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Abstract

We consider all 2-(v, 3) trades in which every pair appears at most
once in each part of the trade, and we call them Steiner Triple Trades
STT(v). We completely classify STT(v) with 6 < vol(T) < 9.

1. Introduction and Background Materials

For given v, k, and t, let X = {1,2,---,v} and let P;(X) denote the set of
all i-subsets of X, 2 < i < v. The elements of P(X) are called blocks.

A t-(v,k,X) design is a collection of blocks in which every element
of Py(X) is contained in exactly A blocks. A t-(v,k) trade T = (Ty, T2),
consists of two disjoint collections of blocks T} and T such that for every
B € Py(X), the number of blocks containing B in T} is the same as the
number of blocks containing B in T3.

The number of blocks in T}(T%) is called the volume of the trade T,
and is denoted by vol(T’).

Clearly a t-(v, k) trade is also an i-(v, k) trade for 0 < i < &. Therefore,
in a trade T, both T and 7> must be based on the same subset of the
elements of X. This subset is called the foundation of the trade T, and is
denoted by found (T).
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From here on, the set {z;,2s,---,z;} € Pi(X) will be denoted by
1z - 5.

We call a t-(v, k) trade T a minimal trade if vol(T) = 2, and |found(T)| =
k+t+1.

Let

rz = number of occurrences of z € found(T') in T1(7T3).
ATy (zy) = ATy(zy) = Azy = number of occurrences of zy in T1(T2).

E(i) = {z|z € found(T'), r; = i}.

Trades are very important and complicated combinatorial objects, and
can be viewed as building blocks of ¢-(v, k, A) designs. Their importance
stems from the fact that the difference of any two t-(v, k,A) designs is a
trade [1,3]. If all the trades of all possible volumes could be catalogued, then
the problem of existence of {-designs would become much more tractable
[3,4].

It has been shown that for ¢ = 2, trades of volume equal to 1,2,3, and
5 do not exist [2]. Therefore, in this paper for k = 3 and A;y = 1, we study
and classify all of these types of trades with volume ranging from 6 to 9.
The reason for this particular study is the fact that most of combinatorial
structures of small orders behave usually rather peculiarly.

2. Some Useful Lemmas

Throughout, T = (T1,73) will be considered as a 2-(v,3) trade, and for
every pair 2y, Ay = 1 or 0. In fact each part of this kind of a trade is a
partial Steiner system. In this paper trades of this sort, T', with vol(T') = s,
and [found(T')] = f will be denoted by T'S(f, s).

In this section we mention some simple lemmas which are used in the

remaining parts of the paper.

Lemma 1. For any z € found(T'),r, > 2.

Lemma 2. Let T = (T}, T) be a TS(f, ), then gf <s< f(f6— 1)
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Proof. Since 2f < Y cround(r) "= = 35, the left bound is attained. The
right bound follows by counting the pairs of the set {(z, B)|z € B, B € T1 }
in two ways. O

From the above lemma we conclude that

vol(T) = 6, |found(T)| € {7,8,9},

vol(T) = 7, |found(T)| € {7,8,9,10},

vol(T) = 8, |found(T)| € {8,9,10,11,12},
vol(T) = 9, [found(T)| € {8,9,10,11,12,13}.

Lemma 3. If zyz € T such that r, 7y, and r, are greater than 3, then
vol(T) > 7.
Proof. This follows from the fact that Azy = Azy = Ay, =1. O

Lemma 4. Let abc, ade € Ty and rq = rp, = rg = r. = 2. Then, a
minimal trade is embedded in the structure of T'.
Proof. Suppose that 7, = ry = rg = re = 2. Also let

abe, ade, bdz,cey € T1, abd, ace, bex’, dey’ € T,

where z,y,z’, ¥ € found(T). Since ry = r4 =2, then z = 2’ = ¢/, and since
re = 2, then y = y, and clearly there is a minimal trade in the structure

of T. The other case can be established similarly.
Lemma 5. If T and 7" are two trades, then T — 7" is also a trade.

Lemma 6. IfT = (T1,T3)and T" = (1], T;) are two trades with volumes
s, and §', respectively, such that TV C T'(i.e.,.T] C T1,T5 C T3), then T —T"

is a trade with volume s — &’.

Lemma 7. Let z € found(T), and r; = m, then vol(T) > 2m, and
|found(T)| > 2m + 1.

Proof. Let C = {y| sy = 1}. Cleatly C = Uz¢per, B—{z} and CU{z} C
found(T). Consequently, we have |CU {z}| > 2m+1. O
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Let z,y € found(T), and r; = 3, r, = 2. We define

Fr= {(:z:,z)lz € E(2)x/\:n = 1},
and Dy = {(z,y)|z € E(3), A\;y = 1}. Then, clearly,

Y IFl= Y 1Dyl (1)

z€E(3) yeE(2)

3. Classifying T'S(f,s) of Small Volumes

In this section, we completely classify the T'S(f,s) for 6 < s < 9. Our
argument is organized in 3 parts: nonexistence of some trades, uniqueness

of some others, and finally existence of those trades which are not unique.

Lemma8. TS(8,7),TS(10,7), TS(12,9),TS(13,9), TS(9,6), and TS(8, 9)
do not exist.

Proof. In the cases T'S(9,6), T'S(12,9), TS(13,9), and T'S(10,7), there
are two blocks By and Bj such that |B; N Bz| = 1, and four elements of
By UB; are in E(2). So by Lemmas 4, and 5 we have a trade with volume

4 in the structure of these trades, and we obtain a contradiction by Lemma

6.

In the case T'S(8,9), we have E(4) = 0, hence at most 8 x 3 = 24
elements can appear in this trade, but there are 9 x 3 = 27 spaces to be
filled, therefore we have no trade in this case.

Suppose there exists a TS(8, 7). So we have |E(3)| = 5, and |E(2)| = 3.
Clearly, there exists a block zyz € T such that r, = ry = r, = 3. With
no loss of generality, let that block be 123. So the trade T" can possibly be
of the following form:

T =(T1,T3) = ({123,145, 167, 24z, 36y, 57z, uvw},
{124,136, 157, 23z, 45y, 672', u'v'w'})

There is an element s € {4,5,6,7} such that r, = 2 (since |E(3)| = 5).
Suppose that r4 = 2. Since r = r3 = 3, we have z = 2, or z = 3.
Let 2 = 2, then u = 3. Clearly ¢ = 3 € {6,8}. If z = y = 6, then
there exists a 7'S(8,6) in the structure of this trade, and we obtain a
contradiction by Lemma 6. Hence, z = y’ = 8. Since Az,(s8) = 1, then
Ar,s8) = 1. Since, the only choice for this pair is vw, hence uvw = 358.
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Since Ar,(28) = Ary(3s) = 1, then 2’ = 8, and this is a contradiction. For
z = 3, with a similar argument, again we obtain a contradiction. Hence

this case does not offer any trade. O
Now we discuss about trades which are unique.

Proposition 9. Let 7 be a T'S(8,6) and z, y € found(T). If r; = r, = 3,
then Azy = 0.

Proof. If A;y = 1, then there is a block z'y’z’ € T} such that ror = ryr =
ry» = 2. Another block which contains z’ (or ¥/, or 2) is z'zw (or yz'w)
where r,, = 2. From Lemma 4, there is 2 minimal trade in the structure of
this trade, and by Lemmas 5 and 6, there is a trade of volume 2, and this

is a contradiction. O

Lemma 10. The T'5(8,6), TS(7,6), TS(9,7), TS(7,7), TS(8,8), and
TS(12, 8) are unique up to isomorphism.

Proof. TS(7,6). In this case |[E(2)| = 3, and |E(3)| = 4. If z € found(T')
and r; = 3, then for each y € found(T'), Azy = 1, and for each z,y € E(2),
Azy =0. Let 1 € found(T'), and ry = 3. This trade can be expressed as

T = (T),Tz) = ({123,145, 167, 24, 36y, 57z},
(124,136,157, 232", 45¢/, 672'}).

Each block contains only one element of £(2). Suppose these elements are
2,5, and 6. Therefore, z =2’ =7,y =2' =4, and z =y = 3. Hence the

trade 1s constructed.

TS(8,6). By Proposition 9, we assume that

T = (T}, Tz) = ({134,156, 178, 35z, 47y, 68z},
{135,147, 168, 34", 561/, 782'}).

Since {3,4,5,6,7,8} C E(2),hencez =2’ =y=y' =2=2'=2.

TS(7,7). In this case, |E(3)] = 7, and for any z, y € found(T’), Azy =

1. We can assume that 7} is of the following unique form

T, = {123,145, 167,246,257, 356, 347}.
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But then T3 can be of one of the followings:
T, = {124,136, 157,237, 256, 345,467}, or T, = {124, 136, 157, 235, 267, 347,456} .

So, these two trades are in fact isomorphic. (o = (24)(35)(67).) Hence we
are left with only one trade.

T'S(9,7). Here we have |E(3)| = 3, and |E(2)| = 6. Let r; = 3. The
blocks of a possible trade T' can be arranged as follows:

T = (T1,Ty) = ({123,145, 167, 24z, 36y, 57z, uvw},
(124,136,157, 232", 45y, 672", u'v'w'}).

One of the pairs 24, 36, and 57 is a subset of E(2). Suppose that 24 C E(2).
So ry = r4 = 2. Therefore, z = ' =/, and the only choices for these are
8,0r9. Let z =2’ =y = 8, then v’ = 2/, If y = 8, then Arye8) = 1
implies that Ar,(¢sy = 1. Therefore, u'w’ = 68, and we conclude that the
pair 69 appears in T twice. This is a contradiction. Thus, y # 8. With a
similar argument z # 8, hence we have uv = 35. Sow =8,y =2 =9, and
v'w’ = 35, and again we obtain a unique trade.

TS(8,8). Here, |E(3)] = 8. Suppose that the blocks of T' are as
follows:

T = (11, T3) = ({123,145, 167, 24z, 36y, 57z, uvw, rst},
{124,136,157,232', 45y, 672", u'v'w’, r's't'}).

Since 8 € E(3), then one of the elements of {z,y,2}, and {z’,/,2'} is 8.
Let z = 8, hence =’ and y’ # 8, and 2’ = 8. So uv = 68, rs = 78, u'v’ = 28,
r's'=48. Clearly 2 =2,y =6, y=4,2' =7, w' =5,t =3, w=15, and
t = 3, hence only one trade can be obtained.

TS(12,8). For any z € found(T'), r, = 2. So this trade is a difference
of two minimal trades with disjoint foundation sets. O

From here on we will denote the elements 10, 11, and 12 by A, B, and
C, respectively.

Now we study T' = T'S(9, 8).
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Proposition 11.  Suppose that there exists a T.S(9,8), and r; < 3 for
any z € found(7T). Then there exists at least one 2 € E(3) such that
|Fz| = 1.

Proof. Since |E(3)| = 6, so |Fz| > 1 for any z € E(3). Suppose that
for any ¢ € E(3), |Fz| > 2. Hence } ,¢p(s5)|Fz| > 12. Since for any
y € E(2), |Dy| < 4, therefore, |Dy| = 4. Let E(2) = {7,8,9}, and E(3) =
{1,2,---,6}. We can suppose that D7 = {(1,7),(2,7),(3,7),(4,7)}, Ds =
{(1,8),(2,8),(5,8),(6,8)}, and D = {(3,9),(4,9),(5,9),(6,9)}. Also we
have

127, 347, 158, 268,359,469 € T;

Thus, the two other blocks of 77 are 245 and 136. Hence, we can not
construct 75 of 7.0

Lemma 12. There is a unique T'S(9, 8) if for any = € found(T'), rz < 3.
Proof. By Proposition 11, suppose that 1 € E(3), and F; = {(1,7)}. So
the blocks of a T'S(9, 8) can be expressed as follows:

T = (Th,Tp) = ({123, 145,167, 24z, 36y, 572, rst, uvw},
{124,136,157,23z', 45y, 672", r's't', u'v'w'}).

z = 2’ since 7 € E(2). We have only three choices for z, namely 2,8, and
9.

If z=2 =2, then 2 = 6,2’ =5, and y € {8,9}. We can assume that
y=8.Sor=u=09, and s = 8. Since Ap,35) = 1, then vw = 35, and then
t = 4. Therefore, ¥ = 9, r's't’ = 389, and v'v'w’ = 468. Hence the trade
is constructed.

If z =z’ = 8, then Ay 68y = 1. So y = 8 or rs = 68. Since 5,6 € E(3),
then y,y' # 8, so rs = 68. Therefore, t = 2, or 3 (since 2,3 € E(3)). Let
t = 2. Since Ap,(26) = Ary(28) = 1, then 2’ = 8, uv = 38, and u'v' = 26.
Clearly we conclude that z = 9, and hence w' =9, so y = 9. But we have
no choice for 9 in the blocks of T3, and we obtain a contradiction. Hence,
we are left with only one trade. D

Suppose that there exists a TS(f, s), and for ¢ € found(T"), we have
ry = 4. Then the blocks of two parts of this trade which contain the

205



element = have two nonisomorphic forms as follows:

(%) zbe,zde,xfg,xhl € T, zbd,zce,zfh,zgl € Ts,
(k) zbe,zde,zfg, zhl € T\, =zbd,zcf,zeh,zgl € T>.

Lemma 13.  The existence of an element z € found(7T"), with r, = 4
implies the existence of a unique 7'S(9, 8).
Proof. Let r; = 4, and the blocks of T which contain 1 are of the form

(*). So we can show that the blocks of this trade are as follows:

T = (T, T») = ({123, 145,167, 189, 24z, 35y, 68z, 79w},
{124,135,168,179, 232", 45y, 672", 89w'}).

We assume that r; = 2. Hence z = 2’ € {6,7,8,9}. Suppose z = 2/ = 6. If
¥ =6, then y = 6, and we have no choice for 2. So ¥,y # 6. Only choices
for z are 3 and 5. If z = 3, then 2/ = w' = 3, and therefore w = 3. Hence
y=y =6. If 2= 5, then 2/ = v’ = 3, and w = 5. Therefore, y = ¥ = 6.
For both choices we reach a contradiction, and hence, no trade exists.

Now, suppose that the blocks which contain 1 are of the form (+*). So
we express the blocks of this trade as follows:

T = (T1, T3) = ({123, 145, 167, 189, 24z, 36y, 58z, 79w},
{124,136, 158, 179, 23z', 45¢/, 672, 89w'}).

Let 2 € E(2). Hence z = ' € {7,8,9}. Suppose that 2 = z/ = 7. We have
z € {3,7}. If z = 3, then ¥ = w' = 3, and 2’ = 4, and we can express
T =TS5(9,8) as follows:

T = (T, Ty) = ({123,145, 167, 189, 247, 346, 358, 379},
{124,136, 158, 179, 237, 345, 389, 467}).

If z =7, then w = 3, and therefore v’ = 3, so we can express T" = T5(9,8)

as follows:

T' = (T, T3) = ({123,145, 167, 189, 247, 368, 379, 578},
{124,136, 158,179, 237, 389, 457, 678}).
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But the permutation (37)(29)(48) transforms T to T'. Hence they are
isomorphic. When z = z’/ = 8, or 9, we obtain a trade which is isomorphic
with this trade. O

We summerize the above results in the following lemma.

Lemma 14. There are two nonisomorphic 7°5(9, 8)’s.

Proposition 15. If for any z € found(T) in a T'S(10, 8), > < 3, then,
there is no block zyz € Ty with ry = ry =1, = 2.

Proof. Suppose 123 € T; such that ry = 7o = r3 = 2. Also, suppose
that E(2) = {1,2,---,6}, and E(3) = {7,8,9, A}. So 12¢,13¢’, and 23"
are three blocks of T3. Therefore, @, ¢, a” € E(3) and are distinct (for
r, < 3, and Lemma 5). Then {a,a/,0”} = {7,8,9}. Hence 178,279,
389 € Ti. Notice that 789 ¢ T» (since 7,8,9 € E(3).) Thus, 78m,79n,
89p € Ty. Only one of the elements of {m,n, p} could be A, and the other
two should be chosen from {4, 5,6} (say, it is 6). So A¢4 = 2, and this is a

contradiction. O

Proposition 16. By the same assumption as in Proposition 15, there
are exactly four blocks of T1(73) containing four pairs of the elements of
E(2), and if E(2) = {1,2,---,6}, then the pairs are 12, 23, 45, 46.
Proof. There are 4 possible choices for these pairs:

(i) 12,23,45,46, (ii) 12,13,23,45, (iii) 12,13,34,45, (iv) 12,13,34,56.

If (#) occurs, then 12a,13a’,23a” € Ti, and therefore o = o’ = &, and
this is a contradiction. By similar arguments (#i%), and (iv) can be ruled
out. O

Lemma 17. By the same assumption as in Proposition 16, there exists
a unique T'5(10, 8).

Proof. Let E(2) ={1,2,---,6}, and E(3) = {7,8,9, A}. By Propositions
15 and 16, we conclude that

12¢,130’,450",460" € T1, 13a,12d',450",46" € Ts.
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Hence {a,a/,a",a"} = {7,8,9, A}. Therefore, we express the blocks of T
as follows:
T = (Ty,Ty) = ({127,138,459, 464, 37z, 28y, 5Az, 69w},
(137,128,454, 469, 27z', 38/, 592/, 6 Aw'}).

Hence 2’ = y,z = ¢,z = 2/, and w = w'. So we can fill up the unoccupied
spots in two ways by w = 8, or w = A. Therefore, two trades can be
constructed. But these two trades are isomorphic (¢ = (56)(94)). D

Lemma 18. If for z € found(T"), z € E(4), then there are 3 nonisomor-
phic T'S(10, 8)’s.
Proof. Let 1 € E(4), and the blocks containing 1 are of the form (). So
we show that T'5(10, 8) is as follows:
T = (T}, Ty) = ({123, 145,167, 189, 24z, 36y, 68z, 79w},
{124,135, 168,179, 23z, 45y, 672, 89w'}).
Clearly A€ E(2) or E(4). f A€ E(2),wehavez=z'=y=y = A (or
w=z=w =2 = A), and z € {2,4,5,6}. We can assume that z = 2.
Therefore, a trade is constructed. If A € E(4), then all the unoccupied
entries can be filled up with A. So we obtain two nonisomorphic trades.
Now suppose that the blocks containing 1 are of the form (), i.e., we
have the following trade:
T = (T, T2) = ({123, 145,167, 189, 24z, 36y, 58z, 79w},
{124,136, 158, 179, 23z', 45y, 672", 89w'}).

Clearly A € E(4), so all the entries are A, and hence we are left with only
one trade. O

Lemma 19. There are 4 nonisomorphic 7'5(10, 8).

Lemma 20. Let T = T5(11,8). For any z € found(T), if r, < 3, then
there exists no T'S(11, 8), otherwise a unique T'S(11, 8) exists.
Proof. In this case |E(3)| = 2, and |E(2)| = 9. Suppose 1 € E(3). Then

we can assume that

123,145,167,24z,36y,57z € T1, 124,136,157,23z',45y,672' € T>.
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Since at least five elements of {2,3,---,7} are in E(2),s0 s =y =z =
z’ =y = 2/, and therefore, there must be a trade with volume 6 embedded
in T'S(11, 8), which is impossible. Hence, there is no T'S(11,8).

Now suppose that for an a € found(T'), we have ro, = 4. Let a = 1.
First, assume that the blocks containing 1 are of the form (*). We show
that the blocks of a possible T'S(11, 8) are as follows:

T = (T, Tz) = ({123,145, 167, 189, 24z, 35y, 68z, 79w},
{124, 135,168,179, 232", 45/, 672', 89w'}).

Since, each of the elements A, or B appear at least twice, hence the z =
y=z'=y =A,and z = w = 2/ = v’ = B, and so a trade is constructed.
Now suppose that the blocks containing 1 are of the form (). Then

T is as follows:

T = (T1, Ty) = ({123,145, 167, 189, 24z, 36y, 58z, 79w},
{124, 136,158, 179, 232", 45/, 672", 89w'}).

If A occurs in one of the unoccupied spots, then it should occur in all of

them, therefore B can not occur anywhere, which is impossible. O
Now we study T'S(f,9) for 9 < f < 11.

Definition. Let z,y,z € found(T), and A;y = A;;, = 0. We say that =
has Property (P) if Ay; = 1.

Let T be a 75(9,9), and r; < 3 for any = € found(T). It follows that
for any z € found(T’), there are two elements z,y € found(T") such that
Azy = Azz = 0.

First suppose that there exists € found(T") with Property (P). Let
=1, and A1 = A\13 = 0, Az3 = 1. There exist y,y’ € found(T') such that
A2y = Agys = 0. The following proposition is clear.

Proposition 21. y# ¥/, lyy ¢ T1, and if 23y" € T3, then yy'y"’ € Ty.

Lemma 22.  If there exists « € found(T') with Property (P), and ro < 3
for any o € found(T'), then there is a unique 7°5(9, 9).
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Proof. Let a = 1, and A;2 = Aj3 = A24 = Az7 = 0. By the Proposition 21,
we can express TS(9,9) as follows:

T = (T1, Tz) = ({145, 167,189, 23¢, 27z, 2yz, 34w, 3uv, 47¢},
{146, 158, 179, 23t/, 27, 2y #', 34w, 3u'v', 47¢'}).

Sot € {8,9}. If t = 8, then Az,(ss) = 1, and hence Ap,(ss) = 1, but this pair
can not appear in T, so t = 9. By a similar argument we have t' = 5. Now
we can fill all the unoccupied entries uniquely, and obtain the following

trade.

T = (T), Ty) = ({145,167, 189, 239, 257, 268, 346, 358,479},
{146,158, 179, 235, 267, 289, 349, 368, 457}).0

Lemma 23. If r; < 3 for any z € found(T’), and if there exists no
element in found(T') with Property (P), then there exists a unique 7'S(9, 9).
Proof. The pairs from the sets {1, 2,3}, {4,5,6},{7,8,9} can not appear
in T, and we can show that the possible T' can be constructed as follows:

T = (T, T») = ({146, 158,179,2—,2—, 2—,3—,3—,3-},
{148,159, 167,2—,2—,2—,3—,3—,3-}).

Now the blanks can be easily filled up as follows:

T = (T, Tz) = ({147,158, 169, 248, 259, 267, 349, 357, 368},
{148,159, 167, 249, 257, 268, 347, 358, 369}).0

Let T be a T'S(9,9), having an element « € found(T’) such that rq = 4,
and the blocks containing a are of the form (x). Let & = 1, then T should
be of the following form:

T = (T1,T») = ({123, 145,167, 189, 24z, 35y, 68w, 79v, rst},
{124, 135,168,179, 23m, 45n, 67p, 89q, abc}).

Proposition 24. By the above assumption, |E(4)| > 1.

Proof. Suppose that |E(4)| = 1. Let 2 € E(2), then z = m. Clearly
z € {6,7,8,9). Let z = m = 6. Since 6 € E(3), then w =3, and p = 4.
Therefore, y € {7,9}. If y = 7, then 378 € T3. Since Ary,78) = 1, hence,
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v = 8. Therefore, Az (gsy = 2, and this is a contradiction. If y = 9, then
¢ = 3, and hence a trade with volume 8 is embedded in T which is clearly
a contradiction. Therefore [E(4)[ > 2. O

Lemma 25. By the assumption of Proposition 24, there is no 7'5(9, 9).
Proof. We know that |E(4)| > 2, and 1,2 € E(4). So for any z €
found(T'), A1z = A2; = 1. Since A5 = 1, then rs = ab = 25. One of the
elements v or w is 2. Let v = 2. Then {t,z} = {6,8}. We can suppose
that £ = 6, and z = 8. Likewise one of the elements v’ or w' is 2. In both
cases we obtain a contradiction. By a similar argument the case, w = 3 is
ruled out. So, we are left with no trade.O

Now suppose that for any o € found(T'), such that r, = 4, the blocks

containing « are of the form (#x). So we have

T = (T3, Ty) = ({123, 145, 167, 189, 24z, 36y, 38z, 79w, rst},
{124, 135,158,179, 23m,45n,67p, 89¢, abc}).

By a similar argument as in Proposition 24, we conclude that |E(4)| > 2.
Clearly we have |E(4)| < 3.

Proposition 26. Let |E(4)]=3 and z,y,z € E(4). Then

- zyz € Ti(T2),
- )\zy=/\2z=Ay2=ll
- if zyv, zyv’, yzv” € Ti, then v,v',v" € E(2).

Lemma 27. By the assumptions as in Proposition 26, there is a unique
T5(9,9).
Proof. We assume that 1,2,4 € E(4), and by the Proposition 26, the
blocks of a trade T are as follows:
T = (T1,Tz) = ({123, 145,167, 189, 24z, 2yz, 2vw, 4zy, 4ab},
{125, 136,148,179, 24m, 2np, 241, 4ij, 4kh}).

By Proposition 26, 3,5,8 € E(2). Therefore, z = 8, and m = 3. We
conclude that 289, 267 € T,. From the other hand, since 3 € E(2), we
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conclude that 346, 479 € T, and hence y = i = 5. Also, since 5 € E(2),
we have j = z € {6,7,9}. If j = z = 6, then 279 € T, and Ap,(79) = 2,
and this is a contradiction. By a similar argument in the case j = 2 = 9,
we obtain a contradiction. So j = z = 7, and finally we conclude that
uv = kh = 69, and hence, a trade is constructed. O

Now suppose |E(4)| = 2, and 1,2 € E(4). Then the blocks of T can

have the following form:

T = (T1,Ts) = ({123, 145, 167, 189, 24z, 36y, 58z, 79w, rst},
{124,136, 158,179, 23m, 45n, 67p, 89g, abc}).

To replace the letters, we need the following proposition.

Proposition 28. 3,4 ¢ E(2).

Proof. Suppose that 3 € E(2). Hence m =y, and m € {5,8,9}. If m = 5,
since 5 € E(3), we deduce that z = 2, and » = 6. Since Ar,(46) = 1, then
z = 6 or rs = 46. In both cases we conclude that w = 2, and therefore
z = 6. So a trade with volume 8 is embedded in this trade, and this is
a contradiction, so m # 5. If m = 8, again by noting that 8 € E(3), we
deduce that 2 = 2, and ¢ = 6. Since 2 appears twice, we conclude that
p =2, and abc = 259. Clearly n = 7. Since Ar,(57) = Ar,(s9) = 1, then 579
€ Ti. Hence w = z = 2, and we have Ar,47) = 0, but Ap,47y = 1. By a
similar argument 4 ¢ E(2). O

Lemma 29. By the assumption |E(4)| = 2, there is a unique 7'S(9, 9).
Proof. Clearly 5,6 ¢ E(2), otherwise we have n = z, and since A5 = 1,
then n = z = 2, and therefore Ar,(24) = 2.

Now we construct a trade. Two elements of each of the sets {z, w,r}
and {p,q,a} are 2, and the third elements are 3, and 4, respectively. If
z=3,then y=4,w = 2,z = 8, and rs = 56, and similarly p = ¢ = 2,
n = 6, abc = 348, and m = 5. Hence, we construct a trade. If r = 3, by
a similar argument as above, we construct a trade which turns out to be
isomorphic to the above trade.

If w=3,then y=4, z=2, and rst = 256. This is a contradiction,
to the fact that the pair 25 appears twice. O
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Note. By Lemmas 23,24,28, and 30, we have 4 nonisomorphic T'S(9, 9).

Now, we discuss the case of T'S(10,9).

Lemma 30. If for any z € found(T), r, < 3, then there is a unique
T5(10,9).

Proof. In this case |E(3)| = 7, and |E(2)| = 3. By (1), there is an element
a € E(3), such that 0 < |F,| < 1. Let @« = 1. We can express the blocks

of a possible trade T as follows:

T = (T, Ty) = ({123, 145,167, 24z, 36y, 57z, uvw, rst, opq}
{124,136, 157, 232", 45y, 672", u'v'w', r's't! , o'p'q'}).

First, suppose that |F;| = 0. At least one of the elements of {z,y,z}
belongs to {2,3,---,7}. Let z be such an element, and z = 6. Since every
element of {2,3,---,7} belongs to E(3), then 2’, ¥ # 6. We can assume
that 2/ = 2, so uv = 27, and w'v' = 46. Hence y = v’ € {8,9,A)}. Let
y = 8, hence, rs = 48, and r's’ = 38. Therefore, y =t = ¢/ € {9, A}.
Suppose i’ = 9. Since 5 € E(3), so we have opg = 359. A must appear in
T twice, s0 Ar,(74) = 2, and this is a contradiction, and so |F| = 1.

Let 2 € E(2). Hence z =z’ € {7,8,9,A}. If z = 2’/ = 7, then 2’ = 4,
and z = 3. Therefore, uv = 46, and u'v’ = 35. Let 8 € E(3). Since
9,A € E(2), then Ap,(ga) = 2, or Ap,(ss) = 2, and this is a contradiction.
Soz # 7. Let z = 2’ = 8, and we have uv = 38, and u’v' = 48. Notice that
v € {4,59, A} fy=4,thenw =6,rs =68,y =3, and w = 5. Hence
r's’ = 58, and rs = 68. Since 9, A € E(2), then with no loss of generality,
we assume that 2 = 9,2’ = A,t = A, and ¢’ = 9. Clearly we can not fill the
other blanks of this trade. So y # 4.

If y =5, then 's’ = 35, and y = 6. Hence rs = 46, therefore, t = w,
and z = w = t’. Assume that z = 9, then all the blanks can be filled
uniquely, and we obtain the following trade,

T = (Th,T2) = ({123,145, 167, 248, 369, 378,494, 579, 68A},
{124,136,157, 238, 397,48 A4, 459,678, 694}).
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If y = 9, then clearly we obtain a trade which is isomorphic with the above
trade.O

Now suppose that there exists o € found(T') such that ro = 4. Also
suppose that blocks containing a are of the form (x). Let o = 1. We show
that the trade T could be of the following form:

T = (T1,T») = ({123, 145,167,189, 24z, 35y, 682, 79w, uvs}
{124,135,168,179,23z',45y/, 672/, 89w, u'v's'}).

To replace the blanks we need the following proposition.

Proposition 31. A€ E(2).

Proof. Suppose to the contrary, and let A € E(3) or A € E(4). If
AcE@),thenz=y=z=w=2z' =y =2 = = A, and a trade
with volume 8 is embedded in this trade. So A ¢ E(4). If A € E(3), then
at least two elements of {z,y,z,w} are A. We have two choices for these

elements,
(i) z=y=A, (i) z=z=A.

If (i) occurs, then clearly ' = 3’ = A, and there is a minimal trade
embedded in this trade. So (i) is ruled out. If z = z = A, then z’, or ¥/
is equal A, and likewise 2/, or w’ is equal A. With no loss of generality,
suppose that ' = 2/ = A, then u'v's’ = 484, and uvs = 37A. Since
A1y (3a) = 1, then Ary3a) = 1, but we have no block to contain the pair
3A.0

Now we fill the blanks of the above T'5(10,9).

Lemma 32. By the above assumption, there exists a unique 7°'5(10, 9).
Proof. By the Proposition 31, A € E(2). Hence, exactly one of the
elements of {z,y,z,w} is A. Let = A. So 2/, or § is A. Suppose z' = A.
Therefore r'v' = 4A,uv = 3A, and y € {6,7,8,9}. Let y = 6. So 2/ =3,
¥ = 6, and hence z = 4. We have two choices: (i) w =3, and (i) s = s' =
7. If w =3, then w’ = 3, and we have s = s’ =8. If s = s’ = 7, then
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w = w’ = 4. So we obtain the following trades:

T = (T1, Ty) = ({123, 145,167, 189, 244, 356,468, 479, 37A}
{124,135,168, 179, 234, 456, 367,489, 47A}),

and

T' = (T{,T3) = ({123,145, 167, 189, 244, 356, 468, 379, 38 A}
{124,135, 168, 179, 234, 456, 367, 389, 48 A}).

But T and T" are isomorphic (¢ = (34)(78)). D
Now Suppose that r, = 4, and the blocks containing 1 are of the form

(#%), then we can assume that:

T = (T1, Tp) = ({123, 145,167, 189, 24z, 36y, 582, 79w, uvs},
{124,136, 158,179, 232", 45y, 672", 89w, u'v's'}).

Lemma 33. By the assumption as above, we have 3 nonisomorphic
T5(10,9)'s.

Proof. Either A € E(2), or A € E(3). If A € E(2), then at least an ele-
ment of {z,y, z, w} is A. First, assume that only one element of {z,y, z, w}
is A. Let = A. So, 2’ = A, or ¥ = A. With no loss of generality, suppose
that ' = A, therefore uv = 34, u/v' = 44, and s = s’ € {7, 8,9}. Clearly
s = 8 or 7 can be ruled out. Hence s =s' = 9. So w =4, and w’ = 3. We
have two choices, y = 8, or z = 3. With these choices, we can construct

the following two trades:

T = (Th, Tz) = ({123,145,167, 189, 244, 368, 394, 578,479}
{124,136,158, 179,234, 389,457,494, 678}),

and
T =(T1,T2) = ({123,145,167, 189, 244, 346,39 A, 358,479}
{124,136,158, 179,234, 345, 389, 467, 49A}).

Clearly, the above two trades are nonisomorphic, because the cardinality
of E(4) in these trades are not the same.

Now suppose that two elements of {z,y,z,w} are A. Hence since at
least one of the elements of {z’,y,2',w'} is A, with no loss of generality,
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let z =y =z’ = A. Thus u'v's’ = 46A, uv = 46, and w € {8,9}. Clearly
s = 8, then Ap,48) = Ar,68) = 1, and we have two choices, w' = 6, or
w' = 4. If w' = 6, then w = 6, and Ar,(¢7) = 2, and this is a contradiction.
Hence w’ = 4, and w = 4, and we deduce that z =7, 2 =7, and ¢ = 8.
Thus we have the following trade.

T = (T1, T2) = ({123,145,167, 189, 24A, 36 A, 468, 479, 578},
{124,136, 158, 179, 234, 457,678, 489, 46 A}).

Now Suppose that A € E(3). If three elements of {z,y, z,w} are A,
we easily obtain a trade isomorphic to the trade of Lemma 32. If only two
elements of {z,y, z,w} are A, clearly we obtain a contradiction. O

Now we construct 7'S(11,9).

Lemma 34. Let T be a T'S(11,9). If for any z € found (T),r; < 3,
then there exists a unique T'S(11,9).

Proof. By (1) we conclude that there is an element o € E(3), such that
3 < |Fa| € 4. Suppose that a = 1. The blocks of T' = (T}, T) containing
the element 1 can be expressed as

123,145,167 € 71, 124,136,157 € Ts.

First assume that |Fy| = 4. Four elements of E(2) which appear in the

above blocks could be of the following forms:
() {23,4,6)CEQ),
(1) {2,3,4,7} C B(2),
(i) {2.3,5,7) C B(2).
(3) and (i) can easily be ruled out. So we are left only with (#ii). We can
express T as follows:
T = (T1, T) = ({123,145, 167, 24z, 362,57y, —, —, —}
{124,136,157, 23z, 45y, 67y, —, —, —}).

Clearly z = 8, and y = 9. If 9 € E(2), then 469 is a block of T1, and the
pair AB appears in the remaining blocks, and hence Ar,(4p) = 2, and this
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is a contradiction. So, 9 € E(3). Similarly 8 € E(3). Thus we can easily

construct a trade.
49A,69B,8AB €Ti, 9AB,68B,484 € T>.

Now suppose that for any z € found(T’) such that z € E(3), |Fz| < 3.
Let 1 € E(3), and |F;| = 3. We consider the following cases,

() {2,5,6}CEQ),
(i) {2,4,6) C E(2),
(i) {2,3,4} C B(2).

(?) leads us to the previous trade, and we do not obtain any new trade. (%)

and (#i%) can be easily ruled out too. O

Lemma 35.  Suppose that for at least one a € found(T’), ro = 4. Then
there exists only one T'S(11, 9).
Proof. Let r; = 4. Suppose that the blocks containing 1 are of the form

(*), then we assume that

T =(T,Tz) = ({123, 145,167,189, 24z, 35y, 682, 19w, rst}
{124,135, 168,179, 23z, 45y, 672, 89w/, r's't'}).

Since |E(2)| > 7, at least 3 elements of {2,3,4,5}, or {7,8,9,A} are in
E(2). Suppose that at least three elements of {2,3,4,5} are in E(2). So
z =y =2' =y, and then a minimal trade is embedded in this trade and
this is a contradiction. So, we have no trade.

Now suppose that the blocks containing 1 are of the form (*#), then
we can show the blocks of 7'S(11,9) are as follows:

T = (T1,Ty) = ({123, 145, 167, 189, 24z, 36y, 58z, 79w, rst}
{124,136, 158,179, 232, 45y/, 672", 89w, r's't'}).

By the above argument, at least 3 elements of {2,3,4,5} are in £(2). Con-
cerning the structure of this trade we consider two cases for the elements
of {2,3,4,5} which are in E(2),

(1) {2,3,4} C E(2), (i) {2,3,5} C E(2).
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If (4) occurs, then z = 2’ = ¢ =y € {9,4,B}. The case y = 9 can be
easily ruled out. So z = z' = y = ¥ = A. One of the elements z, or w
is B. If z = B, then w’ = B, r's’ = 5B, and we conclude that 2z’ = A,
and Ary(aB) =0, s0 w = A. Since Ar,(s4) = 1, hence Ar,(s4) = 1, but we
have no choice for this pair in the blocks of T5. So w = B. By the same
argument w’ = B. Therefore, rs = 8B, r's’ = 7B, and t = t'. Clearly we
conclude that z = A. Since Ax,(g4) = 1, then AT,(84) = 1, but we have no
choice for this pair in the blocks of T3. So (%) can be ruled out.

If (i3) occurs, then z = y = 2/, and y = z. Also y # y' (otherwise
{2,3,4} C E(2), and (i) will occur). Clearly z =y =2'=A,and y =z =
B. Therefore w’ = A, r's' = 4A, and rs = 4B. We conclude that w = B or

¢t = 9. Choosing each of these elements, we obtain the following two trades:

T = (T}, T2) = ({123,145, 167, 189, 244, 364,498, 58 B, 94}
(124,136,158, 179, 234,458, 494,674, 89B}),

and

T = (T4, T3) = ({123,145, 167,189, 244, 364,46 B, 588, 798}
{124,136, 158, 179, 234,45 B, 446, 67B,89B}).

But the above trades are isomorphic (¢ = (38)(25)(69)(A B)). O
Note. By the Lemmas 34, and 35, there are 2 nonisomorphic 7°'S(11,9).

4, The Summary of Results

We summarize the results of Section 3, in Tables 1 and 2.

Table 1. Numbers of nonisomorphic trades.

found(Dl | 2} gl gl a|1|12
vol(T)

6 11

7 1 1

8 1 a1 [ 1

9 5| 2
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Table 2. A complete list of trades T = (T3, T) for 6 < vol(T) < 9.

found(T)| 7 18|79 |8 9|9 |10]10]10][ 10 ] 11

123 (1231123(123)123(123 | 123 | 127 | 123|123 | 123 {123
145 1145]145|145(145(145 [ 145 ) 138 | 145 | 145 | 145 [ 145
167 (1671167 (167(167|167 [ 167 |28A 167|167 | 167 | 167
T 247 (2481246 2482481246 | 189 | 379 {189 (189 | 189 | 189
346 1368257 (358)257|257 | 247 [ 459 |24A |24A | 24A |24A
357 (578356 (369|346 359 | 346 [46A | 268 |35A | 36A |68B
347(579|378) 368 | 358 [57A [ 279 [68A | 58A | 79B
5681489 | 379 | 689 |35A|79A | T9A |35A

124 1124124 124|124(124 (124|128 (124|124 | 124 | 124
136 (136 )136/136/136(136 [ 136 | 137 [ 135|135 | 136 [ 135
157 (157157157 (157|157 [ 158 |27A | 168 [ 168 | 158 | 168
I 237 (238]23712381237|235(179 1389179179179 |179
345 (458256359258 | 267 | 237 |[45A|23A[23A[23A |23A
467 |678|345|458 (348|389 | 345 | 469 | 267 |[45A | 45A [45A
467679456 (459 | 389 | 579 [ 289 |67A |67A |67B
678|468 [ 467 |68A |45A |89A [ 89A |89B

found(T)| 12 [9 [ 9[99 fJwo[10]w]o]10] 11 [n

123 [145]147(1231123|123 {123 (123 )123 (123 | 123 | 123
145 (167158 (145(145| 145 ( 145 | 145 | 145 | 145 | 145 | 145
24A(189]1169167{167|167 | 167 | 167 [ 167 | 167 | 167 | 167
35A123912481189|189)248 | 189|189 | 189 | 189 | 248 | 189
i 678 |257|259(248|248| 369 |24A [24A |24A|24A | 368 [24A
69B 268267257256 378 | 356 (368 | 346 [36A | 49A |36A
79C |346 (349(269(279|49A|37A [39A [ 358 | 468 | 579 |49B
8BC(358(357|346|346| 579 | 468 {479 [39A[479 [ 69B |58B
4791368 (479|358 |68A 479|578 | 479 | 578 |8AB|79A

124 (1461148)125(124 (124 | 124|124 | 124 | 124 | 124 [ 124
135 (158159136 (136|136 (135136 | 136 [ 136 | 136 | 136
23A {179(167)148|158|157 | 168 | 158 [ 158 | 158 | 157 | 158
45A1235|249(179(179]238 | 179|179 (1791179 | 238 | 179
Y2 67A [267]257|234{235(379 [23A|23A (23A(23A| 459 [23A
68B |289(268 (267 (267|459 367 [ 389 [ 345 [ 457 | 679 |45B
78C [349|347(289|289) 489 | 456 | 457 [ 389 [46A | 48A |67A
9BC|368(358 (457|348 | 678 | 489 [49A | 467 | 489 | 68B |89B
457369469456 |69A |47TA (678 [49A| 678 |9AB|49A

A=10, B=11, C=12.
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