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ABSTRACT. We establish an improved bound for the Union-
Closed Sets Conjecture.

1 Introduction

A union-closed family of sets is defined as a non-empty finite collection of
distinct finite sets closed under union. The following conjecture is referred
to as the Union-Closed Sets Conjecture [5,7].

Conjecture. Let F = {A;, A, ..., A,} be a family of union-closed sets.
Then there exists an element which belongs to at least [n/2] of the A;’s,
where

_Jn/2, if n is even,
/2] = {(n+ 1)/2, ifnis odd. (1)

From the definition, the union A of all sets of F is in F, and F C P(A),
the power set of A. We call F a union-closed family over A. Let m = |4|
and n = |F|. Then F can be denoted as F = {Ay, Az,..., An} with
An=A={1,2,...,m} and |4;] < |42] £ ...|An].

The origin of the conjecture traced back, according to [4], to P. Frankl [6,
p 525]. It was also recorded in [8, p. 161 and p. 186] as an open problem.
D.G. Sarvate and J.C. Renaud initiated the research of the Conjecture
([2,3]) and confirmed it for n < 18, or for |A;] < 2. In [1}, B. Poonen
discussed a number of equivalent conjectures and proved the Conjecture
form<T7orn<28.

Let F; = {S € Fli € S}. Then F; = F; defines an equivalence relation
i ~ jon A. We call the equivalence class B C A a block. Now, the
Conjecture may be formulated equivalently as: There exists an element
i € A such that |F;| > [n/2].
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In this note, we shall confirm the conjecture for m < 8 or n < 32 or
n > 2™ —12(3/2)m/3 —1/2(7) - (7) — (5/4)m + 44.5.

2 Preliminaries

The following two lemmas may be found in [1).

Lemma 1.1. For each n, it suffices to consider families F such that 9 € F.
Lemma 1.2. For each n, it suffices to consider families for which all the
blocks are singletons.

In what follows, we consider only union-closed families containing the
empty set and having singleton blocks.

Lemma 1.3. Let F be a union-closed family defined above. If

3G —m/2my >0,

Jj=1
where n; is the number of sets of F of cardinality j. Then Conjecture
holds for F.

Proof: Assume to the contrary that |F;| < [r/2] —1, for each i € A, where

n/2, if n is even,

[n/21 = {(n+ 1)/2, ifnis odd.

Then ™ n
dodng =) Al = IFl <m([n/2] - 1).
j=1 i=1 icA
Since no =n, =1 and E;':lln,- =n-2.
If n is even, then 372, jn; < m(n/2 — 1) = m/2(X 1o, n; — 1), and
310 = m/2)n; < —m/2, a contradiction.
If n is odd, then } 7 | jn; < m((n+1)/2 — 1) = m/2 >j—1 ™, hence
E;’;l(J —m/2)n; <0, a contradiction. o
For any integer k with 3 < k& < n. Define Ly to be the least integer ¢ such
that if a union-closed family F contains all k-subsets of a t-set B, then there
exists an element of B which appears in at least [|F|/2] members of F.
The well-definedness of L may be deduced from the following proposition.

Proposition 1.4. For any k > 3, L; < 2k — 2.
For the proof of Proposition 1.4, we need some lemmas.

Lemma 1.5. Let A, B,C be three sets. Then AUB = AU C if and only
if BAC C A, where ‘A’ denotes the symmetric difference.
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Lemma 1.6. Let F be a union-closed family over A, and let B be a fixed
nonempty subset of A. For any C C B, Let F,(B) denote the family of
sets T of F with TN B =C. Suppose D C C C B and C € F. Then
|Fp(B)| < |Fe(B).

Proof: Let Fp(B) = {Ti,...,T;}. Then DC T}, i=1,2,...,r. We first
show that T3 UC,..., T, UC are pairwise distinct.

Assume to the contrary, that ; UC =T;UC forsome 1 <i<j <.
Since C = DU (C - D),(T;uD)U(C - D) = (T; UD)U (C - D). Thus
T;U(C - D) =T;U(C - D). It follows from Lemma. 1.5 that T;AT; =
(T; - T;)U(T; - T;) c C — D C B — D. Therefore

T.AT; € (B-D)N(TiUT;)
=({(B-D)NT)U((B-D)NnTy;)
=0,

This yields T; = Tj, a contradiction.
Now, the result follows since T;UC € F and (T;UC)N B =(T;NnB)N
(CNB)=DUC=C. o
We also need a lemma due to de Brujin.
Lemma 1.7. [9, Th.3.1.1] The subsets of an n-element set can be expressed

as a disjoint union of symmetric chains such as A; C Az C ... A,, where
|Ai1] = |Ai| +1 and |As| + |An| = n.
Proof of Proposition 1.4: Without loss of generality, let F be a union-
closed family over A = {1,2,...,m} containing all k-subsets of B = {1,2,...,
2k —2}, where k > 3, and || = n. Clearly, any subset C C B with |C| > k
isin F, and 3} p.c p Np(B) = [F| =n.

Assume to the contrary, that for each i € B ={1,2,...,2k — 2}, |F;| <
[n/2] — 1. Since for T # S C B, Fr(B) N Fs(B) = 0, then

> 1Fr(B) =R < [n/2] - 1.
i
Thus
S 3 1FB)l < (In/2] - 1)(2k - 2). (1.2)

{€EBI€TCH
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On the other hand, we have

> > |F(B)

i€BieTCB
= Y IT|-|Fr(B)|
#TCB
=(k=1) Y |Fr(B)|+ (2k —2)|Fr(B)|
[T=k-1
k-2
+) (jZlfT(B)|+(2k—2—j) > lf-T(B)l).
i=1 \ |T|=j |Ti=2k—2~j

Put ¢t = (2"3._ %) = (22 j), and let Py, Ps,..., P, be all j-subsets of B, and

Q1,Q2,...,Q; be all (2k —2 — j)-subsets of B, where 1 < j <k —-2.

By Lemma 1.7, since all members of 28 can be arranged in (3*-7) sym-
metric chains, we may assume (by rearranging the subscripts if necessary)
that

PCQy....,P.CQ:

Since all Q;’s are in F, by Lemma 1.2, |Fp,(B)| < |Fq,(B)|, for i =
1,2,...,t. Sowehave, for 1 <j<k-2,

iy I Fr(B)+@2k-5-2) Y |Fr(B)

IT)=j |T|=2k~2—j

¢
i=1

t
> GIFR (B + (k- j - DIFe(B)l + (k — )| Fa.(B))

i=1
t
= _(k —1)(|1Fp,(B)| + |Fo:(B))
i=1
= (k-1) (Z FrB)+ Y lfT(B)l) .
|T|=3 |T|=2k—j—2
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Therefore, we have

> > 1F(B)

i€BieTCB
2k-3
> (k-1 Y |Fr(B)l + 2k —2)|Fs(B)|
j=1 |T|=j
2k-3
>(k-1) Y. Y |Fr(B)|+ (k- 1)N(B) + (k — 1)|Fo(B)]
3=1 |T|=j

2k—2
= k-1 > 1FB))

3=0 |T|=j

=(k=1) Y |Fr(B)|
TCB

= (k—1)n.

This contradicts (1.2). o

For any I > Li (k > 3), define fi(l) to be the least integer ¢ such that
for any family F’ of ¢ k-subsets of an l-set B and any union-closed family
F 2 F', there exists an element i of B which appears in at least [|F|/2]
members of F.

Lemma 1.8. For any k > 3 and any | > Li, we have

fe(l+1) < Hl-;-—ik(f"(l) -1)+1.

Proof: Let 7’ be a family consisting of fx(I+1)—1 k-subsetsof {1,2,...,I+
1} with the property that for every l-subset B, at most (fi(l)—1) k-subsets
are in 7. We consider the sum N = 2:"__'1 N;, where N; denotes the
number of elements in 7’ which does not contain . Clearly, N; < fi(l)-1.
So we have N < (I + 1)(f(l) — 1). It is easy to see that every element
of F’ has been counted in exactly I + 1 — k times in the sum N, hence

N=(+1-k)(fe(k+1)—-1). So

(+1-k)(fik+1) - 1) < I+ D(fe(®) - 1),
and the result follows. O
Lemma 1.9. f3(4) <3, f3(5) <6, f3(6) <11, f3(7) <18, f3(8) < 28.

Proof: By a result of [1] (Corollary 4), we have f3(4) < 3, and the others
follow from Lemma 1.8. 0
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3 Main results

Let F be a union-closed family over A. For S C A, let Fs be the subfamily
of F of sets disjoint from S. Then Fg is also a union-closed family or {9}.
Let Ms be the largest set of Fs. If a, 8 € A and M(a} = M{g}, then o, B
are in the same block, so a = 8.

Theorem 3.1. Conjecture holds for m = 8.

Proof: Let F be a union-closed family over A = {1,2,3,4,5,6,7,8}. As-
sume to the contrary that Conjecture fails for F, then Lemma 1.3 implies

that
7

Z(J - 4)"’.‘5 <-4,

J=1
by a result of [2] (Th.2), we have ny =nz =0, so

—n3 + ng + 2ng + 3Iny < —4. (31)
By Lemma 1.9, n3 < 27. Thus
ns + 2ng + 3ny < 23. (32)

We assert that |M(;;| > 6 for every i =1,2,...,8. Otherwise, [M{;;| <5
for some 1 < i < 8 Since f3(5) < 6, we have [M;| < f3(5)——1+(i)+2 <12.
Therefore | F| < 2|M(;3|—1 < 23, by aresult of [1] (Th.3), Conjecture holds
for F, a contradiction. This proves the assertation.

Since all M{;; are distinct, so we have

2ng + 3ny > 16, 3.3)

it follows from (3.2) that ns < 7.

Since f3(5) < 6, f3(4) < 3, by enumerating the sum ), {the number
of 3-subset of F containing in P}, where P runs over all 5-subset of A, we

have
5ns + 2( (g) —ng) > (;)na-

So ng < 0.3ng 4+ 11.2. Since ns < 7, we have ng < 2.1+11.2 =13.3. So
n3 < 13 and by (3.1) we have ns +2ng +3n7 < 9. This contradicts (3.3). O

For a union-closed family F over A with |F| = n. Since F4 = {0}, let
K = {aj,a1,...,0x} be the smallest subset of A such that Fx = {0}.
From the discussion in [1, pp. 261-262], we may assume that each F{,,} is
minimal, ie., if 8 € A and F{gy C F(a}. Then f = a. We may assume
K = {1,2,...,k} without loss of generality. For 0 < j < k, let S; be the
numbser of sets of F which contain exactly ;7 elements of K. Clearly, Sp = 1.
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Theorem 8.2. If °%_,(j — k/2)S; > —k/2, then Conjecture holds for F.
§=0 2

Proof: Assume to the contrary that for each i, with 1 < i < k, |F| <
[n/2] — 1. Then T°F | |%i| < ([n/2] — 1)k < (n — 1)k/2. Note that

k
0-So+1-51+...kSg =Y |7l
i=1

and So+S1+ -+ S =n.

We have
k

> G- k/2)S; < —k/2

i=1

a contradiction. This completes the proof. u}
Lemma 3.3. [1) For0<j <k, S; > (_';), Sp2m—k+1and Sy =1.
Theorem 3.4. Conjecture holds for n < 32.

Proof: It suffices to consider the case for m > 9 and n < 31. The case for
k < 2is trivial.

Ifk =3, by Lemma 3.3, 83 > m—3+12>7and S =n—(So+S2+S53) <
31-(1+ () +7) =20. So

k B
> G - k/2)S; = (-3/2)So + (=1/2)S1 + (1/2)S2 + (3/2)Ss
J=0

> (-3/2) + (~1/2)20 + (1/2) @) +(3/2)7
=1/2> -3/2.

And we are done by Theorem 3.2.

Ifk=4,then Sy >m—-4+1>6and S;=n—(So+S2+S3+54) <
81— (1+(3) +(5) +6) = 14. So T5_o(j — k/2)S; = (-2)So+ (-1)S1 +0-
So+S3+25; > (-2)-1+(-1)14 + (g) +2.6 =0 > —2, again we are done
by Theorem 3.2.

If kK > 5, then
k k k k
os () () 4 () =25,

a contradiction. o

Theorem 38.5. Let 7’ be a union-closed family over A with |F’| = n and
|A] = m > 12. Suppose n > 2™ —2(3/2)[m/31 —1/2(7) — () —5m/3+44.5.
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Then for any union-closed family F 2 F', there exists an element o of A
such that
|Fal 2 [IF1/2] .

Proof: Assume to the contrary, then by Theorem 3.2, for any 3 < k <
[m/2], F' contains at most (fx(m) — 1) k-subset of A. And by a result of
[2, Th.2], we have

m m\ (™2
n < E (l)+2(fk(m)—1)+1,

I=[m/2]+1 k=3
but by Lemma 1.8 and Lemma 1.9 we have f3(m) — 1 < 1/2(%), and
m m-1 2k—1 (2k—2)_1)

fem)=1s %1\ &
__(m) m m—1 2k —1

k) m—-km-1-k ""k-1"
So for k < [m/3),

m\ 3k3k—-1 2k2%-1 [(m 3\ *
1< == o e - - .
felm) —1 < (k) %%k—1 "k k-1 * (k) (2) 4

And for [m/3] +1 < k < [m/2),

2k 2k —1
Jk(m)—-1< (1:) " FE-1 < (7:) —4.

Therefore,
n<‘=lg;1+1 (T) +[:§( (7:) 4% Z)k)+;§h( (7:) —4)+1/2 (7:?)

=2™—8((3/2)™/3+1 1) +32.5—4([m/2]— [m/3]) - 1/2 (?) - (7;) -

<2m—12(3/2)Im/31_1/2 (’;‘) - (’;‘) —(5/3)m+44.5.

A contradiction. This completes the proof. o

The following corollary indicates that if the size of a union-closed family
is large enough with respect to the size of its largest set, then Conjecture
holds.

Corollary 3.6. Let F be a union-closed family with m > 12 and n >
2™ —12(3/2)Im/31 -~ 1/2(73) — (7) — (5/3)m +44.5. Then Conjecture holds
for F.
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