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ABSTRACT. Alon and Yuster [4] have proven that if a fixed
graph K on g vertices is (h 4+ 1)-colorable, then any graph G
with n vertices and minimum degree at least 1;:-—17" contains
at least (1 — €)2 vertex disjoint copies of K, provided n >
N(e). It is shown here that the required minimum degree of
G for this result to follow is closer to L;—l-n, provided K has a
proper (h + 1)-coloring in which some of the colors occur rarely.
A conjecture regarding the best possible result of this type is
suggested.

1 Introduction

For an infinite family of graphs F and a fixed graph K with g vertices, we
say that the graphs in F contain an almost K-factor if for any ¢ > 0 there
exists an N = N(e) such that if G is a graph from F with n > N vertices,
then G contains at least (1 — e)% vertex disjoint copies of K.

When K is characterized only by its chromatic number, say h + 1, it is
sufficient to consider a complete (h+ 1)-partite graph, Ko, .. o,. Moreover,
it is sufficient to consider a complete (h + 1)-partite graph with equal color
classes, since we can first find copies of the complete (h + 1)-partite graph
with all color classes of size 3"r- ; a;, and from them extract the required
copies of Kjg,,... ,a,. When F is characterized by the minimum degree of its
members, the following asymptoticaly tight result was proven by Alon and
Yuster.
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Theorem 1.1 ([4]) For any natural a, h and any € > 0 there exists an
N = N(a, h,¢€) such that if G is a graph with n > N vertices and minimum
degree at least yhin, then G contains at least (1 — €) By vertez disjoint
copies of the complete (h+ 1)-partite graph with color classes of size a each.

Is it possible to relax the minimum degree condition on the members of
F if more information is given about a particular (h+ 1)-coloring of K? In
particular, is this possible if some of the color classes in this coloring are
known to be smaller than others?

In the following we answer this question in the affirmative. We prove
several results, leading to the following conjecture.

Conjecture 1.2 For any sequence ap < a) < ... < ap, of natural numbers
and any € > 0 there ezists an N = N(ay, ... , an; €) such that if G is a graph

withn > N vertices and minimum degree at least (h —~1+4ag/ (E:;o a,-)) n,

then G contains at least (1 — e)n/ (Z?:o a;) vertex disjoint copies of K =
Ka,,... an, the complete (h + 1)-partite graph with color classes of sizes
G0, ... »Gh.

The general conjecture remains open. Here we prove it for all bipartite
K, (that is, for h = 1), and obtain some bounds for several other cases.

It suffices to prove the conjecture for the case in which ay,...,a; are
all equal, since then the assertion for general ay, ... , ax will follow by first
finding copies of Kj,,... », with bp = hao and b; = Z?=1 a; for1 <5 <
h, and then splitting each copy of Kj,,... s, into copies of K. Also, this
conjecture, if true, is best possible, as shown by considering a G which is
the complete (h+1)-partite graph with one color class of size ak and k color
classes of size bk, a < b. G has n = (a+ hb)k vertices and minimum degree
(a+(h—1)b)k = ;(h— 14 zF)n, and yet it has no almost K = Ko, ... 0"
factor for ag = a, Zz;lag < hb. This is since each color class of a K
copy must be contained in a color class of G, and hence by considering the
smallest color class of G there are no more than k vertex disjoint copies
of K in G. Note that in case all color classes of K are of equal size, the
conjecture reduces to Theorem 1.1.

The rest of the paper is organized as follows. Some general lemmas
needed for dealing with almost K-factors are stated in Section 2. Section
3 presents a proof of the conjecture for the bipartite case. Section 4 con-
tains various results about the general case. We end this paper with some
concluding remarks, mostly about the relation between the questions con-
sidered here and other known résults and conjectures about the case of
equal color classes.
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In order to simplify the presentation, we omit all floor and ceiling signs
whenever the implicit assumption that a quantity is integral makes no es-
sential difference.

2 The General Tools

For a graph G and disjoint sets A, B of vertices of G, the density of (A, B),
denoted by d(A, B), is the number of edges from A to B divided by |A||B|.
The pair (A, B) is called «-regular if for any A’ C A, B’ C B satisfying
|A’| > 4]Al, |B’| 2 4|B|, the two densities d(A, B) and d(A’, B’) differ by
less than +.

The main tool for obtaining such pairs is the well known Regularity
Lemma of Szemerédi:

Lemma 2.1 ([18]) For any v > 0 and k there ezists an N = Np (v, k)
such that the vertex set of any graph G with n > N vertices can be parti-
tioned into Cy, ... ,C; where k <1 < N, such that |Co| < yn, Cy,...,C)
are of the same size, and all but at most yI% of the pairs (C;,C;) are y-
regular.

The relevance of this notion of regularity to graph packing problems is
demonstrated in the following simple result.

Lemma 2.2 ([4]) For any non decreasing sequence ag, ... ,ar and § > 0
there exist an N = Nj o(h, apn; 6) and v = y2.2(h,an;8) > 0 such that every
Sfamily of pairwise disjoint vertex sets Sy, ..., Sy with more than N vertices
each, in which all pairs are y-reqular and of density at least 6, contains a
Ka,,... a5 with a; verticesin S; for all0 <i < h.

When we need to find more than one copy of a given subgraph, the
following simple and well known lemma will enable us to apply the previous
one succesively and find the required copies one by one.

Lemma 2.3 For every v < § and % > € >0, if (A, B) is an ey-regular
pair of densily at least §, and R C A, S C B satisfy |R| > €|A]|, |S| > €|B]|,
then (R, S) is a y-regular pair of density at least 16.

The following lemma is the main tool in the proof of existence of almost
K-factors, both in [4] and here. Similar statements have been proved and
applied in various other existence proofs, such as in [9] and [10] (see also
the “degree form” of the Regularity Lemma in [12]). The lemma is proved
implicitly in [4]. Here we state and prove it explicitly.
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Lemma 2.4 ([4], see also [12]) For any € > 0 there exists a § = 62.4(¢),
such that for any k and v > O there ezists an N = Ny 4(¢, k,7y) satisfying
Jor all a:

If G is a graph with n > N wvertices and minimum degree at least an, then
there exists a partition Cp,... ,Ct of G, k <1l < N, and a graph H on
a vertex set vy,...,v; with minimum degree at least (o — €)l, such that
|Col < en and if v;,v; are neighbours in H then (C;,C;) form a vy-regular
pair in G with density at least 6.

Proof: We may assume € < 1. Set 6§ = 1¢o and N = N2 1(min{v, 10, €0},
Tl_:;—go—max{k, ko}) with €o, Yo, ko to be chosen later. Given G withn > N
vertices, partition it into Cy, . .. ,C}, using Lemma 2.1. Let G’ be the graph
obtained from G by removing all vertices in Cp (decreasing the degrees of
other vertices by no more than ~on), all edges which are contained in a
single C; (decreasing the degrees by no more than ), all edges which are
contained in a pair (C;, C;) which is not min{v, o }-regular (this cannot
decrease the degrees of more than 2y5n vertices by more than 'yé n), or
in a pair (Cj, C;) which is vyo-regular but of density less than §. This last

step decreases the degrees of no more than 70} n vertices by more than

6+v+ 70% )n, since for a given ¢ > 0, no more than ~|Cj| vertices in C;
have more than (6 + 40)|C;| neighbours in |C}|, for a given j > 0 such that

(Ci, Cj) is vo-regular of density less than . Hence, no more than 761' |C;l
vertices of C; (for each i) have more than (§ 4 40)|C;| neighbours in C; for

more than 'yé I’ possible values of j such that (C;, C;) are such pairs. As all

other vertices of C; are about to lose less than (6 + v +'70% )n neighbours in
the last edge deletion step, this implies the required result. Define a graph
H’ on wy, ... ,wy by declaring w;, w; to be adjacent iff there is at least one

edge in G’ from C] to C}. All vertices of G’ but at most 37(’,} n of them

were shown to be of degree at ledst (o — yg — 7}; - 'yf,} —(6+v+ 'yo* Nn.
Remembering that § = %eo, a proper choice (depending on €g) of v and
ko will ensure that all vertices in G’ but at most ¢gn of them are of degree
at least (o — ¢o)n in G, which implies that all vertices in H’ but at most
(ﬁ'e“oil’ of them are of degree at least (a—¢p)i’. To obtain Cy,... ,Ciand H,
we delete from H'’ the vertices which are of degree less than (a — €)', and
group all the vertices in the appropriate C; together with C§ as the new Co.
H has at least k vertices, and a choice of ¢g = 3% will ensure that [Cp| < en
and that H has minimum degree at least (o — €0 — 72=)1 > (@ — €)l as
required. Note that ¢y and thereby § = -;-eo depend on ¢ only, as required. O

Thus, by proving in the first stage the existence of appropriate subgraphs
of the graph H, to which we shall usualy refer as the partition graph, we can
deduce by Lemma 2.2 and Lemma 2.3 the existence of certain subgraphs
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of G (in [12] H is refered to as the reduced graph of G with respect to the
given partition). The following classical result of Hajnal and Szemerédi is
often useful in finding subgraphs of the partition graph, and will also be
used here.

Lemma 2.5 ([8]) For every natural number h, any graph H with k = hl
vertices and minimum degree at least 231k = (h — 1)l can be partitioned
into | vertez disjoint copies of Ky, the complete graph on h vertices.

Theorem 1.1 is proved in [4] by first applying Lemma 2.4 to G, then
covering most of the partition graph H with vertex disjoint copies of K}
using Lemma 2.5, and finally extracting the required copies of K,,... o by
repeated applications of Lemma 2.2, using Lemma 2.3 as well. The results
here will be proven using a similar general approach, where in each case
we find in the partition graph H an appropriate subgraph for the required
purpose.

The following simple Lemma about the possibility of partitioning a graph
(and the given packing problem with it) keeping high degrees, is useful in
many packing problems, and will play a role in this paper too.

Lemma 2.8 ([2], see also [5]) For anya > 8> 0 andn > 0 there exists
an N = Nag(a,B,n) such that if G is a graph with n > N vertices and
minimum degree at least an, then for any k, | satisfyingn=k+1, k > mn,
l > nn the vertex set of G can be partitioned into sets A, B of sizes k, |
respectively, such that all vertices of G have at least Bk neighbours in A
and at least Bl neighbours in B.

As a final remark, it should be mentioned that we could replace Lemma
2.2 and Lemma 2.3 by a much stronger result, the Blow Up Lemma of
Komlés, Sérkézy and Szemerédi [11]. However, since this heavy machinery
will not simplify the proofs here considerably, we prefer to formulate them
without it.

3 Almost Bipartite K-factors

In case h = 1 (bipartite graphs K), we can prove the precise statement of
Conjecture 1.2, as stated in the following.

Theorem 3.1 For anya < b and € > 0 there ezists an N = N(a, b;€) such
that any graph G with n > N vertices and minimum degree at least ="
contains at least (1 — 5)#5 vertez disjoint copies of Ko .

The subgraph we need in the partition graph here is described in the
following lemma. Note that the existence of any member of a rather large
family of possible graphs suffices in this case.
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Lemma 3.2 For every natural numbers a < b, any greph H with k vertices
and minimum degree at least k + a contains a spanning subgraph with
minimum degree at least a and ma:mmum degree at most b.

Proof: Let L be a spanning subgraph of H with minimum degree at
least a, which has a minimum number of edges incident with vertices whose
degrees exceed b, and subject to this is minimal with respect to deleting
edges. In particular, each edge of L is incident with at least one vertex of
degree a. We claim that L contains no vertices of degree exceeding b, and
hence is the required subgraph. Supposing otherwise, let v be a vertex with
degree exceeding b, and w a neighbour of v in L, w being neccessarily of
degree a in L. The number of vertices of degree at least b in L is less than
a>sk. This is since, denoting their number by j, they have more than b;
edges incident with them. As all their neighbours are of degree a in L, this
means they have more than a total of & =J neighbours, and hence j + <k,
implying that 5 < _Sk Thus, w has more than a neighbours in H whlch
are of degrees less tha.n bin L. At least one of these neighbours is not a
neighbour of w in L, and thus the edge leading to it from w can be added
to L replacing the edge from w to v. This decreases the number of edges
incident with vertices of degrees exceeding b, contradicting the choice of L
and completing the proof. o

Corollary 3.3 For any a < b and € > 0 there exist M = M3 3(a,b,€) and
v =7a.3(a,b,€), such that any graph H with k > M vertices and minimum
degree at least (S35 — 7)k contains a spanning subgraph L with mazimum
degree at most b, all but at most ¢k of whose vertices are also of degree at
least a.

Proof: We add to H a complete graph on 2(yk + a) new vertices, con-
necting them to all existing ones. Then we use Lemma 3.2, and remove
the newly added vertices to obtain a spanning subgraph in which all but at
most 2(vk + a)b of the degrees are at least a. A proper choice of M and v
ensures that this last number is less than ek. o

Proof of Theorem 3.1: We may assume e < 1. If a = b, this is Theorem
1.1. Otherwise, we set N = max{Nj, N2}, where N; = Na 4(co, M, 70),
using M = Mazs(a,b,$), €0 = min{$,7vs.3(a,b, £)}, and y0 and Nz will
be chosen later. Find according to Lemma 2.4 the appropriate partition
Co, ... ,Ci of G and the corresponding partition graph H InH g find the
appropriate L according to Corollary 3.3. Define yo = §72.2(1, b; 362.4(¢0)),
and let N2 be large enough to ensure for 1 <i <1 tha.t 8|Ci| > Na2(1,5;
—62 4(€0)). We can use L to extract the required K, ; copies as follows.

Let dy,... ,d; be the degrees of vy,... ,7; in L. We deal with all edges
in L which are incident with at least one vertex of degree at least a (and,
of course, at most b). Pick such an edge, v;v;, with & > d;, d; > a.
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We now extract vertex disjoint copies of K, 3 one by one using Lemma 2.2,
occupying a total of z = (1—%)1%l vertices from C; and y = (l—g-)ﬁﬂf?,}-
vertices from Cj. Since 1 > £ > §, we can do it by picking %”-:—:3‘- copies
with a vertices in C; and b vertices in Cj, and %’Eﬁ;‘- copies with b vertices
in C; and a vertices in C;. This process can be applied and completed for
all of the above mentioned edges, since during the whole process at least
§ICi| vertices remain in C; for each i, thus ensuring by Lemma 2.3 that
Lemma 2.2 is still applicable. Moreover, at the end of this process for each
v; with d; > a, only §|C;| vertices from C; will remain unused (since for
each of the d; edges incident with »;, (1— §)J%1 vertices from C; were taken
for the K, copies corresponding to that edge).

Summing up, the K, copies found this way occupy at least (1 — §)(1 —
1)1 = §)n > (1 — €)n vertices, yielding the required result. O

4 Almost (h+ 1)-partite K-factors

In case h > 1 we know less about the minimum degree required to ensure
the existence of an almost K-factor. The following proposition supplies an
upper bound when one of the color classes of K is known to be small.

Proposition 4.1 For any natural h, g, a and any € > 0 there exists an
N = N(h, g,a;¢€) such that if G is a graph with n > N vertices and mini-
mum degree at least +(h—1+ %)n, then G contains at least (1 —¢) TTheTa
vertez disjoint copies of K, the complete (h+1)-partite graph with one color
class of size a and h color classes of size g2a.

From this proposition it follows that graphs with n vertices and minimum
degree at least 4(h—1+1)n contain an almost K-factor for any fixed K =

Ka,,.. a5 satisfying 31 a; > hg?ag, as copies of this K can be extracted
from copies of a larger graph found using Proposition 4.1. Alternatively,
the proof of the proposition itself can be slightely modified to include this
more general case.

In case a second color class is known to be not too large, we can eliminate
the square sign from our estimates. This is demonstrated in the following
proposition, in which, for simplicity, we make no attempt to prove the most
general result that can be obtained and merely illustrate the basic idea.

Proposition 4.2 For any natural h, g, a, b with a < b < 2ga and any
€ > 0 there ezists an N = N(h, g,a,b;€) such that if G is a graph with
n > N vertices and minimum degree at least %(h—l+%)n, then G contains
Q1 —e)m vertex disjoint copies of K, the complete (h+ 1)-partite
graph with one color class of size a, one color class of size b and h—1 color
classes of size 4ga.
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In order to prove Proposition 4.1 we define the following special graph,

and then prove the existence of many vertex disjoint copies of such graphs
in our partition graph H.
Definition: For any natural numbers g, h, define an h-flower with g petals
to be the graph on gh + 1 vertices consisting of g vertex disjoint copies of
K}, the complete graph on h vertices, in which all vertices of these copies
are adjacent to a single additional vertex.

Lemma 4.3 For anyec > 0 and natural h, g there exists an M = My 3(h, g, €)
such that if H is a graph with k > M vertices and minimum degree at least
Fr-1+ %) + €)k, and gh + 1 divides k, then H contains a spanning
subgraph consisting of vertex disjoint h-flowers with up to g2 petals each.

Proof: Choose M = Nz_s(};(h.—1+gl)+e, %(h—l+%), 3,;1+—1) Given H,

use Lemma, 2.6 to partition its vertex set into two parts A, B of sizes oh +1 2k,
'h—k respectively, such that each vertex has at least }(h—1+ 1) gh_';_lk >

—f——k neighbours in A and at least +(h—1+ l)—r-h: neighbours in
B. l?se Lemma, 2.5 to partition A into vertex d1530mt copies of K. Simple
counting shows that each of the above mentioned K} copies has at least
-(;,'f—_'_—lj vertices in B to which all its vertices are adja.oent Similarly, each

vertex in B is adjacent to all vertices of at least ———— h 7 of these K, copies in
A. Define a bipartite graph with color classes C, 5 as follows:

C consists of one vertex corresponding to each of the above mentioned
K, copies in A, D consists of g2 vertices corresponding to each vertex of
B. Two vertices u € C, w € D are adjacent iff the vertex represented
by w is adjacent in H to all vertices in the K, represented by u. Let B’
be an arbitrary subset of D in which each vertex of B has exactly one
representative. Since each vertex in D has at least |B/| = |B| = oA +1k
neighbours in C, there is a matching from B’ to C. Since each vertex of C
has at least |C| = ;25 k neighbours in D, the last matching can be extended
to a matching from C to D, in which each vertex in B has a representative
in D which is matched. The spanning subgraph of H corresponding to this
matching consists of the required h-flowers. (u]

Corollary 4.4 For any € > 0 and natural g > 1, h there exzist M =
My 4(h,g,€) and v = v4.4(h,g,€) such that if H is a graph with k > M
vertices and minimum degree at least (1(h—1+ '517) — )k, then H contains
a subgraph with at least (1 — €)k vertices consisting of vertex disjoint h-
flowers with up to g2 petals each.

Proof: Set M = max{M,s(k,g,7), Mo}, Mo as well as v to be chosen
later. If H is a graph with k > M vertices and minimum degree at least
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(Ah-1+ %) — )k, add to H a complete graph on I new vertices, where
4hyk < I < 4hyk+gh+1, connecting them to all existing ones, and ensuring
that the number of vertices in the new graph is divisible by gh +1. A
calculation shows that Lemma 4.3 can be applied to this graph, and then
the new vertices together with all flowers containing them can be removed,
obtaining a subgraph consisting of vertex disjoint flowers with more than
k — (¢°h + 1)(4hvk + gh + 1) vertices. An appropriate choice of Mo, v will
ensure that this is at least (1 — €)k. o
Proof of Proposition 4.1: We may assume ¢ < 1 and g > 1. Set N =
m&X{NI, N2}) where Nl = N2.4(50v M: 'YO)J USing M= M4.4(h1 9, i')) € =
min{$,vs.4(h, g, §)}, and 70 and N will be chosen later. Find according to
Lemma 2.4 the appropriate partition Cy, ... , C; of G and the corresponding
partition graph H. In H, find the h-flowers guarantied by Corollary 4.4.
Define 79 = §v2.2(h, g%a; 362.4(c0)), and let Na be large enough to ensure
for 1 < i <1that §|Ci| > Na.2(h, g%a; 162.4(c0)). We can use the h-flowers
to extract the required K copies as follows.

For each vertex w of H, denote the appropriate C; by C,,. Consider an
h-flower with ¢ petals. Let v be the vertex adjacent to 1 < ¢ < g2 copies of
K. Consider one of the K}, copies in the h-flower, denoting its vertices by
u1,... ,un. We extract copies of K occupying a total of (1— §)J%l vertices
from C,, and (1 — §)|Cy;| vertices from Cy;, 1 £ j < h. This process
can be applied and completed for all the K, copies in this flower and then
for all the h-flowers, since during the whole process at least £1Ci| vertices
remain in C; for each ¢, thus ensuring by Lemma 2.3 that Lemma 2.2 is
still applicable. At the end of this process for each i such that v; is in a
flower, only £|C;| vertices from C; will remain unused.

Summing up, the K copies found this way occupy at least (1 — $)1 -
)1 = §)n > (1 — €)n vertices, yielding the required result. 0

For the proof of Proposition 4.2, we first prove the existence of a certain
structure in H, which we define for this purpose.

Definition: For any natural &, g, define an (h, g)-bush to be a graph L
consisting of a vertex set V/, plus a list of vertex disjoint copies of K} with
a vertex set U C V and an assignment of a vertex of V' to each of the K,
copies satisfying:

e Each Kj-copy is a complete graph on h vertices in L.

o The vertex assigned to each copy of K}, does not belong to that copy
and is adjacent in L to all the vertices of the copy.

e No vertex in V has more than g copies of K} to whom it is assigned.

¢ No copy of K, has more than a total of g copies of K}, to whom any
of its vertices have been assigned.
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The (h, g)-bush is said to utilize the vertex set U of all vertices in the above
mentioned K}, copies.
The existence lemma we need here is the following:

Lemma 4.5 If H is a graph with k vertices and minimum degree at least
Fh-1+ %)k, and h divides k, then H contains an (h, g)-bush utilizing the
whole vertez set of H.

Proof: First we use Lemma 2.5 to partition H into vertex disjoint copies

of K. We call a vertex and a (disjoint) copy of K} adjacent iff the vertex
is adjacent to all the vertices of the K. A simple counting argument shows
that each of the above mentioned K, copies is adjacent to at least f vertices.
We now define a bipartite graph with color classes A, B as follows:
The vertices of A consist of one vertex corresponding to each of the above
mentioned K), copies, while B consists of g vertices corresponding to each
Kp. u € A and w € B are adjacent iff there is a vertex in the K, copy
corresponding to w which is adjacent to the K}, copy corresponding to u.

Since each vertex in A has at least |A| = £ neighbours in B, there is
a matching from A to B. Assigning the vertices of H to the K}, copies
according to this matching yields the required (k, g)-bush. (]

Corollary 4.6 For any ¢ > 0 and natural g > 1, h there exist M =
Mje(h,g,€) and v = v46(h,g,€) such that if H is a graph with k > M
vertices and minimum degree at least (F(h—1+ 3) =)k, then H contains
an (h, g)-bush utilizing at least (1 — €)k vertices.

Proof: Add to H a complete graph on ! new vertices, where 2hyk <
| < 2hvk + h, connecting them to all vertices of H, and ensuring that the
number of vertices in the new graph is divisible by k. Apply now Lemma
4.5, and then remove the new vertices, discounting any copies of K}, (in
the definition of the bush) which contain or are assigned any of the new
vertices. Since less than (g+1)(2hyk+h) of the K}, copies were discounted,
the remaining bush still utilizes more than k — h(g 4 1)(2hyk + k) vertices.
An appropriate choice of M, « will ensure that this is at least (1 - ¢)k. O
Proof of Proposition 4.2: We may assume ¢ < 1 and g > 1. As
in the proof of the previous proposition, set N = max{N;, Np}, N; =
NZA(GO: M, 'm)r M= M4-6(h! 9, 'E')v € = min{%i 74.6(h19’ %)}v where N
and 7o are to be chosen later. Find according to Lemma 2.4 the appro-
priate partition Co,...,C; of G and the corresponding partition graph
H. In H, find the (h,g)-bush guarantied by Corollary 4.6. Define vo =
§72.2(h, 4ga; 162 4(¢o)), and let N, be large enough to ensure for 1 < i <1
that §|Ci| > N3 2(h,4ga; 162.4(e0)). We can use this (k, g)-bush to extract
the required K copies as follows.
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Again for each vertex w of H we denote the appropriate C; by C,,.
Consider a K}, copy of the bush, denoting its vertices by u;,...,us, the
vertex assigned to it by v, and the number of K}, copies to which u1,... ,up
are assigned by di, ... ,ds, respectively. Extract one by one usmg Lemma
2.2 vertex disjoint copies of K, occupying a total of (1 — ‘) vertices

from C,, and (1 — —ﬂg—d’—)lﬂf— vertices from each Cy,, 1 < j < h. The
§ 5

following is a brief exp]anatlon showing how it is done, for example, for the
case b = 2ga (the general case a < b < 2ga is similar).
It is enough to find a particular solution of the following linear program-

ing problem: Find z,,...,zs, ¥1,... ,¥, Which are all non-negative and
satisfy az::;l z; + 2ga Ef_l r=01-%) gg and 2gaz; +4ga>; . zi +
ay; +49a3 . s)w‘j‘ for 1 < 5 < h. This is since each

variable will t. en tell us how many copies of K in a certain configura-

tion to extract. To find one such solution, we denote z = Z:‘_ zi, y =
(29—d;)IC., |

T v, s=(1- §)E _ L,’)'—i— and solve az + 2gay = (1 — ) T

(4hg — 2g)az + (4(h — l)g + l)ay = s. Both z and y can be shown to

be non-negative. Now, since E?:ldi < g, we can find the z;,...,z,

¥1,.-. ,¥n Which have sums z, y respectively and satisfy the following con-

ditions for all 1 < j < h, which in particular imply the conditions of

the original problem: 2gaz; +4ga ¥, g T = (4h9—29)az (1-¢ £) (29— d:)lcu) ,

ay; +49a3 v = ﬂﬂm)ﬂ(l ‘)#‘— Although the solutlon

is usualy not mtegral replacing each x; and y; by the closest integer above
or below as appropriate to the case still yields the desired result.

As usual, Lemma 2.3 guaranties that this process can be applied and
completed for all the K}, copies of the bush, since during the whole process
at least §|C;| vertices remain in C; for each i. At the end, for each v; which
is utilized by the bush, only §|C;| vertices from C; will remain unused, so
the K copies found this way occupy at least (1-5)(1-5)(1—§)n> (1-€)n
vertices, yielding the required result. m]

5 Concluding Remarks

o As is the case with the resuits in [4], [5] and [2], the results here can
be made algorithmic using the algorithmic version of the Regularity
Lemma in [3]. The price will be an increase of the (already horrible)
estimate of the lower bound N for the number of vertices in the graph
as a function of e.

e We can prove that for any natural A > 1 ,a > 1 there exists an
n = n(h, a) > 0 such that any graph G with n vertices and minimum
degree at least (337 — n)n contains an almost K-factor, K being
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the complete (k + 1)-partite graph with one color class of size @ — 1
and h color classes of size a, so the required minimum degree can
be somewhat reduced for any K with unequal color classes. For the
proof we use Theorem 1.1 and methods similar to ones appearing in
[2] and [5] to prove that the partition graph can be covered by vertex
disjoint complete (h+ 1)-partite graphs which are with A color classes
of size ha — 1 and one color class of size either ha — 1 or ha. We omit
the full details.

El-Zahar [7] conjectured that if n = 3, ; ¢; where ¢; > 3 are integers,
exactly { of which are odd, then any graph on n vertices with minimum
degree at least —+— contains vertex disjoint cycles C;, (i € I), where
C; is of length ¢;. Methods similar to those used in [2] can be used to
obtain some asymptotic version of this conjecture if Conjecture 1.2
holds for h = 2. See also [1] for some related results.

In [5] it is proven from Theorem 1.1 that any graph G on n = (h+1)ak
vertices with minimum degree at least (7'—"—1- + ¢€)n contains k vertex
disjoint copies of the complete (k + 1)-partite graph with a vertices
in each color class, provided n > N(a,h,¢€). The question arises as
to whether a similar refinment of the minimum degree condition can
be achieved in this case, supposing that Conjecture 1.2 is proven.
The answer is, however, negative: Taking any K,,,.. 4, such that
h + 1 divides a; for all ¢, but does not divide E:l—o aay» and G the
complete (h + 1) -partite graph with all color classes of size (k(h +
1)+1) E;—o ie7 (k any natural number), we see that G cannot be
partltloned into copies of K,,,' ,an» although its minimum degree is

h+1n, n=(k(h+1)+1) " a.
We can formulate, in the spirit of [4], [5], the stronger conjecture that

for any ap < a; < ... < a; there exists a constant ¢ = c(ay, ... ,as)
such that any graph G with n vertices and minimum degree at least

* (h -1+ a.o/(z:;o a,-)) n contains at least n/(Z:‘:oag) — ¢ vertex
disjoint copies of Ka,,... q,. This seems to be true.
It would be interesting to see if the minimum degree condition for

the existence of an almost K-factor (or a K-factor) can be refined in
different ways, when more information about K is available.
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