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ABSTRACT. Let k and b be integers and k£ > 1. A set S of
integers is called (k, b) linear-free (or (k, b)-LF for short) ifz € S
implies kz +b ¢ S. Let F(n,k,b) = max{|A|: A is (k,b)-LF
and A C [1,n]}, where [1,n} denotes all integers between 1 and
n. A subset A of [1,n] with |A| = F(n, k, b) is called a maximal
(k,b)-LF subset of [1,n]. In this paper a recurrance relation
for F(n, k,b) is obtained and a method to construct a maximal
(k, b)-LF subset of [1,n] is given.

Let k be an integer greater than one. A set S of integers is called k-
multiple-free (or &-MF for short) if z € S implies kz ¢ S. Let

fi(n) = max{|A|: A C [1,n] is k-multiple-free}.

For integers c and d, let [c,d] = {z | z is an integer and ¢ < z < d}, [¢c,00) =
{z | = is an integer and z > c}. A subset A of [1,n] with |A| = fi(n) is
called a k-MF subset of [1,n).

In [1] E.T.H. Wang investigated 2-MF subsets of [1,n] which is called
double-free subsets and gave a recurrance relation and a formula for fa(n).
In [2] Leung and Wei obtained a recurrance and a formula for fx(n).

Naturally the concept of the relation of multiple-free can be generalized
to a relation of multiple and translation-free or linear-free relation. A set S
of integers is called (k, b) linear-free (or (k,b)-LF for short) if z € S implies
kz+b¢S. Clearly,if 5=0, S is k-MF; if b= 0, k = 2, S is double-free.
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Let F(n,k,b) = max{|A|: A C [1,n] is (k,b)-LF}. A subset A of [1,n]
with |A| = F(n,k,b) is called a maximal (k, b)-LF subset of [1,7].

In this paper applying a method for constructing a maximal (k,b)-LF
subset of [1,7n], we obtain a recurrance relation for F(n, k, b).

We first prove the following lemma.

Lemma 1. There exists a maximal (k, b)-LF subset of [1,n], A, such that
[lﬁ,:—bJ +1,n]CA

where |228| +1 < n.

Proof: Let B be a maximal (k, b)-LF subset of [1,7]. If [| 2z 4 1,7] C B,
then we are done. Thus we may assume that there is an z € [| 22| +1,7],
but z ¢ B. Observe that kz +b > n and hence, kz +b ¢ B.

If z # b (mod k), then = # ka+b for any a € B. Thus B = BU {z} is
a (k,b)-LF set. But |B| = |B|+1 > |B|, a contradiction to the maximality
of B. Hence we have z =b (mod k).

In this case, we have z = k°a+b2§__fgk‘ for somec > 1and a £ b

(mod k). Consider the set B = B\ {k*~la + b2k} U {z}. Bisa

(k,b)-LF set and |B| > |B|. Thus, B is a maximal (k, b)-LF subset of [1,n]
with z € B.

Repeating the above procedure, we will eventually obtain a maximal
(k, b)-LF subset of [1,n] with [| 22| + 1, 7] being its subset. m]

According to the above lemma, we can give a recurrance relation as
follows.

Theorem 1. For any positive integers n, k and integer b with k—1+b % 0,
we have

F(n,k,b)=n-—lnT-bJ F(l@J;k,b)

and F(n,k,b)=n, if n<k+b.

Proof: Let A be a maximal (k, b)-LF subset of [1,n]. By lemma 1, we may
assume that [| 22| +1,n] C A. Since

k([@J +1)+b> ["—;9J+1andk[ﬁ;lj+bgn,

we know that ng—"__,'i-I;bJ +1, |22 }0A= 9, and hence A—[| 22| +1,7]

n=b|_
is a maximal (k, b)-LF subset of [1, [lzkj—bJ] . Therefore we have
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|A|_|[[" bJ+1,n]|+F(l[n_b Jk,b)
=n—‘.nka+F([E-bJ—bJ k,b).
a

For the purpose of stating the next theorem, we introduce the following
notations. Define
I(n,k,b0) =n,

I(n,k,b;i)=ll(n’k "'k H- bJ (G>1),

A= JlI(n,k,b;2i +1) +1,1(n, k,b;24)| N [1, 00).
i>0

Theorem 2. For any positive integers n, k (k > 1) and nonnegative integer
b, A is a maximal(k, b)-LF subset of [1,7n]

Proof: The proof is by induction on n. By definition, the maximal (k, b)-LF
subset of [1,n] is {1} which can also be expressed as [| 12| +1,1]N[1, c0).
Thus the basis of the induction holds. Assume that the induction hypothesis
holds for all positive intger less than », where n > 1. We shall prove that
it also holds for n.

Let A be a maximal (k,b)-LF subset of [1,n]. By lemma 1, we may
assume that [I(n, k,b;1) + 1, I(n, k,b; 0)] C A. Moreover, from the proof of
theorem 1, we may assume that

A= [I(n,k, b1)+1,I(n, k,b;0)] U Ay,

where A; is a maximal (k, b)-LF subset of [1, I(n, k, b;2)]. By the induction
hypothesis, we may assume that

= U (r, k, b;2), k, b;2i + 1) + 1, I(I(m, k, b;2), k, b 20)] N [1, 00).
i>0
Note that I(I(n,k,b;2),k,b;0) = I(n,k,b;2). Using the definition of

I(n, k, b;i), we conclude by induction that I(I(n,k,b;2),k, b;i) = I(n, k, b;
i + 2) for integers ¢ > 0. So we have

= JU(n, k,b;2i + 3) + 1, I(n, k, b; 2i + 2) N [1, 00)
i>0

= JU(n, k,5;2i + 1) + 1, I(n, k,b;20)] N [1, ).
>1

Hence we obtain

= [I(n, k,b1) + 1,I(n,k,b; 0)] U A,

= JU(n, k,b;2i +1) + 1, I(n, k,b;2i)| N [1,00) = A
i>0
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Let the base k expansion of n be

m
n= Za,-k‘
=0

where 0 < a; <k foreach0<i<m, and 0 < a,, <k.

Let I'(n, k, b;%) = max{I(n, k, b; i),0}. We have
Theorem 3. F(n,k,b) = Y ,5o(I'(n, k,b;2i) — I'(n, k,b; 2i + 1)). In par-
ticular, if maxo<i<m a; +1 —k < b < ming<i<m i, then

F(m k,8) = g bn+ Y (-1)'a)
i20

Proof: By theorem 2, we have
F(n, k,b) = |A] =) _(I'(n, k,b;2i) — I'(n, k,b; 2 +1)).
>0
If maxo<icm a; + 1 — k < b < min,<i<m ai, then by induction it is easy to
show that I(n, k,b; i) = | %] for integers i > 0. We have

I(n, k,b;26) — I(n, k, b; 2i + 1) = [%J - [%J .

Hence
n n
Feoukt) = Y| g - )
0
1 ;
= 7‘—_'-_—1(kn+ g(—l) a;).
This completes the proof of the theorem. |

If b = 0, by theorem 3 we have
Corollary (Theorem 8[2]). fi(n) = gy(kn+ X,50(~1)'as).

Example 1: Letn = 75, k =5, and b = 3. (75,5, 3;0) = 75, I(75,5,3;1) =
| B8] = 14, I(75,5,3;2) = | 24:2] = 2, I(75,5,3;i) = O for i > 4. By
theorem 3, F(75,5,3) = (75 — 14) + (2 — 0) = 63.

Example 2: Let n = 63 = 25 + 24 + 23 422 1 21 4 20 k = 2 and
b=1. Herea; =1for 0 <i <5anda; =0 for i > 5. By theorem 3,
F(63,2,1) = §(2x 63+ Y0 0(~1)") = 4 x 2 x 63 = 42.
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