +2a1-10 + a1-4 — 2 G1-14

5
- §V2p§+9a3-3+8ch2+2Vp§+9a3-7+3csp1
5
—3p VP + Vel = 22¢0~ 5 V2 pi +15V papy

5 5
—10Vp2 - 5a;3-10 — 5 01-4 + 7011 —2¢Vpy +6asz-12

5 1
- §Vzp§p1 - gvapg —2Vp2 +4a1-10 — a1-14 — 6a3-12 + 8V py
+16cy + 214 — 6a3-3 — 6az-7 — 10co p2 + 3 V2 p3
7 1 1
-12Vpap1 + §Cgvp2+601Vpg— 569Vp1 +6V3p§p1

3
+5 V203 -6V +2Vpap}

Solutions for double-double-single 3-configurations (Sheet 2 of 2)
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az-y

asz-2

Q3-4
asz-s

as-¢

as-g
asz-9

a3-10

a3-11

Qa3-13

Qa3-14

1,5, 1., 1
= ngz—-z-Vpﬁngz
1 1
= EVP3-5VP§
Vo3~V p; —azs
= —as-3+2copa—2c
1 1
= Evng—Evng—2Vpg+2Vp§+a3-3—2C9p2+2cQ
Vo3 —3a3
= Cyp2

1
= p=Vppi+3Vpro —6cy—2Vpr —3VpE + 205
1 1 1
+3as-7 —aj-10 - 304+ 7o+ §V2 P
1
= V2o +3Vpi -4Vl —2chp —2a3.3 — co py + §Vp2pf

1 1 1
—3Vpap1+6co+2Vp, +al-1o+§a1-4 g0 §V2P§

1
= ¢cgVp2—3cops —3az12—cop1 + Evﬂzpf —-3Vp2p

1
+6co+2Vp2 +3Vp} — 2a3-3 ~3a37 + @110 + = a14

2
1 1
-7 5V2p§
3.2 3,10, 4 1 2
= —EV p2+?Vp2+4c9p2+2a3-7+c9p1—§Vp2p1
1
+3Vp2p1—6cQ—2Vp2—3Vp§+2a3-3—a1-10—§a1-4
1 1 1
+7au+ SV i~ Vo + 2 V3 pd + 2034,

4 2 6

Table 16: Solution for double-double-double 3-configurations
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