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Abstract. Let G = (V,E) be a connected graph. Let
7¢(G), dc(G) denote the connected domination number, connected
domatic number of G, respectively. We prove that 71:(G) <
3d.(G°) if the complement of G is also connected. This confirms a
conjecture of Hedetniemi and Laskar(1984), and Sun( 1992). Ex-
amples are given to show that equality may occur.

1. Introduction

All graphs under consideration are finite, undirected and loopless with-
out multiedges. Let G = (V, E) be a graph with vertex set V and edge
set E. G° denotes the complement of G, w(G) denotes the number of
connected components of G. For u € V, the (open) neighborhood of « in
G, denoted by Ng(u), is the set of all vertices adjacent to u. The closed
neighborhood of 4 in G, denoted by N¢[u], is defined to be Ne(u) U {u}.
For a set § C V, the (open) neighborhood and closed neighborhood of §
in G is defined respectively by Ng(S) = UuesNe(u), N¢[S] = UuesNe[u).
Moreover, for a set § C V, G[S] denotes the subgraph of G induced by S.

A set D C V is a dominating set of Gif V—D C Ng(D). A dominating
set D is called a connected dominating set if G[D] is connected. The dom-
ination (connected domination) number of G, denoted by 7(G) (7(G)), is
the minimum cardinality of a dominating (connected dominating) set of G.
The connected domatic number d.(G) of G, is defined to be the maximum
number of pairwisely disjoint connected dominating sets contained in V.
A dominating (connected dominating) set of G is called minimal if none of
its proper subsets is also a dominating (connected dominating) set of G.

Since the concepts of dominations are closely related to optimization
problems on networks design, numerous research has been done on this
topic, see [8] for a survey. Some inequalities involving the domination num-
ber, connected domination number, domination independence number, ir-
redundance number and upper irredundance number have been established
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by various authors, see [1,2,5,7,9]. For a recent and important reference,
see [4].

In [9], Sun reproposed the conjecture of Hedetniemi and Laskar [7] that
if G and G¢ are both connected, then there holds the inequality v.(G) <
3d.(G®). In this paper, we shall prove the conjecture and show that equality
may also occur.

2. Main results

The main result of this paper is the following theorem.

Theorem 2.1 Ifboth G and G are connected. Thenv.(G) < 3d.(G°).

The proof of the theorem is based on a series of lammas. The first one
is trivial if one considers a spanning tree of G and two pendant vertices in
the tree, see [3].

Lemma 2.2 Let G = (V,E) be a connected graph of order n > 2.
Then there ezist two non-cut vertices of G in V.

The following two lemmas are used to estimate the connected domina-
tion number of a graph.

Lemma 2.3 Let G be a connected graph. Let G1,Ga, -+, Gs(s > 2) be
connected subgraphs of G with connected dominating sets D, Dy,---,D,,
respectively, such that Ui,V (G:) = V(G). Then there ezists a connected
dominating set D of G such that D D Ui_, D; and

ID| <> 1Dil + 25 - 2.

i=1

In particular, if for some i # j,1 < 4,5 < 3, Ng[Di]N Ng[Dj] # 0, then D
may satisfy that

s
1D <) D+ 25 - 8.
=1

Proof We proceed by induction on s. Let s = 2. If Ng [D1JNNg[D-] #
0, then take u € Ng[D1] N Ng[D;). It is obvious that D; U D, U {u} is a
connected dominating set satisfying the assertion of the lemma. Assume
that Ng[Di] N Ng[Dz] = 0. For any u € Dy,v € D, there exists a
path as uz1z2---z,v in G by the connectedness of G, where » > 2, and
z, € Ng[Dy), z. € Ng[D,). Let z; be such that z; € Ng[D,)], and
Tj41, e € Ng[D1). Then1 < j<r—1 Let D= DyUD,U{zj,zj41}
Then D is a connected dominating set of G and |D| < |Dy| + |D2| + 2.

In general, assume that the result is true for s = 2,-++,k. Suppose now
that the connected graph G has k+1 connected subgraphs G1, G2, -+, Gi+1
and each with a connected dominating sets D;,1 < i < k such that
UHV(G:) = V(G).

310



Regard each G; as a VERTEX, and G; and G; (i # j is adjacent
if V(Gi) N V(G;) # 0 or there exist u € V(Gi),» € V(G;) such that
uwv € E(G). We then get a connected graph G of order k + 1 > 3. By
Lemma 2.2, delete a non-cut VERTEX of G, say V(Gx41) (the vertices in
UX_; V(Gi)NV(Gr+1) remain unchanged). We may obtain a new connected
graph as G[UL, V(G:) — V(Gi41))-

By the induction hypothesis, there exists a connected dominating set D’
of G[UE_, V(G;)—V(Gx41)] such that D’ D Uk, D; and |D’| < Zfﬂ | D; |+
2k — 2. Moreover, if there is a pair D;, Dj, 1 < i # j < k with Ng[D;]n
Ng{Dj] # 0, then |D'| < % |D;| + 2k — 3. By the same argument used
in the case of s = 2, we know that there exists a connected dominating set
D of G with D D D' U Dgyy D Ui D, and D] < D] + |Diga| +2 <
Zf:ll |D;| + 2(k + 1) — 2. In particular, if there is some D;,1 < ¢ < k
such that Ne[D;] N Ng[Di41] # 0, then Ng[D') N Ng[Dyy1] # 0. Thus
IDI < D] + [ Disa| +1 < T D] +2(s +1) - 3. 0

The following lemma is a natural extension of Lemma 2.3.

Lemma 2.4 Let G be a connected graph. Let G1,G, -+, G, be con-
nected subgraphs of G with connected dominating sets Dy, Dy, -, D,, re-
spectively. Let V(G) — Ui_,V(G;) = X. Then there ezists a connected
dominating set D of G with

ID| < D" |Dil + 25 — 2+ | X].

i=1

Moreover, if there ezists a pair D;, D;(i # j) such that Ng[D;]N Ng[D;] #
B, then D may be such that

8
ID| <) IDil + 25— 3+ X|.

i=1

Proof Without loss of generality, assume that X N [U_,V(G;)] = @
(otherwise we may consider instead X' = X — X N [Ut_1V(Gi)] ). Let the
connected components of G[X] be Wy, Wa,---, Wy, where 1 < k < |X |-
For each component W;,1 < j < k, there exists u; € V(W;) and v; €
Ui=1 V(G;) such that u;v; € E(G) since G is connected. Let v; € V(Gj,)
and call that W; is ADJACENT to Gj;. By connecting each W; to one of
its ADJACENT subgraphs out of Gy, G3,-++,G, and then expanding the
connected dominating sets in a natural way, we may get subgraphs of G as

1G5 -+, G} such that V(G) = U, V(G)). It follows from Lemma 2.3
that there exists a connected dominating set D of G with D D Ui_,D; and
|D| < 37i_1 |Di| + 28 — 2 + |X|. The other part of the result also follows
from Lemma 2.3. o
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Let G and G be connected with d.(G¢) = k. Then V(G°) = V(G)
may be partitioned into k pairwisely disjoint connected dominating sets
as V(G¢) = US_,D; U V4, where one may assume further that Dys, 1 <
i < k, are all minimal connected dominating sets of G°. We shall consider
separately two cases according as V; = @ or not.

Lemma 2.5 IfVy =0, then v.(G) < 3k — 2.

Proof It is easily seen that |D;| > 2 for 1 < 4 < k, since otherwise
G would contain an isolated vertex. Since G°[D;] is connected, then by
Lemma 2.2 there exists a non-cut vertex z; € D; of G¢[D;]. Since D; is
minimal, Nge(z;) € Nge[Di — {z:}]. Let yi € Nge(=:i) — Ng<[D; — {z:}].
Then y; € Uj;g,'Dj, and y;z € E(G) for each ¢ € D; — {:B;}. Set S; = (D,' -
{z;}) U {v;}. Then G[S;] is a connected subgraph of G with a connected
dominating set {y;}. Call y; the CENTER of S;. It is clear that z; # z;
for i # j since z; € D; and D;’s are pairwisely disjoint.

Let Y* = {y},v3,---,¥,} be the set of distinct y;’s, where 1 < s < k.
Let the connected components of G[Y*] be Hy, H3,- -+, Hy, and combine
the sets S;’s if their CENTERs coincide or are in the same component of
G[Y*]). We may finally obtain t sets as 57, S3,---,5f, where 57,1 <i<t
has a unique CENTER, and S;,t1 +1<i<t1 1+t =1 has at least two
CENTERs. Moreover, t; +2t; < s.

For each set S7, 1 < j < 11, that has a unique CENTER, say yj,
we have y; € D;, for some ip. Thus y; = z;, since otherwise we would
have y} 4, € E(G), a contradiction. Therefore at least ¢, elements out of
X = {z1,z2, -,z } coincide with y3,--+,y;,. Let X'=X-XnY*. Then
|X'| < k —t1. Since U%_,S; UX' = V(G), it follows from Lemma 2.4 that
there exists a connected dominating set D of G such that

IDI< Hyjly; €Y} +2t—2+|X'|<28+k—-2<3k-2. DO

In the case when V; # 0, the discussion are divided into two subcases
according as V; is a dominating set of G° or not.

Lemma 2.8 If Vi # 0 and V; is not a dominating set of G°. Then
7e(G) < 3k.

Proof First, rephrase the first two paragraphs in the proof of Lemma
2.5. Since V; is not a dominating set of G¢, there exists u € V(G)— V; such
that uz ¢ E(G°) for any z € Vi. Thus uz € E(G). Assume that u € D;,.

Case 1. Y* NVy = 0. If u # z;,, then uy;, € E(G). For each set S,
1< j <4, that has a unique CENTER, say yj, we have by the preceeding
discussion that y] € X = {z1,22,-+,z}. Let X' = X — {vi,--- 9, -
Then |X’| < k—t;. Combine V; with the set S} having y;, as a CENTER.
The subgraph of G induced by this new set has a connected dominating
set {u} U {y*|ly* € S;}. Then by Lemma 2.4, there exists a connected
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dominating set D of G such that
ID|<s+14+2(t1+t2)—2+k—1 <3k-1.

If u ==, and z;, € X'. Then u = z;, = y;, for some jo. Combine
X with the set having a unique CENTER y}o. Then by Lemma 2.4, there
exists a connected dominating set D of G such that

|D|S8+2(t1+tg)—2+k—t1S3k—2.

Ifu=z, and z;, € X'. Let X" = X' — {z; }, and V1 U {z;,} = V.
It is clear that |X”| = |X'| =1 < k — t; — 1 and G[V4] has a connected
dominating set as {z;,}. Thus by Lemma 2.4, there exists a connected
dominating set D of G such that

ID|<s+1+4+2(1+t2+1)—2+k—1t;—1< 3k

Case 2. Y"NV; # 0. Forming a new set by combining the sets S;’s with
Vi if the CENTERs of S} ’s are contained in V. The subgraph of G induced
by this new set has a connected dominating set as {u} U {y"| y* € V1 }.
Let now the remaining sets with a unique CENTER be I: S}, S53,--- ,St'—l,

t; < t1, and the sets with at least two CENTERs be II: S:T+1’ S
t1+22 =1 < t. For ecach CENTER y of the set in class I, 1 < j < {1, if y; &
V1, then y; € Dy, for some ko and thus Y; = zi, since otherwise YiYk, €
E(G), a contradiction. Thus each CENTER of sets of class I is contained
in y orin X = {z1,2,,---,2x}. Assume that ¢} of the f; CENTERSs are
contained in V; and the remaining t{ of them are contained in X. Then
t; +1} = ;. On the other hand, assume that ¢}, of the CENTERSs of sets of
class II are contained in Vj, and the remaining t§ = f, — ¢} are contained
in X. Let X' =X -XNY*. Then |X'| < k—1t] —¢] < k—t. Thus by
Lemma 2.4, there exists a connected dominating set D of G such that

DI <s4+1+21+1¢] +15) —2+k—t] <s+1+t] +2t5 +k.

Since Y* N Vy # 0, then ¢} and ¢, can not be all zero, so the equalities in
t] < t; and t5 < ¢; can not occur simultaneously. Thus |D} < s+ ¢; +
2+ k<23+ k< 3k. m]

Lemma 2.7 IfVy is a dominating set of G°. Then v.(G) < 3k.

Proof It is obvious from the assumption that G°[V;] is not connected.
Let the connected components of G°[V1] be Wy, Wy, ---,W,, s > 2.

We assume first that v4.(G°) > 3. It follows from Lemma 2.2 that for
each D;, 1 < k, there exist two non-cut vertices z;,7; € D;. Since D; is a
minimal connected dominating set of G¢, there exist 77,37 € V(G°) - D,
such that Z;z; € E(G°), and Tu € E(G) for any u € D; — {z;}; Tivi €
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E(G°), and v € E(G) for any v € D; — {y;}. Let § = {z;, 4,1 <i <k},
and S = {7, %, 1 < k}.

Then |S| = 2k, |S| < 2k. For any u € Dy U--- Di,u € D, it is easy to
see that u is adjacent to at least one vertex of SinG.

We consider two cases as follows.

Case 1. V; NS # 0. Without loss of generality, let v € V(W;) N D;.
Then for any v € V(W-), the subgraph G[S U {v}] has no isolated vertices.
In fact, the vertices of G[S U {v}] contained in V; are adjacent to u or v in
G. And for any z € § — {v} — Vi C U¥_, D; — V3, there exists jo such that
z € Dj,, so that 2Z;, € E(G) cr 2%, € E(G). Thus ¢ = w(G[SU {v}]) <
k. For any v; € C;, where Cy,Cs,--,C, are connected components of
G[S U {v}], since 7.(G) > 3 and v;v; 1 € E(G°), 1 <j < q— 1, there
exists w; such that w;v; € E(G°) and wjvj41 € E(G°),1 < j < q—1. Thus
w;v; € E(G),wjvj41 € E(G) It is clear that SU {v} U {wl,wo, Ty
is a connected dominating set of G. So that 7.(G) < |S] +q < 2k+q <3k

Case 2. V;NS = 0. Then § C U_,D;. For any = € S, assume that
z € D;,. Then z%;, € E(G) or z%;, € E(G). So that G([S] has no isolated
vertices and G[S] has g < k connected components. Since G is connected,
there exists u € US_,D; and v € Vi such that zy € E(G). Without loss of
generality, assume that u € V(W1). Let w € V(Wa).

Subcase 2.1. If some D; contains three elements of B, say Z,¥,z € D;N
S. Let T = {z},y},z",y", 2" }. It is clear that G[T] is connected, thus ¢ =
w(G[S)) < k—2. By choosing g — 1 vertices, say w1, w2, - -, Wq-1, connect-
ing these components as done in Case 1, we that SuU{wy,wa, -, wk_1} U
{u,v,w} is a connected dominating set of G. Therefore 7.(G) < IS| + ¢~
143 <3k

Subcase 2.2. Each D; has at most two vertices of S. If w(G[S]) < k-2,
the result follows in a like way from the discussion in Subcase 2.1.

If w(G(S]) = k. Then each component is isomorphic to K3, and each
D; contains exactly two vertices of S. Let Z,§ € SN D;. Then we have
{Z,7 = {zi,ui}, i-e., S = S, and =, 4 ¢ E(G), 2y ¢ E(G), since otherwise
G[S] would contain a connected subgraph of order > 4. Moreover, the
k components of G[S] are z;7; € E(G), 4% € E(G),1 < i < k. Let
D = (S—{zZ1,z1})U{w1, w2, -- -, we_1}U{u,v,w}, where wy, ws, -+, wi_1
are taken as above. Then D is a connected dominating set of G, and
1(G) < |D| <2k —2+4+k—-1+3 =3k

Assume now that w(G[S]) =k—1. If S = S, then each D; contains
exactly two vertices of S as {z;,y;}. G[S] has k — 2 components as K
and one component as G[{zi,vi,Z:,¥}] for some i, 1 < ¢ < k. Take a
non-cut vertex of G[{z:,¥i,%:,%}], say i, and then take k — 2 vertices
wy,Wwa, - -+, Wk—2 connecting the k — 2 components and G[{y,,z_,, 7} Itis
clear that D = (S — {z;}) U {w1, w2, -+, wi_2} U {u, v, w} is a connected
dominating set of G, and 7.(G) < |D| < 2k —1+k—-2+3=3k. If S # S,
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then $ ¢ §. Thus |S! < 2k — 1 = |S| — 1. Taking k — 2 vertices connecting
the k — 1 components of G[S] as done above, we get that v.(G) < |D| <
2k-1+k—-2+43=3k.

Finally, if 7.(G°) = 2. Then ¥(G) = 2. Thus |V3| = 2 and G[V;] has
exactly two isolated vertices. The case for k = 1 is trivial. If k > 2, let
D =SUV;. It is clear that D is a connected dominating set of G and thus
1(G) < |D| < 2k + 2 < 3k. m}

The proof of Theorem 2.1 follows from Lemmas 2.5-2.7.

As a final remark, we note that for the graph G = G° = Cs, one has
D.(G°) =1 and v.(G) = 3.
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