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INTRODUCTION

A round robin tournament for the n teams 0, 1, ..., n—1 is a collection
of n — 1 rounds in which each team plays once in every round and each
team plays every other team in some round. For example,

1. 0v1 Tv2 6v3 5v4
2. Ov2 1v3 7v4 6vd
3. Ov3 2v4 1v5 7Tvb
4. Ov4 3vd 2vo6 Iv7
5. Ovb 4v06 Iv7 2vl
6. Ové S5v7 4v1 3v2
7. 0v7 6vl 5v2 4v3
is a round robin tournament for ithe 8 teams 0,1,...,7. Constructions of

round robin tournaments with a variety of features have appeared through-
out the literature. Russell [3] introduced the notion of balancing carry-over
effects in round robin tournaments. Note that in the previous example
Teams 2,3,4,5 and 7 each play Team 6 immediately before they play ‘Teamn
1. If Team 6 is a particularly strong team then Teams 2,3,4,5 and 7 may
enter their succeeding round against ‘Team 1 demoralized, providing an ad-
vanlage for ‘T'eam 1. Russell’s concept of balance is to eliminate such advan-
tages. More specilically, let O, (j) denote the opponent of Team j in round r.
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Say Team ¢ affects ‘Team j if i = O,_1(O,(7)) for some r € {1,2,...,n—1}.
Here arithmetic is done mod n — 1 on the set {1,2,...,n— 1} so when the
subscript » — 1 equals (} we mean round n— 1. The tournament is said to be
balanced with respecl to carry-over effects if each team is aflecled by every
other tean.

Russell showed that such a tournament can be constructed if n is a
2-power and conjectured thal this condition is necessary. Brielly, his con-
struction is as follows: Let n = 2™ and GF(2™) = {0 = ap, ay, ..., an_1}
be ordered in such a way that the partial sums Sy = ) ;_; a; are distinct
fort=1,...,n—1. Note that S,_; = 0 and that n — 1 ficld elements are
accounted for. Let ay be the remaining element. Then we sel

i=0,(j) ifandonly if a; =a; +any + Sr-y.

In the first section of this paper we will show thal the orderings of
GF(¢™) studied in [1] and [2] have distinct partial sumns, thus satisfying
Russell’s condition. For orderings of this type we will also explicitly describe
the “missing element” ay.

In the second section of this paper we introduce the concepl of com-
pletely balanced tournaments, strengthening Russell’s concepl of balance,
and show thalt Russell’s construction produces completely balanced tour-
naments when applied to the orderings of [1] and [2]. We will then show
that the existence of a tournament balanced in this stronger sense implies
the existence of a complete set of mutually orthogonal Latin squares.

1. ORDERINGS FROM PRIMITIVE POLYNOMIALS.

By an ordering of a finite field, we simply mean a listing of the nonzero
elements.

Proposition 1. Let p(z) = =™ — :-';'61 ciz’ be any primitive polynomial

over GF(q), and let {ay, ..., o, } be any basis for GF(q™). Foreach k > m,

set
m~—1

ap = Z CiOk i

i=0

Then with this ordering, the partial sums S, = Y)i_, a; are distinct for
t=1,...,n-1.

Proof. Let B be a primitive root of p(z). Define a linear operator T' on

GF(¢™) by setting 1'(¢j31) = # for j = 0,...,m — 1 and extending
linearly.
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Multiplying the expression (1) by 8 yields

k41 m-—

1
YNB =) &1 +em-1f”

i=1 i=0

m~1 m-—1

= z €i-18' + €m-1 E af
=0 i=0
m~—1

=Y (-1 +Em_16:)f (with -y = 0)

=0
Subtracting expression (2) from (1) we have

m—1

1- gkt = Z(Ei —&io1 — Em-16:)f

i=0

(@)

3)

Now a is equal to some S il and only il (3) holds. Since the powers of g
generale the nonzero elements of GF(g™), the left hand side of (3) can be
any element except 1. Thus the only element which does not arise as an Si

is o = Yoimg! € satisfying

me1

Z(ei —E&i-1— €m—1c.‘)ﬂi =1

$=0
Equating the coefficients ¢;, we have
€0 —Em-1C0 =1

€1 —€p—Em-101 = 0
€9 — €] — Em-1C2 =0

Em-1 —Em-2 —Em—-1Cm-1 =0

Thus we want €9,€),...,Emn—1 such that
~ 1 0 0 O 0 —co 1T € 7
-1 1 0 0 0 - €1
0 -1 1 0 0 —C2 €2
¢ 0 -1 1 0 —c3 €3
L0 0 0 0 -+ -1 l—cm_1d Lemard

oo =

L0



‘This is readily solved by adding the first row to the second, then adding
the second row to the third, and so on. Setting v; = Z;=o c;j, this yields

10 0 0 0 =Y 7T € ] 117
0100 0 -n €1 1
0010 0 -2 €2 1
0 0 01 0 -3 es | _ |1

L0 0 0 0 -+ 0 1=7mn_1d Lem—yd L1

Now p(z) is primitive, hence irreducible. In particular, p(1) # 0, and so
Ym-1 # 1. 1t follows that the matrix above has full rank. Consequently,

Em—1 = =14 Tm-1 ,and for 0 < i < m —~ 2, we have
1- ")’,'n—] 1— Ym-1

£ = | + ———— as desired. ]
1= Ym-1

We end this section with an example of an ordering of GF(16) which
does not arise from a primitive polynomial, but for which the partial sums
are distinct.

Ezxample. We assume that some fixed basis {01,02,03,04 is given, and

write the nonzero elements in terms of their coordinates relative to this
basis.

The reader can easily verify that the only vector which does not appear as a
partial sum is (0,0, 1,0). Moreover, as = &) + a3, but ag # az + ag, so the
ordering cannot have been obtained from a primitive polynomial. O

2. COMPLETELY BALANCED ROUND ROBIN TOURNAMENTS

Say that Team 7 aflects Team j at level £ if i = O,_4(Or(j)) for some
r € {1,2,...,n— 1}. lere again arithmelic is done mod n — 1 on the set
{L,2,...,n—1} 500 = n—1, —1 = n—2 etc. The tournament will be called
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balanced at level £ il each team is aflected by every olher team at level £
and we say that the tournament is completely balanced if it is balanced at
level £ for each £ € {1,2,...,n — 2}. Notice that balance at level 1 is just
Russell’s concept of balance.

Proposition 4. Lel p(z) = z™ — Z:’;Bl ciz' be any primitive polynomial
over GF(2), and let {ay,...,m,} be any basis for GF(2™). For each

m—1

k>m, set ap = Z CiQk-m4i. If Russell’s construction is applied with

i=0
this ordering, the resulting tournament is completely balanced.
Proof. Suppose that for some r,r’, we have i = O,_(O.(j)) =
Or'—¢(Or1(3)). Thus there exist k, k' such that

a;i =ar+an + Sr—t-1 = ot +an + Sprp-1
aj = o+ an + Sr-y = ap +an + Spig
That is, @j — o; = S,y — Sy_¢—1 = Spr—1 — Spr—¢—1. This implies that

r—1 r'~1

doai= ), o« 4)

i=r—-{ i=r/—{

To show that Russell’s constuction gives a completely balanced tournament
it suffices to show that (4) holds if and only if » = ’. Applying the map T
from Proposition 1 yields

r—1 r'-1 -1 1—1
Z ﬁl’—l = Z ﬂi—l —y ﬂr—l—l Zﬁs — ﬁr'-l-IZﬂi
i=r—1{ t=r/—1{ i=0 i=0
and conscquently r = »', [m]

REMARK: If Russell’s construction is applied to the example at the end of
Section 1, the resulting tournawent is not completely balanced. In fact, it
is easily verified that a; + «s = a7 + as, so the tournament is not even
balanced at level 2.

Lemma 5. In a round robin tournament balanced at level £
Or—¢(§) = Ori—o(j') implies O (j) # Opi(§’) for r # v'.
Proof. 1f O.(j) = Oy:(j') then

Or 10 (0¢(3)) = Or—e(j) = Opr—e(§")
= Or’—tor’(or'(j')) = Or’-lor’(or(j))~
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Now if r # 7/ then this says that O,(j) is being aflected at level £ twice by
the same team. This contradicts balance at level £. O

Fori=0,1,...,n—1andj=1,2,..., ndefine Ay = [a;;] by ao; = j,
aij = Oi(j) for i £ 0. For €= 1,2, ..., n — 2 define A, = [a;;] by aoj = j,
aij = O0;_¢0;(j) for i # 0.

Theorem 6. For a completely balanced round robin tournament, Ay, £ =
0,1,...,n—2 form a complete set of mutually orthogonal Latin squares.

Proof. The fact that A, is a Latin square just follows froin the fact that we
have a round robin tournament. Each team occurs exactly once in each row
of Ay, £ # O, since O, is an injective mapping. Each team occurs exactly
once in each row of A,, { # 0, since we have balance at level £. Hence
A, €=0,1, ..., n—2 are Latin squares. 'l'o show Ag and A, £ # 0, are
orthogonal notice that if O;(j1) = Oi(jz) then 0;—£0;(j1) # Oir—eOir(j2) if
i # ' since the tournament is round robin. Finally to show A, and A, are
orthogonal for £ # 0, £5 # 0 we must show O;_, 0i(j1) = Oyr_¢, Ou:(j2) =
Oi—,0i(j1) # Oi—r,0u(j2) for i # i'. This follows from Lemma 5 by
taking j = 0i(j1), J' = Oir(J2), r =i =Lla, ¥ =i’ — €y and £ = £; — ;.
O

REMARK: In view of 'Theorem 6, the existence of a completely balanced
tournament of order n implies the existence of a projective plane of order
n. Thus the prime power conjecture for projective planes implies Russell’s
conjecture for the completely balanced case.

As an example we show Russell’s tournament for n = 8, constructed
using the ordering obtained from listing the powers of 8, a primitive root
of z3 + 2% + 1 over GF(2).

1. Ov3 1v4 2v7 bve6
2. Ov4 Iv3 2v5 6v7
3. Ovb | R 2v4 3vé
4. 0ve lv2 Jvb 4v7
5. O0v7 1v5) 2v3 4v6
6. Ovl 2v6 Jvd 5v7
7. 0Ov2 1v6 Iv7 4v5

Now we compute 3 of the 7 Lalin squares for this tournament, coming
from Theorein 6.
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001 2 3 45 6 77 001 2 3 45 6 77
3470165 2 75326140
4 351027F€6 106 43726H5
487462031}, 26075413
=16 2157 30 4|27 |3 47 01675 2
75326140 4 3510276
106 437265 5 7 46 2031
[2 6 0 7 5 4 1 3. (6 2 1 5 7 3 0 4.

01 2 3 45 6 T

4 3510276

5 7 46 20 31

A3=62l57304

75326140

1 06 437265

2607541 3

L34701652_
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