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ABSTRACT. Let G be a simple graph of order n having a maxi-
mum matching M. The deficiency def(G) of G is the number of
vertices unsaturated by M. In this paper we find lower bounds
for n when def(G) and the minimum degree (or maximum de-
gree) of vertices are given. Further, for every n not less than the
bound and of the same parity as def(G), there exists a graph
G with the given deficiency and minimum (maximum) degree.

1 Introduction

In this paper all graphs are finite and have neither loops nor multiple edges.
For most of our notation and terminology we follow that of Bondy and
Murty [3]. Let G = (V, E) be a graph with vertex set V(G) and edge set
E(G). The order and size of G are |V(G)| and |E(G)| respectively. The
minimum and mazimum degrees are denoted by §(G) and A(G) respec-
tively.

A matching M in G is a subset of E(G) in which no two edges have a
vertex in common. M is a mazimum matching if |[M| > |M’| for any other
matching M’ of G. A vertex v is saturated by M if an edge of M is incident
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with v, otherwise v is said to be unsaiurated. A matching M is called a
perfect matching (or one-factor) if it saturates every vertex of the graph.

The deficiency def(G) of a graph G is the number of vertices unsaturated
by a maximum matching. Thus, if def(G) = 0, then G has a perfect
matching. If M is a maximum matching, then def(G) = |V(G)| - 2|M|, so
def(G) and |[V(G)| have the same parity.

Many problems concerning matchings in graphs have been studied; [6] is
a very good reference. Bollob4s and Eldridge [2] have studied the greatest
lower bound of the size of a matching in a graph of given order, minimal
degree and maximal degree of vertices. The deficiencies of regular graphs
have been studied in [4] and [5].

In this paper we study the lower bound of the order of a connected graph
G when def(G) and §(G) are given. We obtain a lower bound and show that
for every n not less than the bound and of the same parity as def(G), there
exists a connected graph of order n having deficiency def(G) and minimum
degree §. We also obtain the corresponding result when minimum degree
is replaced by maximum degree.

2 The Bounds

Let G be a graph. If S is a subset of V(G), G — S denotes the graph formed
from G by deleting all the vertices in S together with their incident edges.
A component of G is called odd or even according as its order is odd or
even. The number of odd components of a graph G is denoted by o(G).
We need Berge’s formula ([1], p159) to establish our results.

Berge’s Formula:
def(G) = sxcn‘ggcc){o(G -8) -S|}

O

Our first result is on the lower bound of the order of a connected graph
G when def(G) and §(G) are given.

Theorem 1. Let G be a connected graph of order n with 6(G) =6, 6 > 1.
If def(G) = d, then

(a) n>6+1,forodd 6 andd=0oreven 6 andd=1
(b) n>6+2,forevens andd=0o0rodd § andd=1
(c) n > 26 + d, otherwise.

Proof: Parts (a) and (b) are obvious. So suppose that d > 2. By Berge’s
formula, there exists a vertex set S C V(G) such that

o(G - 8) = |S| +d.
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Since d > 2, therefore |S} > 1.
Let ng be the minimum order of odd components of G — S. Since the
minimum degree is §,
[S| > 6+1—mnq.

Counting the number of vertices, we have

n 2 |S|+0o(G — S)ng
= |S]+ (IS| + d)no.

If no > 6, then

n2>1+(1+d)s
=14+6+db
>26+d

If ng £ 6§ — 1, then we use |S| > 6+ 1 —np, and

n > |S| + (IS| + d)no
>(6+1—ng)+(6+1—mno+d)ng
=-nd+(+dno+6+1

Since 1 < ng < 6 —1, we have

n > min{—(1)2+ (6 +d)(1) + 6 + 1,
~(0-12+(@E+d(6-1)+6+1}
= min{26 + d,26 + (6 — 1)d}
=26 +d.

o

When a graph G of even order has no perfect matching, obviously def(G) >
2. Theorem 1 has the following corollary.

Corollary 1. Let G be a connected graph of order n, n even, with mini-
mum degree §. If G has no perfect matching, then n > 26 + 2. (]

Let G be a connected graph with A(G) = A. If A = 0, then def(G) = 1;
if A =1, then def(G) = 0; and if A = 2, then def(G) is 0 or 1 according as
the order of G is even or odd. The next result is on the lower bound of the
order of G when def(G) and the maximum degree A are given, and A > 2.
Theorem 2. Let G be a connected graph of order n with A(G) =
AA> 3

If def(G) = d, then
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(a) n> A +1, when d < A and d has a different parity from A,

(b) n> A+2, whend < A and d has the same parity as A,

(c) n>2[£=}] + d, otherwise.
Proof: Parts (a) and (b) are obvious, since n > A 41 and n has the same
parity as d. Suppose d > A. By Berge’s formula, there exists a vertex set

S € V(G) such that
o(G - 8S)=|S|+d.

Since G is connected, we must have

AlS| > o(G — 8) + S| - 1
= 2S|+d—1,

d—1
'S'Z[m]-

or

Hence
n > |S|+0o(G-S)
=2|S|+d

d-1

8 The Constructions

In this section we will show that, for every n not less than the bounds in
Theorem 1 or Theorem 2 such that n has the same parity as def(G), there
exists a connected graph of order n with deficiency def(G) and with given
minimum or maximum degree. This implies that the bounds are sharp.

Theorem 3. Let § and d be non-negative integers and let

§+1, if6isoddandd=0oréisevenandd=1
n=<(6+2 iffisevenandd=0oréisoddandd=1
26 +d, otherwise.

Then for every integer n > ny, there exists a connected graph G of order
n with §(G) = 6§ and def(G) =d.
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Proof: Choose d =0ord=1 and n > n;. A graph G; of order n with
8(G1) = 6 and def(G;) = d can be formed from K,, by deletingn—1—§
edges which have one vertex in common.

Choose d > 1 and n > 26 + d. A graph G of order n with §(G3) = §
and def(G2) = d can be formed as follows. Take an empty graph K, with
vertices v, vz, ..., %a, U1, 82, .. ., Up, Where a = 244 and b= 25¢. Then for
every i, 1 <1 < a, join v; to every u; where j =i+¢(modb), 1 <t<é6.0

Theorem 4. Let A and d be non-negative integers, A > 3, and let

A+1, ifd < A and d has a different parity from A,
n=(A+2, if d < A and d has the same parity as A,
2[4=L1+d, otherwise.

Then for every integer n > n,, there exists a connected graph of order n
withA(G) = A and def(G) =d.

Proof: Suppose d < A and n > n;. We form a graph G3 as follows. Take
a star K A with center v; and other vertices v3,v3,...,va+1. f d < A-3,
then join vy, to vayy for every i such that, 1 < i < 8=51=4. Also, if
n > A+ 1, then take a path u,u,...,un—a—; and join u; to vay;. The
resulting graph Gj is a connected graph of order n with A(Gs) = A and
def(G3) = d.

Suppose d > A andn > n,. Let s= [i%lz-] We form a graph G as fol-
lows. Take an empty graph Ko,.4 with vertices vy, va, ..., v, u1, %2, - . ., Ussd.
For every v;, 1 < i < s, join v; to u;, for every j = (A—1)(i—1)+t(mod s+
d), 1 <t <A. If n > 2s+d, which implies n > 25 4 d + 2, then also take
a path wy,ws,...,wn_2;—4 and join w; to u;. The resulting graph Gy is
connected, of order n, with A(G4) = A and def(G4) =d. O
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