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ABSTRACT. For each admissible v we exhibit a H(v,3,1) with
a spanning set of minimum cardinality and a H(v,3,1) with a
scattering set of maximum cardinality.

1 Introduction

Let K, be the complete undirected graph on v vertices. A handcuffed design
H(v,3,1) [3] is a pair (V,B) where V is the vertex set of K, and B is an
edge disjoint decomposition of K, into copies of P, (the simple path with
2 edges) such that each vertex belongs to exactly r copies of P;. We call
the elements of B blocks. Given a block b € B, we will use the same symbol
b to denote its vertex set.

A handcuffed design H(v,3,1) exists if and only if v = 1 (mod 4) [4].
It can be shown (3] that every element of an H(v,3,1) must occur in an
exterior (that is, the first or last) position of the same number of blocks,
say u. Further, if |B| = t, the following equalities can be shown: u = 231,
r= 3(1:4—1), t = u(v4—1)'

A subset S C V is independent if b is not a subset of S forevery b € B. An
independent set S is mazimal if for all y € V\S, SU{y} is not independent.
An independent set SC V is an arcif forallbe B, [bNS| < 2. An arcis
complete when it is not contained in a larger arc. For H(v, 3,1) the notions
of a (complete) arc and of a (maximal) independent set coincide.
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Let X C V. A block b € B is called secant or tangent or exterior to X if
[bN X| =2 or 1 or 0 respectively.

The spanned set C(X) is the set of y € V\X such that there exists at
least one secant meeting y. The subset X is a spanning set if for every
v e V\X, v € C(X).

A scattering set X C V is an arc for which every y € V\X has the
property that y appears in at most one secant.

It is straight-forward to verify that every complete arc is a spanning set;
the converse need not hold.

Spanning and scattering sets in Steiner triple systems are studied in [1].

In this note we exhibit, for each v = 1 (mod 4), an H(v,3,1) with a
spanning set of minimum cardinality and an H(v, 3,1) with a scattering set
of maximum cardinality.

2 Scattering and spanning sets

Consider an H(v,3,1), H = (V, B). Using the terminology of [1] we define
the scattering number scat(H) to be the size of a largest scattering set in
H, and we define the spanning number span(H) to be the size of a smallest
spanning set in . Let scaf(v) be the the maximum scattering number of a
H(v,3,1), and let span{v) be the minimum spanning number. Let X be a
subset of V of cardinality z. It is easy to see that for X to be a scattering

set,  + () < v. This implies scat(v) < L(v) = l@] .
A handcuffed design H is scattered if scat(H) = L(v).
The following result is proved in [4].

Lemma 1. ([4,Theorem 1]). For every admissible v > 5 it is possible to
embed an H(v,3,1) in an H(v +4,3,1).

Proof: Let v = 4m + 1, m > 1, and let (V,B) be an H(v,3,1) on V =
1,2,...,v. Put W=V U {v+1,v+2,v+3,v+4}. Form the block set C
by putting on it the following blocks:

(i) All the blocks of B.
(ii) The blocks of an H(5,3,1) on the vertex set {v,v+1,...,v+4}.

(iii) For h=1,3,5,...,2m—1 the blocks {4m +2,2h — 1, 4m +3}, {4m +
2,2h,4m + 3}, {2h — 1,4m + 4,2k}, {2h — 1,4m + 5,2h}.

(iv) For h = 2,4,6,...,2m the blocks {4m + 4,2h — 1,4m + 5}, {4m +
4,2h,4m +5}, {2h —1,4m + 2,2k}, {2h — 1,4m + 3,2h}.

It is straight-forward that (W,C) is an H(v4,3,1). 0
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Theorem 1. For every v =1 (mod 4) > 17, span(v) = 4. For v = 5,9
and 13, span(v) = 3.

Proof: Let X be a spanning set of minimum cardinality z in a handcuffed
design (V, B). Clearly = > 2. Since every element of V occurs in an exterior
position of exactly ¥5! blocks, we obtain 2(v —z — (3)) + (§) < -(”;21)3
Clearly this inequality implies that z > 2. The value £ = 3 is possible only
for v € {5,9, 13}, whereas z = 4 is possible for every admissible ». To prove
that span(v) = 3 for v = 5,9,13 it is sufficient to see that the following
H(5,3,1), H(9,3,1) and H(13,3,1) contain the spanning set X = {a, b, c}:
1) Vertex set V = X U {0,1}. Block set (all commas and brackets are
omitted) B = {ba0,0bc, c01,1ca,ald}; 2) V = X U {0,1,...,5}. B =
{abl, ac2, bc3, adb, abc, b0c, 1a2, 3a0, 365, 21c, 314, 52b, 230, 54c, 051,401, 024,
534}; 3) V = Xu{0,1,...,9}. B = {1ab, 2bc, 3ca, adb, b5c, cba, aTb, b8c, c20,
c9a, a0b, 2a3, 5a8, 143, 669, 4¢7, Ocl, 123, 134, 142, 516, 718, 910, 250, 269, 275,
829, 397, 308, 536, 738, 460, 476, 485, 498, 540, 659, 786, 907}.

To prove that span(v) = 4 for every admissible » > 17, take the following
H(9,3,1) V ={1,2,...,9}; B = {126,237,348, 419, 135, 246, 617, 728, 863,
965, 674, 875, 185, 983,493, 792, 154,952} By Lemma 1 embed (V, B) in the
H(v +4,3,1) (W,C), W = {1,2,...,v+4}. Since X = {1,2,3,4} is a
spanning set in (V, B), then for each z € V there is a secant X. Moreover
{3,v+1,4}, {3,v+2,4}, {1,v+3,2} and {1,v+ 4,2} are secants X. This
implies that X is still a spanning set in (W,C). O

We observe that X = {a,b,c} is not a scattering set in the H(5,3,1)
given in 1), X is a scattering set of maximum cardinality in the handcuffed
design given in 2), and a scattering set, but not of maximum cardinality in
3). It follows from z + (§) < v that scat(5) = 2 and scat(9) = 3.

Moreover it is easy to see that all the spanning sets constructed in the
Theorem 1 are also complete arcs. This establishes the existence of hand-
cuffed designs with complete arcs of minimum possible cardinality (the
analogous problem for Steiner triple systems is posed in [2] and completely
solved in [1]).

Corollary 1. Forevery v =1 (mod 4) there exists an H (v, 3,1) containing
a complete arc of minimum cardinality. Which is 4 for » > 17 and 3 for
v=2>5,9 and 13.

For every integer z > 2 define a(z) € {0, 1,2, 3} by putting a(z) = 0 for

z = 1,6 (mod 8), a(z) =1 for z = 0,7 (mod 8), a(z) = 2 for z = 2,5
(mod 8) and afz) = 3 for z = 3,4 (mod 8). The following theorem is an
easy consequence of the inequality z + (3) < v.

Theorem 2. Let X be a scattering set of maximum cardinality z in an
H(v,3,1), then v > (*}') + a(z).
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Theorem 3. For every integer = > 2 there exists a scattered H(v,3,1) H
on v = (*}") + a(z) vertices such that scat(H) = .

Proof: Let X = {1,2,...,z} and V = X U{ay,a2,...,ay—z}. We split
the proof into two different cases: z even and z odd. Suppose z is even
(see Example 1). Since scat(5) = 2, the theorem is proved for z = 2. Put
in B, the following blocks (where h+- j is reduced to the range {1,2,...,z}
modulo z):

) {ar-1)erirdh+3} for h=1,2,..., 52 and j=1,2,..., 7.

(2) {a==-2+25,5, 5 +j} forj=1,2,...,%.

It is easy to verify that: |Bi| = (§) = v — = — a(z); each element of
{1,2,...,%} is in the middle, resp. exterior, position of exactly % resp.
22 'plocks of By; each element of {5 +1,% +2,...,z} is in the middle,
resp. exterior, position of exactly 3=, resp. %, blocks of B;.

Since v—z is odd we can construct the difference sets Fi = {{aj, ax+5}: J =
1,2,...,v—x} forevery k=1,2,..., v=z=1 (In the indices the sum is re-
duced to the range {1,2,...,v —z} modulo v — z). Using the first 2=2¢=1
difference sets construct LLP;XE"_’) blocks such that any element of V\ X
appears ¥=22=1 times in the middle position. Say B be the set of these
blocks. With the last Z difference sets and the elements of X form the set
Bs of (v — z)% blocks such that: every block of Bs contains exactly one
vertex s € X; s is always in an exterior position; the number of blocks of
Bs in which every s occurs is either ﬂl‘;—ﬂ ifse{1,2...,3}, or ”"2“1
ifse{$+1,5+2,...,z}; every block in B, U B does not contain a re-
peated edge. At last using all the edges of K, missing in the above blocks
of B; U By U B3 construct the block set By in such a way that an element
of X appears always in the middle position of any block of B4 (note that it
is possible to form Bj or B, in many different ways). It is easy to see that
H = (V,UL,B;) is an H(v,3,1) and X C V is a scattering set of maximum
cardinality. '

Let z be odd (see Example 2). Let By = {{aa—1)z4j:5h +3}: h =
1,2,..., Z51,5 = 1,2,...,z} (h+j is reduced to the range {1,2,...,z}
modulo z). It is easy to verify that: |[By| = (5) = v — z — a(z); each
element of {1,2,...,z} appears in an exterior position and in an interior
position of exactly 55-1- blocks of B;. Since v — x is even we can construct
the following difference sets, where we put n = *3=: F = {{a;,aj4x}:j =
1,2,...,v—z}fork=1,2,...,n-1,and F = {{aj,8j4n}: 5 =1,2,...,n}
(in the indices the sum is reduced to the range {1,2,...,v — =} mod-
ulo v — z). Let F1 = F1\{{an, an+1}, {020,81}} U {{an, a1}, {a2n, an+1}}
and Fr_y = Fo1{{a1, an}, {8n+1,820}}U {{an+1,8n},{a1, a2n}}. Clearly
FUF,_1 = F{UF,_,. With the edges of F,_; we form the block set Bz =
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{{a2, @n+1,0n}, {03, n 42,01}, {04, @ny3, a2}, . . ., {@n, a0n—1,an-2}, {as,

G2n,an-1}}. Take F, and others 231 difference sets Fj,, b # 1, n — 1.
Form the set Bs of blocks such that any element of X appears in the exte-
rior position exactly *3= times, |bN X| =1 for every b € Bs, every block
in B; U Bs does not contain a repeated edge. Using the remaining -"“224‘3
difference sets (where we take F; instead of F}) construct 5"_—2’_431(22
blocks such that any element of V\ X appears % times in the middle
position. Say By be the set of these blocks. At last using all the edges of
K, missing in the above blocks of B; U B2 UB3 U By, construct the block set
Bg in such a way that every block of Bs has always in the middle position
an element of X. It is easy to see that H = (V,U_,B;) is a H(v,3,1) and
X CV is a scattering set of maximum cardinality. a

Example 1. Let z = 4. Then it is a(z) = 3 and v = 13. The blocks (1) of
B, are (we omit all the commas and brackets) a,12, 6223, a334, a41; the
blocks (2) of B; are as13, ag24. The blocks of B; are aja;1a;43 for every
i=12,...,9. It is easy to see that we can put Bs = {2a;a4, 1azas, lasas,
lasar, 2asas, lagag, 2a7ay, 2agaz, 1agag, 3a; a5, 4azas, 2azaz, 3a4ag, 3asas,
3asay,4a702,40ga3,4a9a4} and By = {a14ag,az3a7,a42a9, asdag, arlasg,
ag3ag}.

Example 2. Let z = 5. Then it is a(z) = 2 and v = 17. The blocks of
Bl are a112, 0223, 0.334, a445, a551, 0613, 0724, 0835, 0941, 01052. With the
edges of ﬁs form the block set By = {aza7as, agagay, 640902, G5G1083, G6Q1104,
ajajzas}. We use Fg, F5 and F3 to construct the block set B3 = {aja7r1,azasl,
a3agl, asa10l, asa11l, agaszl, a1a32, azaq2, azas2, a4ae2, asar3, agas2, azae3,
a8@103, a9a113, ¢100123, 211015, 212023, 01045, azas4, azas4, asard, asas5,
@gag5, a7a102, agay15, aga125, ajpa,4, ay1a24, 012a34}. With the edges of F,
and F; form the block set By = {a;jazas, a2a3az, G3a408, 48509, A5G4 10,
06a105, 4708412, 8941, G9G10G2, G1041143, G11G1204, G12a7G11}. At last let
Bs = {a21as, aslas, a12ag, a112a;2, asdaio, a114a;2, az5a3, aghar}.

Theorem 4. For every v =1 (mod 4) it is scat(v) = L(v).

Proof: Since scat(5) = 2 and scat(9) = 3 we suppose v > 13. Obviously it
is (“)+1) < v for every admissible v. Put w = (H+Y) o L(v)); it is easy
to verify that w =1 (mod 4). If it is w > v we can put w = v+ 40, 0 > 1.
Then w = v+ 40 > (1) 4 40 > (L)*1) 4 o(L(v)), this is impossible.
Therefore w < v. By Theorem 3 there exists a scattered H(w, 3, 1) H with
scat(H) = L(v). Then we can consider only the v such that w < v. Let
X = {1,3,5,...,2L(v) — 1} be the scattering set of maximum cardinality
in H. Since L(v) < %32 for v > 17, then by the embedding w — w + 4
(Lemma. 1) we construct a scattered H(v,3,1) having X as scattering set
of maximum cardinality L(v) (note that no any block of (ii), (iii) and (iv)
of Lemma 1 is secant to X).
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